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On the Rate of Convergence of Functions of Sums of Inilma 
of Independent Random Variables

Abstract. Let {Y„,n > 1} be a sequence of independent and positive random variables, 
defined on a probability space (Q, ^4, P), with a common distribution function F. Put

= inf(YnY2,...Ym) , m > 1 , and Sn = Em=i , n > 2 , S, = 0 .
Let g be a real function such that g' satisfies the Lipschitz condition, and let {a„,n > 1} be

a sequence of positive real numbers.
In this paper the convergence rates in the central limit theorem and in the invariance principle 

for {g(S„/a„),n > 1} are obtained.

1. Introduction and notations. Let {Y„, n > 1} be a sequence of independent 
and positive random variables (i.p.r.v’s.) with a common distribution function F such 
that

(1) i |F(x) — x/f|x-2 dx < oo for some (. , 0 < f < oo .
Jo

Let us put

n
Y* =inf(Y1,Y2,...Ym) , m>l ,and S„ = £ Y^ , n > 2 , Si = 0 .

m=l

There is a large literature on properties of Y* , n > 1 (cf. [3]-[ll]) .
Now, let S be the class of real and differentiable functions g , such that g' 

satisfies the Lipschitz condition, i.e.

(2) ls'(z) - p'(iz)l < ¿1* - ill .

where L is a positive constant.

The asymptotical normality for functions of the average of independent random 
variables is considered, for instance, in [1], [2], [12], [13] and [16]. In this paper we 
examine the rate of weak convergence of {g(Sn/a„) , n > 1} , where S„ is the sum 
of infima of independent random variables, g belongs to Q , and {a„ , n > 1} is a 
sequence of positive numbers.
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2. Results. Let {Y„ , n > 1} be a sequence of i.p.r.v’s. with a common 
distribution function F such that (1) holds for some ( , 0 < (. < oo .

Let us define

(S) z"- [’(£) -»ral • ” *1 •

where g £ Q and {a„ , n > 1} is a sequence of positive real numbers such that 
Qn —* oo , as n —t oo . Let Fz„ denotes the distribution function of Zn and $ the 
standard normal distribution function.

_L_ e-fla/A5)

B'S IJ’ 00

Theorem 1. Under the assumption (1) and (2), we get

(4) sup |FZn(x) - $(x)| = O f max i -
i€R \ I (l°g n)1'2

where {«„ , n > 1} ¿5 any sequence of positive real numbers decreasing to zero such 
that

"i
(5) «nOn/(21ogn)1/2 —» oo , and e„(21ogn) —> oo , as n —> oo ,

and

(6) _ enan|s'(£logn/an)| n _ a , 
— ¿01^/2 log °<^<1n

Putting en = log2 «/(logn)1/2 , and a„ = logn where log2 n = log(logn) , 
from Theorem 1 we easily get the following:

Corollary 1. Under the assumptions of Theorem 1 we have

“g|fi-M - *<’>1 = 0

Now, let us define random functions (Zn(i) t €<0, !>} , n > 1 , as follows:

(7) ^n(f) — _________ On__________
f-s/2 log rtg' (£t log n/an)

f ¿S[e>logn]>\ (ftlogn^)
4 9 <7 (I V ?

Z^t) = 0, t e (0,1>, Zn(0) = 0, n > 1 , where [x] denotes the integral part of x .
One can note that (Z„(<) , t €<0,1>} is a sequence of D<o,i> - valued random 

elements, where P<01> is the space of functions defined on [0,1] that are right-hand
side continuous and have left-hand side limits.

Let us denote

T(x) = P[ sup |W(t)| < x] = 
o<»<i

4 y (-1)* exp{—(2fc + l)27r2/8x2} ,(8)
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where {W(t) , t €<0,l>} is a standard Wiener process on P<o,i> •

Theorem 2. If g € Q and infr |</(x)| > 0 , then under the assumptions (1), 
(2) and (5) we get

sup|P[ sup |Z„(<)| < x] - T(x)| 
x 0<«<l

= O (max {(logn)~1/3 , e„ , -^yye_c"/2}) ’ as n °° ’

where

(10) C„ = e„a„ Qmf Js'(tlogn/a„)|/.L0v/2logn , 0 < 0 < 1 .

From Theorem 2, putting «„ = (logo)-1/3 , a„ = logn , we obtain

Corollary 2. Under the assumptions of Theorem 2 we have

sup |P[ sup |Z„(t)| < x] - T(x)| = O((log n)-1/3) . 
i o<t<i

3. Proofs of the results. In the proof of Theorems 1 and 2 we apply Theorem 
1 [9] and Theorem 1 [8], respectively.

Proof of Theorem 1. At the beginning suppose that {X„,n>l} is a sequence 
of independent random variables uniformly distributed on [0,1] (i.r.v’s.u.d.). In this 
case (. = 1 .

Put X'm = infpG.Xj,... ,Xm) ,m > 1 , S„ « E^=1 X^ , n > 2 , Sj = 0 , 
and define

(11) Zn =
yjl log n g' (logn/a„)

where g and «„ are as in (3). 
Let us denote

(
g(i)-g(logn/a„: 
(x-log n/a„)j'(log n7^y , x / logn/a„ ,

, x = log n/a„ .

One can observe that

(12) Zn = Z™ + Z™ ,

where
7(1) - Sn n 7.W - 7<1>
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Let F~ and Fz(i) denote the distribution functions of Zn and Zn'1 , respec­
tively.

By (11), for any «„ > 0 , we get

Fz<*)(x - e„) - P[|Z^| > e„] < F^(x) < Fz<„(x + e„) + P[|Z<2)| > e„] , 

hence

sup|F~ (x) - $(x)| < sup|F„<i)(x) - $(x)|
(13) * " 1

+ sup |$(x + «„) - $(x - e„)| + F[|Z^2)I > «„] .
X

By Theorem 1 [9], we have

(14) supIF^Dix)-^)! , asn->0O ,

and, moreover, by the inequalities presented in [14], p.143,

(15) sup|$(x + e„) - $(x - e„)| < 2(2r)_1/2|e„| .
X

Now, we shall estimate the last term of the right-hand side of inequality (13). 
By simple evaluation, using (2), we obtain

P[|Z<2)I > e»l = F |Z(1)||____ 1 _ g(Sn/an)-g(logn/<>n) _
g'(logn/a„) S„/a„ - logn/a„

= p [lZ(O||g'(logn/Qn + fl(Sn/Qn) ~ logn/<*n)) _ X| > £n 

n g'(logn/a„

< 2sup |F.(„(x) - $(x)| + 2(1 - *((Bn)1/2) ,

where Bn is given by (6), L is a positive constant and 0 < 6 < 1 .
Hence, by (13)-(15), Theorem 1 [9] and the inequality l_$(x) < l/\/27rx e-1 /2

for x > 0 , we get (4). Thus the proof, in this case is ended.
Now, let {V„ , n > 1} be a sequence of i.p.r.v’s. with the same distribution func

tion F satisfying (1), and let, as previous, {X„ ,n > 1} be a sequence of i.r.v’s.u.d 
on [0,1],

Put
G(f) = inf{x > 0 : F(x) > <} .
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Then, by [5], the sequences {G(Xn) ,n > 1} and {Y„ ,n > 1} are the same in law. 
Furthermore, the sum S„ = Yk , where Yk = inf(yj, K2,... ,Y*) ,k >1 can
be represented as

n

(16) S„ = , where = inf(Xi,X2,... ,Xk) , k>l.
k-l

Let us define {Z„ , n > 1} as follows:

and put

_________ «n_________ f f flogn^
£^/21ognj'(flogn/o„) [9 \an ) 9 \ a„ J

h^\x) = ( n/onb'Uojn/on) ’ X ^logn/a„ ,

1 1 , X = f log n/a„ .

Zn =

Analogously, as previous, we get

(17)

where

Zn = Z^ + Z? ,

By relation (23) [8] for all sequence {£„ , n > 1} of real numbers such that —♦ oo ,
as n -t oo , we have

Sn — (Sn
= 0(1) , a.s.,

<»
so that

(’ ■ - F?:,(l> 5 (’ + Tvfe) ’

for sufficiently large n .
Putting tn = (. log2 n , by (14), we obtain

(is) ,uP ir^.w - *(,)| = o •

Analogously, as previous, we get

f log2 n 1 _V'l > «n] = 0 (max
i(logn)V2 ’e" ’ bi/2*

B„/2 })•(19) P[|#a)

where B„ is given by (6).
Using (17)-(19) we get (4) and the proof of Theorem 1 is completed.

Proof of Theorem 2. At first we assume that {X„ , n > 1} is a sequence of 
i.r.v’s.u.d. on [0,1] and put

Z„(t) = <*n
_ ( 5[e.iognj^ (tlogn^

,/21ogn<7'(<logn/an) an ) 9\ a„ )
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for < e< 0,1 > ,n > 2 ,Z,(<) = 0 . 
We can write

(20)

where

Z„(t) = Z<’>(t) + Z<2>(f) ,

and

(21)

ZW(f) = Zi1)(t)[^(s[e.1...1/o„)-l] ,

h%\x) = / (i-Hogn/o„)s'8(<lign/Qn) ’ X / lt^>Sn/a’r , 

1 , x = (.t log nla„ .

We remind that in this case (. = 1 . We will show, that

(22) sup |P[ sup iZj/^i)! < x] — T(x)| = 0(max{(logn)_1/3 ,«„}) ,
0<«<J

where T(x) is given by (8), and e„ satisfies (5). 
Let us put

Sn,k = I St-hi}
«=1 /

/(21ogn)1/2 ,

and define the random functions {X„(t) ,t €<0,1>} as follows:

Xn(t) = Sn,k , for t €<<t,<*+i) , 1 < t < » ,
X„(0) = 0 , n > 1 ,

where tk = logfr/logn , 1<k <n, n>2.
One can note that

Pto<“<1 |Z"1>(<) " %n(<)l " £nl 

= p[max sup
li<*<n<€<(jb tk+i)| y2logn y/2logn >/2logn I J

< Pf max _ Sk - £*=1 1/» ,
Li<t<nL \ ^/2 log n \/21ogn
Sk - ELi I/»' _ S*-log(fc + l)M > f 1 

V^logn v/2 log n /J J
,/ Xk+l M £*=1(i/0-iogfc Mfc + n-StiWn > f 1 
\ \/2 log n >J2 log n ’ \J2 log n ) J— P max max I

Ll<t<n

< P[X* + 7 > enX/21ogn] = 0
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for sufficiently large n, as by (5) e„\/2logn —► oo , as n oo , where 7 is the Euler’s 
constant (7 « 0,577) .

Hence

P[ sup |X„(t)| < x - e„] < P[ sup |Z^1)(t)| < x]
0<t<l 0<t<l

< P[ sup |Xn(<)| < X + €n] ,
0«<l

and

(23)

sup|P[ sup |Zln(f)| < x] - P(z)|
t 0<t<l

< sup |P[ max < x] - T(z) + sup \T(x + e„) - T(z - e„)| 
, 0<t<n ,

On the other hand

(24) sup |T(x + e„) - T(z - e„)| < ,

(cf.(3.1), [15]), so that by Theorem 1 [8], we get (22).
Now, let us observe that

P[ sup |Z<2)(t)| > e„]
0<t<l

r |ff'(ilogn/an + ^(S[e.io,n]/an-tlogn/an)) . .-Is '*■ ,(,)|l-------------------Aira------------------ ---  - 'M

L0<t<i I a„ff'(t log n/a„) I J

< [ sup < e"Q"info<><iJ^nogn/an)!!
Lo<«<i L6\/2\ogn J

<P[ sup IZ^WI^CV2],
0<«<l

where Cn is a positive constant given by (10).
Hence, by (22),

P[ sup |Z<2>(*)| > e„] < P[ sup |ZV>(t)| > Cj/2]
0<<<l 0<t<l

= p[ sup |pv(oi < <?y2] - p[ sup iz«1^)! < cy2]
0<t<l 0<t<l

+p[ sup iw>cy2]
0<t<l

< sup|P[ sup IZ^WI < x] - T(z)| + 4P[W(1) > C^2]
1 0<«l

= O((log n)"1/3 + .-C./2),
«/2
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so by (23) and (24) we get (9).
Now, let {Kn, n > 1} be a sequence of i.p.r.v’s. with the common distribution 

function F satisfying (1), and let us put

Zn(t) = _ ________ ____________
(\/2 log ng' (it log n/a„)

where {5„, n > 1} is given by (15).
Putting

- ftlogn

we have

<25) Z„(t) = - 1] ,

where /i{,(x) is defined by (21). If we denote

F„(x) = P[ sup IzV’iOl < *] » 
0<«<l

then by Theorem 1[8] we have

sup|Fn(x) — T(x)| = O((logn)-1^3) .
X

Moreover, we obtain

F[ sup |Z<n,)(<)[/»^(S„/o„) - II > in]
0<«<l

< P[ sup ^’(Ol2 > C„] < P[ sup |Fn ’(t)| > C^2]
0<<<l 0<i<l

< sup |F„(x) - T(x)| + 4P[W(1) > cy2]

= 0((logn)-1/3 +
1/2

p-C„/2 )•

Usind (25), (26) and the above, we get (9) and the proof of Theorem 2 is com­
pleted.
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