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A. WESOLOWSKI

On a Certain Extension of Epstein’s Univalence Criterion

O pewnym uogénieniu kryterim jednolistnoédci Epsteina

Abstract. In this paper a suffident univalence condition for meromorphic and locally umva-
lent functions in the unit disk is given (Theorem 32).

This condition is an essential generalisation of the Epstein’s univalence criterion [7]. As par
ticular cases the well-lmown univalencs criteria of Ahlfors (1] and Nehari [6] are obtained

Moreover, a sufficient univalence criterion for meromorphic and locally univalent functions in
the upper half plane is given (Theorem 3).

1. Ch. Pommerenke has recently given a simplified proof of a univalence criterion
obtained earlier by Epstein in another way. In his proof an additional essumption
made by Epstein was dropped (see e.g. (7, p.143]).

Let D = {1: |z] < 1} and let Sy denote the Schwarzian derivative

(= (LY (LE)Y
s16) = (757) (Fa) -

Theorem 1. (C.L. BEpstein, see e.g. [7]) Let f de meromorphic and g analytic
in D. If both functions are locally univalent in D and if

(1) b - (s - sy + @ - e G s 1
for 3 € D then f is univalent in D.
If g(z) = 3 then (1.1) gives
(1.2) 1= [21*)?Ss(2)| < 2
and this is the well-known univalence criterion of Nehari [6].
I g = f then (1.1) implien

(1) - 2L <,
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and this is also a well-known univalence ctiterion (see e.g. [9, p-172}).

2, The following theorem is a generalization of the univalence criterion given by

Epestein.

Theorem 2. Let f be meromorphic and g analytic in D. If both functions
are locally univalent in D and if there exists a function h, analytic in D, satisfying
Re A(z) 2 1 and suck that

h(z zh'(2)  zd"(z
S - kP + )

(2.1) ’
— 30 - PP 2 ME)(S, () - S()| 1, z€D

then f is univalent in D.

Proof. Let f(z) =ao+ayz+---, g(z) =bo+byz+---,a), #0, b; #0. Then
it is possible to consider the functions :

3 J=ao i _g9=b
f'(l] ﬂ] + (%’;_ g‘;)(f—-ao) \J lzJ bl
instead of f and ¢.

These normalizations don't impair the generality of our considerations and we
may also assume that

J(2) = 9(z) +O(z®) and £ =140(3?) as 2-0.

=
g
Let us introduce now

(2.2) o(z) = "(‘)

(2.3) u(z) = f(2)-v(z) = z +az? + O(s%) .

=14 822 +0(s%),

Both functions are analytic in D because f cannot have multiple poles and be-
cause f’ and ¢' do not vanish in D.
Fort € I =< 0,00) we consider (3, p.33]

u(ze™!) 4 (' = e~*)zh(ze")u'(ze™")
v(ze~t) + (¢! —e~f)zh(ze~ o' (2e~F) *

(2.4) Jist) =

The function f{z,t) is for each fixed t € I meromorphic in D. From:(2.2) and from

the assumption on the function A given in Theorem 1 it follows that the denominator

in (2.4) has the form 14 O(z?) a8 s — 0, uniformly with respect to t.

fi54)
a1 {t)

(2.5) ait)=et+ (' —e*)A(0) and |a;(t)] o0 as t—oo.

It is easy to show, that =z+---, t €I, isanormal family in D, where
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From (2.3) and (2.4) we have
(2.6) f(z,0) =a1(t)2+0(z?) as z— o0,

where a; (t) is defined by (2.5).

Let us denote f'(z,t) = Bf!"' ) . [( o) = c?f{x ) . After some calculations

we obtain from (2.4)

e f('-‘) -1f'(s, L) —at gy manze Tt
(2.7) Fe)tafiat) h Le (e )
s (l 8 c"‘)ze"(u"v 'l 'wn) + (1 -2‘)2 zh(.n ' "vn)
w'v — uv’

where u,0,h,%',v',A’,«”,0” are evaluated at the point ze™
From (2.3) and the assumption (2.2) we have

w'o — uo' = fv?
w"o —wo" = v + 2f'0'v = !‘n"';
. 0 h ‘I'D” S f"v'v = flu”v + 2!’(0')’ = %!'U’(SI A s’) I

Taking this and (2.7) into account we have for z € D

h(ze=!) =1 _ a2 'h‘(xc") ze~g"(2¢™")
(@8)  ©= S - - SR e )

= L1 - )220 (ze7!) (Sy(ze7) — Sy(ze™)) .

The right-hand side 18 equal ‘z, {or t =0 and is analyticin D = {z: |2| S 1}

if ¢ > 0. Then putting ze~* =¢, ¢! = [¢| and replacing ¢ through z we have from
(2.8) and the assumption (2.1) that

1f(= t) = zf'(z ‘)I
J(z,0) + 2f'(3, t)
80 f(z,8) = 2f'(3,t) - p(5,2) , Rep(z,t)>0forz€D, te€l.
{4 , t €1, is a normal family it follows from (2.5) that f(z,¢) is a
L3wner chainI and f(s,¢) is univalent in D [8, Corallary 3.
In particular we conclude from (2.3) and (2.4) that f(z) = f(2.0) = -(:-;- is
univalent in D and this ends the proof.

Since

The proof given here is analogous to the proof given by Pommerenke in (7].

3. Corollary 1. [A(s)=1, 3 € D, then (2.1) gives (1.1).
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Corollary 3. If we put h(z) = -l-:l;-(-z—), where |w(z)| €1, w(z)#1 forz €D,
then we obtain from (2.1)
0 oot - -y (20 2

- b= BPYS g (51 - Syt < 1.

The univalence criterion obtained by Z.Lewandowski and J.Stankiewicz
[4] shows to be a particular case of (3.1) as g(z) = z.

Corollary 8. On putting w(z) = e =const. , |¢|] S 1, e# 1 andg = [, or
9(z) = z, respectively, in (S.1) we obtain

R
Jelel? - 2 - |z|')T,(§j-| <1, :eD

or
(1= 121)2S/(z) = 2¢(1-)?| < 21 =¢|, 2€D

These are the well-known univalence criteria given by Ahlfors (1], which for
¢ =0 give (1.3) and (1.2), respectively.

Remark. The univalence criterion given here is a generalization of the criterion
obtained by Epstein as the following example shows.

Let f(z) =(1+32)?, g(z) =2+ }s2.
For z € D we have

(= 1228, - S0 + (1= sP)F | = (1 = )| == | < sl + a2

g
142
thus the inequality (1.1) isn’t satisfied in D.

The same pair of functions fand g and A(z) = -1-5_—:, gives

Also the criteria obtained by Ahlfors (1), Lewandowski and Stankiewicz [4]
are not satisfied by the function f(z) = (1 + z)2.

The criteria of univalence in the unit disk D can be transferred on the upper half
planeU = {z € 0, Im s > 0}. Themappingo:t:—é—:i. t>0, z €D, together
with Theorem 2, gives

T = = (5 L) - - BPPE A - )| =l < 1.
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Theorem 3. Let f be meromorphic and g analytic in U. If both functions are
locally univalent in U and if there exzists a functionh, Reh > %, analytic in U such
that

(3.2)

h(z)=Ljz—st 3 . z—it h'(z)  ¢"(2) 2
h(z) z+i¢| ’?—it(h(z) g'(z) z+it)+

2242
+2y’mh(z)(5,(z)—5,(z))51, zeU, t>0, y=Ime,

then f is univalent in U.

Putting in (3.2) ¢(z) = :;:: y 60>0, 2€U, h(z)= 1—-4%('1 » Rep(z) 20
in U we obtain a theorem due to Lewandowski and Stankiewicz s]).

Putting in turn h(z) = L, where ¢ is a constant satisfuing |e - 1| £ 1, g(z) =
z—il
z4it’

t >0, z € U we obtain the inequality of Ahlfors [1] for ¢t — oo from (3.2):

1292Ss(z) +e(1—¢)| <], z€U, Imz=y.

If in the last inequality the right hand side is replaced by kje|, 0 € k < 1,
then the inequality implies the possibility of a K—quasiconformal extension of f on
C. K = (1+ k)/(1 — k). This was proved in [2] and was a positive answer to the
conjecture put forward by Ahlfors [1]. A similiar question arises in the case of the
inequality (3.1) for ¢t — oco. This problem is in the course of study.
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STRESZCZENIE

W pracy podano warunek dostatecany jednolistnoéd funkcji meromorficene;) i lokalnie jedno-
hstnej w kole jednostkowym (tw.2). Warunek ten jest istotnym uogdlnieniem warunku podanego
przez Epsteina (7). Przy odpowiednich zalozeniach otrzyrmije sig znane kryteria jednolistnoéa
Ahlforsa [1] lub Nehariego [6].

W twierdzeniu 3 podano dostatecany warunek jednolistnadc funkcji meromorficznej i lokalnie
iednalistne] w gérnej plplaszczyinie.

1IN0 Pevy san, N1 [7/90 nan 4500390 ca, Bt
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