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On a Problem of Dugué for Generalized Characteristic Functions
O problemie Dugué dla uogélnionych funkgi charakterystycznych

O 2agam [iora ang 06o6ueHHBIX XaPAKTEPHCTAYeCKHX Py KKUMA

Let us consider a problem given by D. Duguéin[1]. He was interested in finding couples
(91 . 1) of characteristic functions satisfying the condition
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L. Kubik gave in [2] two examples of classes of such couples for which the more
general condition

pi(D) +qo:(N=¢(D$:(D),ptq=1, p>0,q>0 3)

holds. The first class generated by characteristic functions

s = >0 4
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contains Dugues functions (2), while the second one is generated by characteristic func-
tions

¢1(t)=q + pcosbt — ipsinbt,  $1(f) = p + qcosbt + igsinbt, bER, (5)
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There are given ([S]) also other examples of couples of characteristic functions
satisfying the condition (3).

In this paper the problem of Dugué and Kubik is treated for more general objects than
classical characteristic functions.

By a generalized characteristic function w(r) we mean the Fourier-Stieltjes transformation

w=fe*avx) .

of a real function ¥V which has bounded variation on R = (— 2, =) and statisfies the
conditions:

V(=) =0, V(+) =1, lim _ V(x)= V(x,). -
X +X,

-
The function V is said to be a generalized distribution function (see i.e. [4]). It is known
that

V(x)=a,Fy(x) —ayFy(x), ay—ay=1,

where F, and F, are classical distribution functions. The generalized characteristic func-
tion corresponding to ¥ has the form

w()=a;¢, () —arpa(t), a, —a; =1, (6)

where ¢, and ¢, are classical characteristic functions.

The theory of generalized distributions allows us to consider negative and greater than
1 *pro-babilities’ as well as negative ‘density’ functions.

Now we are going to givc couples (w;, w,) of generalized characteristic functions
satisfying the condition

pwi(D) +qwy ()= wy(Dwy (1), p+q=1,p>0,¢>0. )

and two theorems on this topic.
Example 1. The condition (7) is satisfied by generalized characteristic functions

w,(t)= w, wz(f)= Ba_ig_)_:q)_” (8)
pa —itq pa+ ip

Their representations according formula (6) are as follows
T TngitOng 2 T Bavs pq‘
q pq —itq

w ()= L

P9 yo, 9, ¢

w2 ()= p a+it
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(forp = q = 0.5, a = 1 we get Dugués functions). The generalized distributions
corresponding to wy () and w,(¢) have the form
[0, if x <0 g.e:"”", ifx<0
Vi) = , V)= 19
l—;e'(p"”“". ifx>0, 1, ifx>0.

If p # ¢ then one of these functions is not non-decreasing, i.e. it is not classical distribu-
tion function.
By means of simple calculations it is not difficult to prove the following theorem.
Theorem 1. Generalized characteristic functions of the form

wi () =q +pyY (1) —ipx(N, wa(?)=p +qu(r) + igx(?) )

Y(1), x(r) — real functions
are the generalized characteristic functions satisfying the condition (7) if and only if
POEm=1. (10)

Remark. By the properties of generalized characteristic functions (see [4]) we conclude
that ¢ and x must be continuous and

v(0)=1,x(0)=0, ¥ (=0 =v¥(), x(—1)=—x(?)

for all real ¢,

It is casy to see that the characteristic functions (5) considered by Kubik have the
form (9). From Theorem 1 one can get another class of couples of generalized
characteristic functions of that form.

Example 2. Let

a? - o 2at -
= s = . a .
vO=—a XO0=75
It can be stated that

-1 2ar

wl(r)=q+p 2 _,p 2 2
a. + !2 a* +t a1
a —Ig 2at

walh)=p~+ =" ot
() =P+e 573 4

are the generalized characteristic functions of generalized distributions

) 2pe* if x <0 vy [0FF<0
= x) =
1() 1,iffx>0, . 1 —2ge” % ifx>0.
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In the case p = q we get the couple of characteristic functions from the class (4) of Kubik
while if p # g then one of the functions (11) is not a characteristic functions in the class-
cal sense. The next examples can be easily obtained from simple

Theorem 2. If w(?) is generalized characteristic function such that [w(1)] ™ ! is also
a generalized characteristic function, then the functions

wi()=q + pw(),
p+q=1,p>0,4>0 (12)

wi()=p+qlw®]™!,

“are generalized characteristic functions satisfying the condition (7).

Remark. It is known ([3]) that if ¢() and [¢(£)] " ! are characteristic functions (in the
classical sense) then ¢(f) is a characteristic function of degenerate distribution. This
assertion does not extend to generalized characteristic functions.

Example 3. The condition (7) is satisfied by functions

! q
U:(f)—q"'PT_—peT '

wy(=p+1—pel

being generalized characteristic functions of random variables X; and X, respectively,
having the generalized discrete distributions

P{X,=0]=q(1+p). P[Xi=kl=gp**} k=1,2,..
P[X,=0)=p+1, PiX;=1]1=-p.

Example 4. The condition (7) is satisfied by functions

2

wi®=q+p— 5
(1—pe’y?
1 2
w()=p+ —— 2("+£—e”r
q q q

being characteristic functions of random variables X; and X,, respectively, having the
eeneralized discrete distributions

P(X, =0]=4q(1 +pq). P[X, =k1=(‘tf}) P k=12,

3 2p P’
P[X,=0]=p+q™', PXy=1]=— =, P[X;=2]=—.
q q

Example §. The condition (7) is satisfied by functions
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(1—pe'y®

(1 _peit n
WAU=P+7——;rJ—.

wi(=q+p

being characteristic functions of random variables X, and X,, respectively, having the
generalized discrete distributions:

P(X, =0]=q+pq", PX,=k]=(- 1)*(‘;});:’“‘ ", k=1,2,..
Pa=0l=p+a@ ), P =K=a(f)(= T) @tk k=12
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STRESZCZENIE

W pracy rozwazany jest problem Dugué poszukiwania par funkdi charakterystycznych (®,, 9,)
spetniajacych warunek po, + qo, = 9,9;, P + ¢ =1, p > 0, ¢ > 0 w dzicdzinie bardziej ogéllnyéh
obiektow niz klasyczne funkdje charakterystyczne. Podane s3 nowe twicrdzenia i klasy tzw. uogélnio-
nych funkcji charakterystycznych spetniajacych ten warunek.

PE3IOME

B paGore paccmarpuBacTc 3anawd JlOra, KaciloUACA HAXOXKOCIGIA AP XAPAKTEPHCTHYCCKHX
GYHKUMK (@, , @,) 1A KOTOPbIX BLUIOANCHO yUIOnHe Pd, +q¢, =¢,¢,,p +q=1,p>0,q>0 B
o6macm 6once o6um X OGECKTOB 4CM KIRCAHICCKUC XAPAKTCPHCNCCKHE Gy HKIBIK. [laI0TCcs HOBLE
TCOpeMbl H KITacChl Map 0G00I HHEIX XAPAKTCPHCTHYCCKHX (YHKUMIL BRITONHARILH X 3TO yCnoBe.






