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Abstract. The aim of this paper is the study of the mixed random Volterra -Frdhohn equation 
of the form

z(t;w) = /i(f,x(/,w)) + fci(t,r;w)/1(T,x(r;w))</r

+ / fc2(<,Uw)/2(r,x(r;w))dr,

under less restrictive conditions than those of [9] and [TO], Namely, we only assume that and /2 
are sublinear functions.

1. Introduction. The aim of this paper is to investigate the existence and 
the stability of stochastic integral equation of Volterra-FYedholm type. Problems 
concerning stochastic differential and integral equations have been treated in many 
papers and monographs (cf. [3], [4], [7], [8], [9], [10], [11], [12], [13]). The aim of 
this paper is to give a new existence theorem for a stochastic integral equation of the 
Volterra-Fredholm type of [9] and [10] (cf. also [13]) and to investigate the asymptotic 
behaviour and the stability of solutions of that equation.

The most important problem examined up to now is that one concerning the 
existence of solutions of considered equations. It is solved mostly by the Banach 
fixed point principle, the Schauder fixed point theorem and successive approximations 
(cf. [3], [4], [7], [9], [10], [11], [12], [13]). This paper uses the notion of measure of 
noncompactness in a Banach space and the fixed-point theorem of Darbo type, cf. 
[2], [6]. This approach allows us to weaken conditions of (cf. [9], [10], [13]). Namely, 
we replace the Lipschitz type conditions by those with sublinear functions. The 
asymptotic stability in mean square is also investigated here.
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We shall deal with a stochastic integral equation of the Volterra Fredholm type 
of the form

i
(1.1) x(t;w) -/,(/,z(t;u;)) 4 I

r°°+ / h(W;w)f2(T,x(r;u))dr ,

where t > 0 and
(i) u> £ il, where $1 is the supporting set of the complete probability measure 

space (fi, A P);
(ii) x(/;w) is the unknown random function for t G R+ (= the set of nonnegative 

real numbers);
(iii) h is a scalar function h : R+ x R-t R;
(iv) is a scalar function of t € R+ and x G R;
(v) f2{t,x) is a scalar function defined for t € R+ and x E R, the real line;
(vi) &i(<, r;w) is a stochastic kernel defined for t and r satisfying 0 < t < t < oo;
(vii) k2(t,r-,u) is a stochastic kernel defined for t and r in R+.

2. Mathematical preliminaries. We shall give here some mathematical con­
cepts that are essential in understanding the details of this paper.

We now give the following definitions.

Definition 2.1. We shall call x(<; w) a random solution of the stochastic integral 
equation (1.1) if for every fixed t € R+, x(<; w) 6 L2(il, A P) and satisfies (1.1) P-a.e.

Definition 2.2. A random solution x(t;w) is said to be asymptotically stable in 
mean square if

lim P|z(t;w)|2 = 0 .
t—*oo

Throughout this paper X will denote an infinitely dimensional real Banach space 
with norm || || and the zero element 0. V(x,r) stands for the closed ball centered at 
x of radius r. Denote by Mx the family of all nonempty bounded subsets of X, and 
by Mx the family of all relatively compact and nonempty subsets of X.

The following axioms defining a measure of noncompactness are taken from 
Banas and Goebel [2].

Definition 2.3. A nonempty family B C Mx is said to be the kernel (of measure 
of compactness), provided it satisfies the following conditions:

1° V eB=>U eB ;

2°i7G0, VcP, V/0=>VG0;

3° U, V e B => XU + (1 - A)V G 0, A G [0,1] ;

4° U G B ==> Conv U G B ;
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5° Bc (the subfamily of B consisting of all closed sets) is closed in fifc with respect 
to the topology generated by Hausdorff metric.

Definition 2.4. The function p : Ah' —> [0,+oo) is said to be a measure of 
noncompactness with the kernel (ker p = B) if it satisfies the following conditions :

1° p(t/) = 0 <=> 17 G B ;

2° p(t/) = p(t7) ;

3° p(Conv U) = ;

4° U C V => n(U) < p(V) ;

5° n(\U + (1 - A)V) < A p(t7) + (1 - A)p(V), A G [0,1] ;

6° if Un € Mx, Un = U„, and B„+i C U„, n = 1,2,..., and if lim p(f/n) = 0,
then U = n~=i U„ Î 0-

If a measure of noncompactness p satisfies in addition the following two condi­
tions :

7° »(U + V) < n(U) + p(V) ;

8° a*(AtZ) = |A|p(t7), A G R ;
it will be sublinear.

Let M C X be a nonempty set and let fi be a measure of noncompactness on

Definition 2.5. We say that a continuous mapping T : M —+ X is a contraction 
with respect to fj, (//-contraction) if for any set U G A(v its image TU G AU, and 
there exists a constant k G [0,1) such that

p(T£7)<fc-p(t7).

We shall use the following modified version of the fixed-point theorem of Darbo 
type.

Theorem 2.1. Let C be a nonempty, closed, convex and bounded set of X and 
let T : C —> C be an arbitrary ^-contraction. Then T has at least one fixed point in 
C and the set Fix T = {x G C : Tx = x} of all fixed points of T belongs to ker p.

Let CP(R+, L2 (ii, A P), p) (or shortly Cp) denote a space of all continuous maps 
x(t; •) from R+ into L2(Q, A P) with the topology defined by the norm

Mr = sup{p(<)||x(t)||/,j : t > 0} < oo .

The space Cp with norm || ||p is a real Banach space (see Banas [1], Zima [14]).
Now for x G CP,U G Ab, T > 0, and e > 0, we put

fiT(x,e) = sup{||p(t)x(<) - p(s)z(s)||£,» : t,i G [0,T] , |t - s( < e};
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= sup{/?r(a:,e): x e £/};

(%(U) = lim dT(i/,e);
<—»0

/50([Z)= lim
I —»00

«(I/) = lim sup sup ||a:(t)||Ljp(t);
T—00 r6[/ t>T

¿>(fz) = sup (||p(t)x(t) -p(s)x(s)||tj};7—00 Jj(>T

/'o(Cz) = 0o(U) + a(U) + sup{p(t)m(U(t)) : t > 0};

Mi(Cf) = P0(U) + b(U) + sup{p(t)m(U(t)) : t > 0}, 

where m is a sublinear measure of noncompactness on an<^

The functions po and pi define sublinear measure of noncompactness on Mc p 
(see [1], [2]). It is also known (see [1], [2]) that ker p0 is the set of all sets U G 
such that the functions belonging to U are equicontinuous on any compact of R+ and

lim p(f)||i(t)||LJ = 0 
I—*00

uniformly with respect to x 6 U. Further properties of p0 and pi can be found in [1] 
and [2],

3. Main results. We make the following assumptions concerning the equation 
(1.1).

For each t and r such that 0 < r < t < 00 the stochastic kernel fci(t, t;w) has 
values in TLqo(ii, A P) and the stochastic kernel k2(t, r; w) for each t and r in R+ has 
values in Loo(il, A, P).

The mappings

(t, r) —» fci(t, r; w) and (t, r) -» k2(t, r;u)

from the sets

Ai = {(t, r) : 0 < r < t < 00} and A2 = {(<, r): 0 < r < 00, 0 < t < 00} ,

respectively, into Loo(fl,AP) are continuous.
We define for 0 < r < t < 00,

fci(t,r) = P-ess sup |fci(t,r;w)| , 
w€Q

and for each t, and r in R+

k2(t, r) = P-ess sup |fc2(t, t;w)| . 
u>en
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) : I g R-+ } ,

The above assumptions imply that if .r E Cp then for each t E R+

||M<,r);r(r)||i,j < r)||x(r)||,,» , i = 1,2.

Theorem 3.1. Suppose that the functions /¡, i = 1,2, and h in the stochastic 
integral equation of the Volterra Fredholm type (1.1) satisfy the following conditions :

(j) functions fi : R+ x R —♦ R, i = 1,2, are sublinear, that are |/,(<, x(t\w))| < 
«i(/)|x(<; w)|+Vj(<) P-a.s., i = 1,2, for some nonnegative functions u, and t),, i = 1,2, 
are continuous and defined for t g R+, and let us denote

A = sup|p{<)(jf ^i(t,T)(ui(r)/p(r))</r

+ jf k2(t, r)(u2(r)/p(r)) dr 

t
,0)1 + jf fci(t, r)ui(r) <ir

+ y A,'2(i,r)v2(r)(Zr^ forteR+,

B = sup{B(<): t g R+} < oo .

Suppose that

(ii) lim/-.«, B(<) = 0;

(iii) \ht,x(t;u)) - h(t,y(<;w))| < fc|x(<;u>) - j/(<;w)| P-a.s. for k g [0,1);

(iv) M-.= k + A<l;

(v) for any given but fixed T > 0

lim sup{||/i(i,x(a)) - /i(s,x(s))||z,j : s,t g [0,T], |i - s| < ¿} = 0 
e—*0

uniformly with respect to x g U C V(0,r), where r — B/{\ — M);

(vi) the mappings x(<;w) —♦ /¿(f, x(i;w)), i — 1,2, Cp(R+, L2(fi, A B),p) into 
Cp(R+.L2(ii,w4,P),p) are continuous in the topology generated by the norm || • ||p;

(vii) lim(_oo P{t)\\fi(t, i(0) “ Z«(<,!/(i))IU’ = 0, t = 1,2, uniformly with respect 
to x and y belonging to V(0, r), r = B/(l — M);

(viii) there exist Li, i = 1,2,3, satisfying 0 < + L2 + L3 < 1 such that

m(fo ki(t,T-,u)fi(T,U(r))dT  ̂< Lim(tZ(t)), 

rn(/o°° fc2(<,r;w)/2(r,B(r))dr) < I2m(iZ(l)), 

m(h(t, U(t))) < L3m(U(i)), L, g [0,1), i = 1,2,3,

U(t) = {1(3) g L2(Q, A P), 3 > 0, x g U C V(0, r) :
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p(f)||x(<)||£a < ||[/||p}, t > 0, where r = B/(l - M).

Then there exists at least one solution x g Cp of equation (1.1) such that

lim p(<)||x(i)||z,s = 0 .
I—»00

Proof. Define the H on Cp by

(Hx)(t',u) = h(t,x(i;u)) + J fc,(f, r;u)/i(r,i(r;w)) dr 

r°°+ k2(t,T-,u)f2(r,x(T-,u))dT .

Using assumption (i), (ii) and (3.1) we get for x € Cp

PiOIKffa:)(f)||£j < p(<)^||x(t)||£a + |/i(t,0)|

+ ^2(f,r)||/i(r,i(T))||ildr+fc2(f,T)||/2(r,x(r))||i,J dr)

< |kllr(fc + P(O(jf ^i(<,r)(ui(r)/p(r))dr+jf ^(<,r)(u2(r)/p(r))dr)) 

+ p(t)(|/i(t,O)| + fci(f,r)vi(r)dr + p’“' r)v2(r)dr) .

Hence, we get
IIM < M||x||p + B ,

which implies that H maps Cp into Cp. Moreover, we note that 

H : V(0, r) -+ V(0,r) for r = B/(l - M) .

We now prove that the map H is continuous in the ball V(0, r). Let x, y € V(0, r). 
By assumption (vii) for any given £i > 0, i = 1,2, we can choose T > 0 such that 

(3.3) p(r)||/,(r,.T(r)) - /<(r,y(r))||£j < e< , whenever r>T .

On the other hand, by (vi), for any given £*’’ > 0, i = 1,2, there exist > 0,» = 1,2, 
such that for all r g [0, T]

(3.4) P(r)ll/i(u^(i’)) - /i(ui/(*'))||L« < e(,) , i = 1,2, 
whenever ||x — t/|(p < ¿i , i = 1,2.

Moreover, by (iii), for any given £3 > 0 there exists 6 > 0 such that

(3.5) p(<)||h(t,x(f))-fc(f,!z(f))||Lj <e3 ,
whenever ||x — p||p < 6 .
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Furthermore, we can assume without loss of generality that there exists T > 0 such 
that Uj(t) > 1, t = 1,2, whenever t > T, and u'T = min{«i(r) : 0 < r < T} > 0, 
» = 1,2.

Hence, using (3.5), and putting pr = max{p(T) : 0 < r < T} we have for t > T

(3.6) P(f)||(^x)(f) - (Hy)(t)\\L, < p(<)(||/i(t,x(t)) - fc(t,»(f))||L.

+ f fciG>r)ll/i(r,s(r)) —/i(r,j/(r))||£j dr
in

fc2(<,r)||/2(r,a;(r)) - /2(r,p(r))||£j dr < e3 

+ p(t)((,PT/u?) • i fci(V)(ui(r)/p(r))||/i(r,a:(r))

- /i(M/(r))||t, dr+ JT *l(<’r)(t‘l(T)/p(r))p(r)-

• ||/i (T>I(r)) - /i(r,v(r))||Lj dr)

“?) • jf fc2(f,r)(u2(r)/p(r))p(r)||/2(r,a:(r))

- A(r, i/(r))||l’ dr + jf fc2(t, r)(u2(r)/p(r))p(r)-

• ||/2(r, y(r)) - /j(T,!/(r))||£» dr) .

Therefore, by (iv), (3.3), (3.4) and (3.6) we obtain

(3.7) supp(<)||(/fa;)(<) - (/ft/)(<)llt’ < £3 + Af((pr/tif )£(1)
t>T
+ ei + (pr/«i)£(2) + ei) •

Moreover, it can be seen that for any given £4 > 0 one has

sup p(/)||(7/x)(t) - (Hy)(t)\\L2 <£4 , 
0<t<T
whenever ||ar — j/||p < 6 .

Thus by (3.7) and (3.8), for any given £ > 0 ||/fx- tft/Hp < £, whenever ||i - j/||p < 6, 
x,y E V(0, r).

Let now be given £ > 0, T > 0 and t, s E [0, T], |< — s| < £. By (3.2) for 0 < s < t
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and x 6 U C V(0,r), we have

(3-9) ||p(t)(tfx)(f) - p(s)(Ki)(s)||L» < |p(t) - p(a)|-
• l|A(t,x(*))||iJ+p(s)||/»(t,a:(<)) ~ fc(s>*(¿))llí,’

+ IpO) - p(«)l || jf *1 (*< r)/i (r- *(T)) dT||L,

+ pO) || (MtT) - *i^> T))/i (r, z(r)) dr|| L,

+^ll Z fc‘(*’T)/»(T’a:(r))dr||t, -+- ip<*)—?(■»)!•

•||jf ^G,T)/2(’-,a:(r))dr||tj+p(a)-

■ || [ (M*>T)-Ms,T))/2(r,a:(r))dlj|t., .

But using (3.1) with i = 1 and x replaced by fi(r, x(r)), we obtain 

(3-10) |p(<)-p(s)| ||l-1(<,r)/,(r,x(r))dr||i3

< |p(0-p(>’)l • MV)lluiMI*0’)| + vi(T)||ti dr

< T|p(<) -p(s)| • (r •max{fc1(f,r)(u1(T)/p(r)): 0 < r < T} 
+ maxflji, 7-)vi(t) : 0 < t < T}) .

Similarly we get

(3.11) p(s)|| jf (*»(*,r) ~ fci(3>T))/i(r»af(T))dT||LJ

< Trp(s) max{|fci(t, r) - k^s, r|(ui(r)/p(r)): 0 < r < T}
+ Tp(s) max{|fci(t, r) - fci(s, r)|vi(r): 0 < r < T} ,

and

(3.12) p(s)||jf M<,'r)/i(’-,x(T))d'r||tJ < |<-s|p(s)-

• (r ■ max{fcj(t, t)(ui(t)/p(t)) : 0 < T < T}
+ max{iti(t, r)vi(r): 0 < r < T}) .

Now using (i), (iv) and (3.1) for i = 2, we have the following estimates 

(3-13) |p(<) - p(s)| || jf *,(i,T)/2(T,®(r))dr||tj

< |p(*) “ P(s)l • (jf *j(<, r)(u2(r)/p(r)) dr

+ [ k2(t,T)v2(T)dT^ - max{ p^j ■°-t- t}|pW _p(s)l(Air+ B)-
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Now we note that

/ k2(t,r) - fc3(s,T)||/2(r,i(r))||i,j dr < oo .

Indeed, we have

p(s) jf T) - *2(3,r)| ||/a(r, i(r))||Lj dr

<P(a)(r jf fc2(f,r)(u2(r)/p(r))dr+jf k2(t,r)v2(r) dr

OO OO
+ rjf fc2(s,r)(u2(T)/p(r))</T+jf k2(s,T)v2(r) dr)

< p(s) 2 • max{l/p(f): 0 < t < T}(Mr + B) .

By the estimate given above, for any given 6 > 0 and sufficiently large T we have

(3.14) p(s) / |fc2(t,r)-fc2(s,r)| ||/j(T,»(r))||i,,<ir

<p(s)(r |fcj(<,T)-fe2(«,t)|(u2(r)/p(r))<ir

T
+ jf. |fc2(t,r)-fci(«,T)|v2(r)dr) +p(4

• y IM*.r) - r)l IIAir, i(r))||£2 dr

< max{fc2(t, r) - k2(s,r): 0 < r < T} ■ max{fc2(t, r)_1 :
T

0 < T < T} ^rp(s) y fc2(f, t-)(u2(t)/p(t)) dr 

T
+ p(t>) y k3(t,T)v2(r) dr^ + sup{p(s) : 0 < s < T}-

■ y fc2(s,r)| ||/2(r,i(r))||t2 dr

< max{fc2(f,r) - k2(s, r): 0 < r < T) • max{fc2(t,r)-1 : 
0 < r < T} sup{p(s)/p(f): s,t € [0, T], s < <}(A/r + B)

r°°+ sup{p(s) : 0 < s < T} • / |fc2(t, r) — k2(s, r)|- 

•||/2(r,x(r))||pdr<C(TXMr + B) + 6,

where C(T) is a positive constant.
We need to recall the definition of the modulus of continuity which is defined for 

all real functions w as:

(3.15) pt(w;c) = sup{|w(f) - t/'(s)| : t,.s e (0,T). P *1 < ' I • >0.
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Using now (3.15) , the properties of the functions k\,k2 and p we have

(3.16) lim vr(k\',£) = lim pt(^2;c) = lim i/t(p;c) = 0 .

Moreover, by the assumption (iii) and (v), we see that

(3.17) lim i<r(||/i(t, x(<)) - /i(s,x(s))||£j;e) =0 .

Therefore, by (3.9)-(3.14) and (3.16), (3.17), we get for U C V(0, r)

(3.18) MHU) = 0 .

Fix now U C V(0, r), r = B/(l — M). We prove that

(3.19) a(HU) < Ma(U) .

It is clear, by the definition of the integral, that for any given rji > 0 there exists 
positive integer Oj = n^r/i) such that for n > nj

fci(*,T)(u1(r)||i(r)||i,,/p(r))p(r)dr

-"¿;‘>('.“)(-(7)ll(“)IL.^))’(7)l<’'-
k=0

Let now T <t. Put k* = max{fc : 0 < k < n, < T}, then we have 

jf fciO,r)(u1(r)||a:(T)||£i/p(r))p(r)dr

Jb=O

*=*I+1
= Pl + 7i + ¿2 •

Now for any given P2 > 0 there exists ri2 — n(r/2) such that for n > ri2 

/, Sl.l m«x{,(S)||(S)||ti . <T}ra«x(t,(i.r)

(ui(r)/p(T)): 0 < r < T} n_1 < p2 •

Similarly, for any given rj3 > 0

¡2 < sup{p(/)||x(f)||tJ f fci(t,r)(u,(r)/p(r))dr+
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for sufficiently large n.
We put

Si(r) = Ai(t,r)(«2(r)/p(r)) .
0<*('r) = 9,(r,<)ll4r)lk5P(r) » where t 6 R+, ife V(0,r) .

By the assumption of Theorem 3.1 we get

°° oo

I g^r) dr < 00 , / <7*(r) <fr < 00 for t € R+ .

This fact allows us to find functions gt, g* which are nonnegative decreasing and

lim <7,(t) = lim g*t(r) = 0 . 
r—»00 r—*00

These functions satisfy additionally the following conditions:

9t(T) <gt(r) , g;(r) < g*t(r)

and

Hence, we can write

r°° r°°/ j<(r)dr<oo, / g^(r)dr<oo.

[ g(r)dr = lim /i Vff((nh)
JO '->°+ ntl

and

[ fi(r)dT= ]hn hY.9i(nh) (see [15]) 
Jo ^°+

Moreover, Pi(t) can be choosen such that

00 00

oMo Al£ ^nh>> - £ =0
n=l n=l

and
OO OO

n=l n=l

Let T > 0 be fixed. Choose m such large that m +1 > T. Then, by the assumptions,
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we have

P(O / k2(t,T)f2(t,x(T))dT\\ <p(t)
i?

Z007 ’■ (r) dr

r I r
+ P(*) ^¿(<,r) • v2(r)dr <p(/)| g*t(r)dT-h

oo oo oo

+ PW\52 s7(’l/l) - $2iZ’(n/')| + PW/'
n= 1 

.oo
+ P«)jf k2(t,r) ■ v2(r)dr < p(/)j yf g^(r) dr -/i pj(nh)| 

oo oo m

n=l

n=m +1

+ p(i)sup{||i(n/i)||j',zp(n/i) : n > m + 1 }h • z fft(nh) 

+ P(O jf h(t,r)v2(r)dT .

Letting now h —> 0, we have

P(<)|| / . *2(V)/2(r,x(r))dr||tj < sup{p(t)||i(<)||/? : t > T] 

oo oo
+ P(C / 9t(T) dr) + p(t) k2(t,r)v2(r)dT

By (iii), we have

p(t)||h(i,i(f))l|i’ < k ■ sup{p(<)||a;(<)||i,2 : t > T} + p(i)|h(i,())| . 

Therefore, by the above considerations, we get

p(<)||(ffx)(f)||£I < p(t)|h(L 0)| + M • sup{p(f)b(<)h> : < > T}

+ PO)(Pi+P2+™?3) + p(<)(jf k1(t,T)vi(T)dr+ / k2(t, r)v2(r) dr

Thus, by the assumptions of Theorem 3.1, we obtain

lim sup{sup{p(i)||(#i)(<)||£j : t > T}} < (r?t + z?2 + rp2)Ct 
T-*°° xeU
+ M • lim sup{sup{p(<)||x(t)||£2 : t > T}} .

P—oo Z6V

Let now pi —+ 0, i = 1,2,3. Then we get (3.19). Finally, by (3.18), (3.19) and the 
assumptions (viii) we obtain

Ho(HU) < D • p0(V) ,
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where D = max{Li + ¿2 + which proves that H is a /to-contraction. This
fact by Theorem 2.1 ends the proof.

4. Remarks. In the monograph [13] the authors study the stochastic integral 
equation of the FVedholm type of the form

(4.1) x(t;w) =/i(t,x(t;w)) + / fc(f, r; w)/(r, ®(r; w)) dr .

(a) Theorem (3.1) extends the following result of Theorem 4.5.3 gven in [13].

Theorem 4.1. ([9], [13] p.125). Consider the random integral equation (4.1)
subject the following condtions:

(i) and H2 are Hilbert spaces stronger than Cc and the pair is
admissible with respect to the completely continuous integral operator

(W^)(<;u>) t e R+ ,

where fc(<,r;w) behaves as described previously and the integral

k(t,r)drdt

exists and is finite;
(ii) .t(;u>) —> f(t, x(i;w)) u a continuous operator on

S = {»(<;«) : i(t;W) G 27, , ||x(<; tv) || „, < p}

for some p > 0 with values in H2 such that ||/(t, x(<; w))||< 7 for some 7 > 0 a 
constant;

(iii) x(/;w) —» h(t,x(t;ijj)) is the contraction on S.
Then there, exists at least one bounded (by p) random solution of equation (4.1) 

provided
||/i(t,x(i;w))||271 +7A' < p ,

where K is the. norm, of the operator W.

We see that the assumptions (i)—(iii) of Theorem imply the conditions (i)-(viii) 
of Theorem 3.1 if we put p(f) = 1 for t G R+, «<(<) = 0, i = 1,2 and v, (f) = 0, 
r2(f) = 7 for t G R+

Analogously, we prove that Theorem 3.1 generalizes the Theorems 4.5, 4.5.4, and 
4.5.6 of [13].

(b) The proof of Theorem 3.1 can be extended to the case when x(- ;w) G 
L„(Sl.AP).

(<•) If ]>(t) = 1 then a random solution x(t;w) of (1.1) is asymptotically stable in 
the sense of Definition 2.2.



120 D.Szynal, S. Wedrycliowicz

5. Example. First we give examples functions which are sublinear, but they do 
not satisfy the Lipschiz condition.

Lenuna 1. If a real function satisfies the Lipschitz condition and it is differen­
tiable then the derivative is bounded.

We omit the proof.

Example 5.1. Let f : —► R be defined as follows:

f(x) = x ■ exp(sin x) .

We see that
|/(x)| < e • |i| for x G R+ ,

and
f'(x) = exp(sin x) + x • cos x ■ exp(sin x) .

Hence, by Lemma 5.1, the function / does not satisfy the Lipschitz condition.

Example 5.2. Let f : R+ —» R be defined as follows:

/(i) = (x — n + l)n + n — 1 for x€[n-l,n),

where n £ fif.
It is clear that

x — n + 1 > (x — n + 1)" for i6[n-l,n), where n € M .

By the above inequality we have

l/(^)l < W for x G R-+ •

Moreover,

f'(x) = n(x — n + I)"-1 for ig[n-l,n), where n€Ar.

By Lemma 5.1 the function f does not satisfy the Lipschitz condition.

Using the functions of Example 5.1, and 5.2 one can prove the following result. 

Theorem 5.1. Let in the equation (1.1)

/i(f,x(;u>)) = x(<; w)exp(sin[x(f;w)]) ,
/2(f,x(f;w)) = (x(f;w) - n + 1)" + n - 1 , x(/;w) G [n - l,n) ,

where n G A/", and
h(t,x(t-,u)) = h(t'u) .

Suppose that
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(i) _fc,(t, r) < X,(t)i,(r) , k2(t,r) <ki(t)k2(r),
where k\, kA, k2 are positive functions and ki is differentiable function;

(ii) !?,(<) ■.= p(t)ki(t)(^fot(Ji1(<T)/p(T))dT+ fg(k2(T)/p(r))dr^ positive, differ­

entiable and D2 = sup{£>i(<) : t G R+} , D2 G [0,1);

(ill) 17,(0) = k1(O)fo°°k2(r) dr,
and

OO . T

AT)/D2(t)) exP (jf (efci(n)fc,(r, )+k\ (r, )P,(r, ))■(£>, (r, )fc, (r, ))'* dr,) dr

(iv) lim p(t)||i(t) - t/(<)||i,j = 0 
» oo

uniformly with respect to x and y belonging to V(0, r), where r — ||/i||p/(l — D2};

(v) lim p(t)||/i(<)||L» = 0;
I—»OO

(vi) there exists Li for i = 1,2 satisfying 0 < L, + L2 < 1 such that

m^/o kl^T'U^^T'U^dT) >

OO

i k2(t,rtu)gf2(r,U(T))drJ <L2m(U(t)) , where L2,L2 G [0,1) ,

iZ(i) = {1(3) G I2(il,4P), S > 0, XZUC F(0,r) : p(<)||x(t)||2 < ||iZ||p} , 

<>0, r = H,/(1-172).

Then there exists at least one solution x G Cp of equation (1.1) such that 

||*(0|k> =o((l/0i(*))exp( / ((cfc,(r)fcj(r) + fc'j(r)D,(r)) • (D,(r)fc,(r))-1 dr)) .

< oo;

Proof. By differentiating 17, (<) we obtain

p(<) = 17, (f) exp - (jf ((el,(r)i,2(r) + P,(r)D, (r))/P, ( r)) • fc,(r if) dr) . 

Hence, using Theorem 3.1 we get the statement of Theorem 5.1.
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STRESZCZENIE

W pracy bada się losowe równanie Volterry-Fredholma postaci:

i(t;w) = h(t,x(t,u)) + ki(t,r;w)fi(r,x(r;v))dT 

r°°+ / k2(t,r-u)f2(T,x(r,u)')dT,

przy słabszych założeniach niż rozważane w pracach [9] i [10], Zakładamy jedynie, że fi i f2 są 
funkcjami subliniowymi.


