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On the Enestrom — Kakeya Theorem I1I
O twierdzeniu Enestrema ~ Kakeyi 1T

Abstract. Let p(z) = 2" + g,z + 632" 2 4... + @, be a polynomial with complex
coefficients such that

lagax — Bl € a<x/2, k=1,2,...,n

for somo real §
m »
12)e1]|2 a3 22 |enl>0,
or
12012a32:--2ap,>0,
(o) where

ar=ap+if, k=L....n.

We have obtained strips, containing all the zercs of p(2), which help us to obtain, in many cases,
the regions smaller than those obtainable by other known results.

1. Introduction and statement of results. The following result is well
known in the theory of the distrdbution of zeros of palynomials.

B n
Theorem A (Enestdm-Kakeya). If P(z) = Y a;2* is a polynomial of degree
k=0

»n such that
(1.1) Gn 2851 2Qn_3 2 2a1 26 >0,
then P(s) does not vanish in |z} > 1.
There already exist in literature (1 ; 4, Theorems 14 ; 5, Theorem 3 ; 6] some

extensions of Enestrdm Kakeya theorem. Govil and Rahman (4, Theorens 2,4}
generalized this theorem to polynomials with complex coefficients, first by considering
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the moduli of the coeffidenta to be monotonically increasing and then by assuming
the real parts of the coeffidents to be monotonically increasing, and obtained the
{allowing

n
Theorem B. Let P(3) = Y axz* e a polynomial with complez coefficients

such that ™

(1.2) lagar—B|Sa<x/2, k=0,1,...,n,
for some real B, and

(L) [onl 2 l6n-1] 2 J0n=a| 2 -+ 2 @] 2 [ao] > 0

then P(z) has all its zeros on or inside the circle

., 2sina R
|z] = cosa +sina + o] E]al,l 1
n k=0

For a =B =0, this reduces to Enestrom-Kakeya theorem
n
Theorem C. Let P(z) = Y axz* be a polynomial of degree n. If Re ax = ay,
k=0
Imay = B, fork=0,1,2,...,n, and
(1-4) Gn2apn—12-2a;12a020, apn>0

then P(z) Aas all its zeros on or inside the circle

2 n
lsl=14+— 3" (8l -
* k=0

Govil and Jain [2, Theorems 1, 2; 3, Theorems 1, 2] refined Theorens B
and C and obtained annular regions, instead of discs, containing all the zerce of the
polynomial.

In this paper, we have considered, polynomials with complex coefficients satis-
fying (1.2), (1.3) and also the polynomials with complex coefficients satisfying (1.4),
and have obtained stripe containing all the zeros of palynomials. More precisely, we
prove

Theorem 1. Let
p(z)=2"+0a;z"" ' + 63" +... +a,13+a,
be a polynomial with complex coefficients auch that

(1.5) larg « =B <a<x/2, k=1,2,...,n
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for some real 8, and
(1.6) 12|a|2 63| 2 2 |an-1|2 |8n]|> 0.
Then oll the seros of p(s) lie inthe strip
—Max (1,5) SRes < 4, ,
where

_— (1~ Rea;) + {(1 — Re a;)? + AM)1/3
L= 2 ’

—(1 —Rea;) + {(1 — Re a;)? + AM}'/?
: (

&
M= (jau] — |on])(cosa + sina) + 2(2’ |ax]) sin @ + [an] -

Theorem 3. Let
pz)=3"+a12" ' +a3:" 4. +an_1z2+a,
be polynomial of degree n. If Re ay = o, Imay = i, fork=1,2,...,n, and
(1.7) 12012032 2ap12a,>0,
then, all the zeros of p(z) lie in the strip
~Max (1,m) SRez <y,

where
(1= ) + {(1 = )? + 4(en + 18] + 2 B}

2 g !
“(1-a)+ {0 —a) + 4+ Iﬂ:l+2i’llﬂtl)}"'

2

'=

m=
One can obtain, almost analogously, the folowing strips also.
Theorem 1°. All the 2eros of polynomial
p(3)=2"+a;s" ' +ays" P 4. b ap2te,,
with coefficients satisfying (1.5) and (1.8), ke in the strip

—~Max (1,4¢) € Im 5 € Max (1,4) ,
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where

b

_ —Imai + {(Imay)? + 4M)'/?
2 L]

o ma + {(Ima,)? + 4M}1/2
5 A

Qn

Theorem 2°. All the zeros of the polynomial
p(z)=3"+ 012" ' +a3:" 4. tap1z+an,
with coefficients satisfying (1.7), lie in the strip
—Max (lv'“) S Im s S Max (ll"!) ’
where
n
B +{A*+4(a1 +|A|+2 Z’: |Bel)}* /2
2
Ll

Bi+ (B2 +4(ay + ||+ 2);: [Bel) 31

3 N

Remark. Consider the palynomial
Prle) =2 +2"+(30)s? +.05: 4+ .05 ; a=§,8=0.

By Theorem 1, we get that all the zeros of p, (z) lie in the strip, —1.35 < Re 2z S 1.35,
while the result {3, Thearem 1] gives that all the zeros of p;(z) lie in the region
.16 < |=]| € 1.95. So, we can say that all the zeros of p) (3) lie in the region

S={2:.15<|2) <195 —1.35 S Res < 135},

a region mmch smaller than the one given by the result [3, Theorem 1].

By Theorem 1', we get that all the zercs of p; (z) lie in the strip —1.35 < Imz <
1.35. And so, we can further reduce the regior, containing all the zeros of p;(s) and
obtain

Sy ={s:.15< ¢/ 195 —-135< Rez < 135, —1.35 < Ims < 1.35}

as the region, containing all the zeros of p;(3). Obviously S, is much smaller than
the region, given by the result [3, Theorem 1.

Thus, in many cases, we can get a reduoed region, for zeras of polynomiul satis-
fying (1.2) and (1.3), by use of Theorem 1, Theorem 1' and the result [3, Theorem
1].

Now oconsider the polynomial

pa(z) = 2* + .23* + (2 + 1.20)2” + .05z + .05 .
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By Theorem 2, we get that all the zeros of pa(z) lie in the strip
-13<Rez<2.1.

By the result {3, Theorem 2], we get that all the zeros of pa(z) lie in the region
042 < |z| € 2.18.

By Theorem 2', we get that all the zercs of p3(z) lie in the strip

—-1685<Imz<1.65.
And =0, all the zeros of pa(z) lie in the region
{z:.02< |2/ <218, ~1L3< Rez <21, ~1.65< Imz < 165},

a region much smaller than the one given by the result {3, Theorem 2].
Thus, in many cases, we can get a reduced region, for zeros of palynomial satis-
fying (1.4), by use of Theorem 2, Theorem 2, and the result [3, Theorem 2j.

2. Lemmms.

Lenwna 1. [fjargar — Bl S o < §, larg axq1 — B| < @ and |ax| 2 |ar41],
then '

12.1) lex — a1l < {(lak| = [an41[) cos @ + (Jax| + |ax41]) sina} .

Lemma 1 is due to Govil and Rahman [4].
3. Proofs of Theorems.

Proof of ‘Theorem 1. Consider the paynomial
9(z) = (1 - 2)p(z) =

(3.1) = LTS L e ) G e
Let
2 g(z) =0, Rez>1.
Then

="+ (1-a)2" + (0 —a3):" " 4+ (@noy —Gn)z +a, = 0.
So,

P < | Mazl & IazlzPaal - |a,,l:lu-la,,| R !Ef,,‘l

Py e g o e

53 (Re:) (Re z)2 (Rez)n=t ° (Rez)r —

£ 9 [Zl'*—wlﬂanl] (by (3.2))

ks |
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which implies

Re{z-(1-a)} < '(‘ﬁ‘;—,i[ g{(lakl- lak+1]) cos a+

+ (lox] + lars1)) sna} + lanl] . (by (21))

l n

Rez—-(1-Rea;) < Res) [(lall ~ |an|){cosa + sina) + Z(Z I“kl) sin o + |a,.|] =
k=32
M
5 Re:z
ie
(Rez)’ = (1-Rea;)Rez—M <0
(8:3) (Res—m)(Rez—4) <0,
where
_(1-Rea;)-{(1-Rea )2 4 4M)1/2
(8") mnm= 2 1
(3.5) s = (1=Rea) +{(1- Rea))’ +4M)'/?
. ;- "

Now, we assume, that o # 0 and n 2 2. Then

n=1
M = (|a|)(cos @ + sin @) + |an|(sin @ — cos o + 1) +2(Z |a,,|) sina >
k=1
> |a1[(cosa + sina) 2 |ay| 2 Re a,

And hence,
M +(1-Rea))? > (1 +Rea)’

ie.

(M + (1-Rea))*}"? > (1 + Re ay)
which implies
(3.9) e (l'R‘e“l)*'{(l—zRea,)’ o
3.7) nm<v
And so, by (3.3),

RCZS6|.
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Hence all the zercs of g(z) lie in the region
Ree <6, .
Therefore, all the zeros of p(z) also lie in the regior

(1= Reay)+ {(1 - Rea;)? + AM}'/?

(3.8) Rez:< 6 = :

One can trivially show that, in all other cases (i.e. when the condition (a # 0 and
n 2 2) is not satisfied) also, all the zercs of p(z), satisfly (3.8).
Now, let us consider the palynomial
Mz) = (-1)"g(-2) =
=—2"t _(1-ay)2" + (a1 —a3):" " 4+ 4 (~1)"(an=1 — an)z + (-1)"aa .
Let
(3.9) a(z)=0, Res>1.

Then, one can obtain very easily

i
R£Z+R«e(l—dl)s(—ne—:)M
i.e
\Rez)? + (1 - Rea;)Rez-M <0

or
(3.10) {Rez—m)(Rez-6)<0
where

_ —(1-Rea;) - {(1 - Reaq;)? + 4M}'/?
(3.11) T = 2

_ —(1=Rea;)+ {(1 — Rea,;)? + 4Af)'/?
(3.12) 5= 5
(3.13) 73 <V

Consider two possibilities
(i) M>2-Rea (i) M<2-Regq,.
If we consider (i), then

4\ >B8-4Rea
{(1-Rea;)? +4M}'/? >3- Reaq, ,
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which implies

10 p=TlzRea)s(URealr GO,
And so, by (3.10), (3.13), (3.14)

(3.15) I

If we consider (i), then

3 h<l.

And s0, by (3.9), (3.13), (3.16)
(Rez=m)(Res—&)>0,

which contradicts (3.10). Hence, in the second case, zero z of A(3), with Re z > 1,
can not exist. So, in the second case, every zero s of h(z) will satisfy

(3.17) Rez<1.

On combining the two possibilities, we can say that all the zeros of A(z) lie in
the region
Re z < Max (1,8) .

So, all the zeros of g(z) lie in the region

Re (=) € Max (1,6)
ie

Re z 2 —Max (1, &) .
Hence, all the zeros of p(z) lie in the region
(3.18) Res 2 —Max (1,&) .
On combining (3.8) and (3.18), Theorem follows.

Proof of Theorem 3. Theorem 2 follows, almost on identical lines, with the
help of

n-1
Z [as = ax41] + [an] = z [{(ax — aks1) + (B — Brt1)}| + | +48,)

k=1 kas}

n—=1] n-1
< Y for — areal+ Y 1Bt = Besr| + an + |Bnl, (by (1.7))

k=1 k=)

n=1
< (a1 = an) + Y (1Bel + [Brsa) + an + |Bal, (by (1.7))

kml

=a+[B]+2) Al =M.

L2
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STRESZCZENIE

Niech p(2) = 2" +a, 2" ! 4 ... 4 a, bedzie wiclomianem ze wsp&iczynnikami zespolonymi
takimi, e dla pewnej liczby rzecaywistej 3

largar— Bl a<x/2, k=1,2,...,n
i albo
12a)| 2 ]ag| 2+ 2 [an| >0

albo
121 2a22--:2an>0
daag =Reag, k=1,...,n.

W pracy wyznaczanly pasy zawierajace wszystkie zera wiadomianu p(z) i to poazwala nam
otraymaé w wielu praypadiach mniejsze od wczadnie) ananych obszary zawierajyce sera wielamsianéw.
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