doi: 10.2478/v10062-009-0013-y

ANNALES
UNIVERSITATIS MARIAE CURIE-SKEODOWSKA
LUBLIN-POLONIA

VOL. LXIII, 2009 SECTIO A 139-148

LEOPOLD KOCZAN and KATARZYNA TRABKA-WIECLAW

On semi-typically real functions

ABSTRACT. Suppose that A is the family of all functions that are analytic
in the unit disk A and normalized by the condition f(0) = f'(0) —1 = 0.
For a given A C A let us consider the following classes (subclasses of A):
AM) = {f € A: |Imf|] < Mn/4}, Am = {f € A : |f| < M} and
AM9 = {f € A: f < Mgon A}, where M > 1,9 € ANS and S consists of
all univalent members of A.

In this paper we investigate the case A = T, where T denotes the class of
all semi-typically real functions, i.e. T :={F € A: F(z) > 0<= 2z € (0,1)}.
We study relations between these classes. Furthermore, we find for them sets
of variability of initial coefficients, the sets of local univalence and the sets of
typical reality.

Introduction. Let A denote the family of all functions that are analytic in
the unit disk A := {z € C: |z| < 1} and normalized by f(0) = f’(0)—1 = 0.
Let A be asubclass of Aandlet A®) = {f € A: f(z) = —f(—2) for z € A}.

Let T denote the well-known class of all typically real functions, i.e. T
is the subclass of A consisting of functions f such that Im zIm f(z) > 0,
z € A. From the definition we conclude that T = {f € A: f(2) € R <=
z € (—1,1)}. Let S denote the subclass of A consisting of functions which
are univalent in A. We will consider the following subclasses of the class T
TM) = {f € T : |Imf| < Mr/4}, Tyy = {f € T : |f|] < M},
™9 .= {f € T: f < Mg}, where M > 1, g € TNS and the symbol
h < H denotes the subordination on A, i.e. h(0) = H(0) and h(A) C H(A),
whenever H is univalent (see [4]).
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We need the following definitions:
Definition 1. A set G C A is called the set of local univalence for the class
AC A, if:
(i) for all functions f € A and for all z € G we have f'(z) # 0,
(ii) for all z € A\ G there exists a function f € A such that f'(z) = 0.
The set of local univalence of the class A will be denoted by l.u.A.
Definition 2. A domain G C A is called the domain of univalence of the
class A C A, if:

(i) all functions belonging to A are univalent in G,
(ii) for every domain H such that G C H C A and G # H there exists
a function in A that is nonunivalent in H.

Now let A be a class of functions with real coefficients.

Definition 3. A set G C A is called the set of typical reality of the class
ACA, if:
(i) ImzIm f(2) >0 for f € A and z € G,
(ii) for all z € A\ G there exists f € A such that ImzIm f(z) <0
The set of typical reality of the class A will be denoted by t.r.A.

Definition 4. The interior of the set t.r.A is called the domain of typical
reality of the class A, whenever int(t.r.A) is a domain.

On semi-typically real functions. The property of typical reality re-
stricted to a half of the interval (—1,1) leads to some new classes de-
fined as follows: 7 == {F € A: F(z) >0,z € A < 0 < z < 1},
Tu ={FeT:|F|<M}and TMY9 ={F T :F < Mg}, where M > 1
and g € TNS.

Theorem 1. F € T < /F(z2) € T®, where \/F(2?) 2/ £ ZQ
Vi=1.

Proof. For F € T we have 12 75 0 in A. Hence
F(2)eR<= F(2*) > 0+= 22 € [0,1) <= z € (-1,1),

which means that \/F(22) € T, and conversely. O

Corollary 1. F € T < F(z) = (1+42)%h(2)

z

for some h € T.

Proof. Let h € T and F(z ) = w. For h € T we have the Robert-
son formula h(z f | T an(t ) where p is a probability measure on
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[—1,1] (see [1], [3]). Then
Q20 [ 2042 14
2 _/11—2z2t+z4 “(t)_/1(1+z2)2—2(1+t

1 2(1+ 22
:/0 (1+,(z2)—;—1>1722dy(7)

22 du(t)

with v(A) = u(24 — 1). Clearly, fol (lfz(;)%du(ﬂ € T (see [7], the

representation formula for functions from the class T(2)). Therefore,
(1+ 22)h(z?)
z
Let now F € T. Then from Theorem 1 we get FF € T and ¢(z) =
VF(22) € T®) ie. F(2?) = ¢*(2) for some ¢ € T(?). From [7] it follows
that

cT®,

252 22
o) = LEED

for some h € T and the proof is complete. O
Corollary 2. F € Ty < F(2%) = h?(z) for some h € T%.

Now we determine the set of local univalence, the set of typical reality
and the domain of typical reality for the class 7.

From Definitions 1-4 we conclude that the set of local univalence, the set
of typical reality and the domain of typical reality are unique and symmetric
with respect to the real axis. If the class A is compact, then there is a disk
centered at 0 that is contained in lL.u.A Nint(t.r.A). It appears that for a
given class A there can be more than one domain of univalence. On the
other hand, if there exists only one such a domain, then it coincides with
the set of local univalence.

According to [2] the set of local univalence and the domain of univalence
for the class T coincide. It is well known, that these sets are lens-shaped
domain {z € A: [224+1| > 22|} = {z: |z +i| < V2}N{z: |z —i| < V2}. If
f(z) = /F(22), then zf'(2)/f(2) = 22F'(2%)/F(z?), so by Theorem 1 we
conclude that Lu.7 = {¢ € C: ¢ = 22,z € Lu.T@}. It was proved in [7]
that the set of local univalence for the class T is of the form Lu.T® =
{z€ A:|324 +222+ 3] > 82|} \ {z € C: 22 < 2¢/2 - 3}. Furthermore, the
lens-shaped domain {z € A : |22 +1| > 22|} is one of domains of univalence
for T, which is symmetric with respect to the origin. Hence, for 7 we
obtain Lu.7 = {z € A: 322 +22+3| > 8|z|}\ {z € R: 2 < 2/2 - 3}
and the set {z € A : |z + 1|2 > 4]2|} is a domain of univalence for 7. The
following three facts:

(i) the set G = {z € A : |z +1]?> > 4|z|} is a domain of univalence in T,
(ii) all functions of the class 7 have real coefficients,



142 L. Koczan and K. Trabka-Wiectaw

(iii) the function gy = Z((ll )) belongs to the class 7 and go(G) =

{zeC:2¢ (—o0,— 116]},

imply equality t.r.7 = (GU(—1,1))\ {1}. Thus we get the following result:

Proposition 1.

(1) LuT ={z€ A:|3224+22+3| > 8Jz[} \ {zr € R: 2 <22 - 3}.

(i) tr.T ={z € A: |z + 1> > 4|z]}u(-1,1).

(iii) The domain of typical reality of the class T is equal to {z € A :

2+ 1P > 4]}

The class TM9. For the class TM:9 we know that TM:9 = {Mg(h/M) :
h € Ty}, whenever g € TNS and M > 1 (see [4]). We will prove an
analogous theorem for 7M:9.

Theorem 2. TM9 = {Mg(H/M):H €Ty}, g€ TNS, M > 1.

Proof. Let F' € TM9. Then F € T and F(z) = Mg(H(z)/M) for some
H € A, since H(0) = Mg~ (F(0)/M) =0 and 1 = F'(0) = ¢'(0)H'(0) =
H'(0). Clearly, H(z) > 0 <= F(z) > 0<= z € (0,1), i.e. H € Ty. O

Corollary 3. TM92 = {Mgg(gfl(H/M)) : H € TM’gl}, g1,92 € TNS,
M >1.

Proof. Let H € TM:91, Then from Theorem 2 we have H = Mg;(Q/M)
for Q € Tyr. Hence g7 '(H/M) = Q/M. Analogously for F € TM:92 we
have F' = Mgo(Q/M) for Q € Tyr. Therefore g5 '(F/M) = Q/M. We get
g7 "(H/M) = g5 ' (F/M). This implies F' = Mgo(gy ' (H/M)). O

Corollary 4.
h2
TMg — {F : F(z2) = Mg( ]\(;)> for some h € T(2) } ,

VM
geTnNnS, M>1.

Proof. From Corollary 2 we have Q € Ty <= Q(2?) = h%(2) for h € T%.
Then

TMI = {F: F(z) = Mg(Q(2)/M) for Q € Tar}
= {F: F(z%) = Mg(h?(2) /M) for he T} O
Remark 1'(see [4], 5], [7])-
(i) TM:d = T}, (where id(z) = 2).
<>TM79— < ) for g(z) = 5 log 1£2.
(iii) T = {& log %% M+h th €T}
(iv) TM {Mtanh(f/M) feT(M)}.
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R
0< o) <1 M/ - 1} .
(vi) 0T (M) = { / 1+z12+z ot

1
B C [0,1] is a finite union of intervals, |B| = M}’

where o A is the set of all support points of A and |B| denotes the Lebesgue
measure of the set B (see [5]).

2(1 + 22
(vii) ET@ (M (M) = {f f(z) M/B (1+22;2122t

1
B C [0,1] is a Borel subset, |B| = },

dt,

M
where £A is the set of all extreme points of A.

From Remark 1 (iii) and (iv) we get the following result:

Corollary 5.

T (31) = {Ml MEh e T<2>}
T = {Mtanh( fIM): fe T(2>(M)} .

Proof. Since f =4 5 10g 17 M *h we conclude that f is an odd function if and
only if h is an odd functlon Hence

T (M) = {f f——log% ZfrheT()}
Because h = M tanh(f/M), we have that
T = {h:h = Mtanh(f/M) for f € T®(M)}. O
Corollary 6.
TMI = {F: F(2*) = Mg(tanh?(f(2)/VM)) for some f € T(Q)(\/M)},
geTnS, M >1.

Proof. If F € T™9, then by Theorem 2 we have ' = Mg(H/M) for some
H € Ty and g € TNS, that is

F(zz) = Mg(h2(z)/M)

for some h € TE},

From Remark 1 (iv) it follows that h(z) = v/M tanh(f(z)/v M), where
f € T@(V/M). Hence we get h?(z) = M tanh? (f(2)/VM), so we have the
desired result. O

see Corollary 2.
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From Corollary 6 we get:

Remark 2. Let go(z) = 3log 1+

(i) T = Thr;
(i) 70 = 7 (M)
(ili) 7(M) = {F : F(2%) = Mgo(tanh?(f(2)/vVM))
for some f € T®(vVM)};
(iv) Ty = {F : F(z*) = M tanh?(f(z)/VM)
for some f € T(Q)(\/M)}.
Taking into account the above relations and Corollary 3 we conclude that

the results for each class 7™9, g € TNS one can obtain from corresponding
results in the class T?)(v/M).

Sets of variability. Let A;;(A) = {(ai(f),a;(f)) : f € A} for A C A.
Now we determine the set Ag 3(7ar).
From Remark 2 (i) and Corollary 2 we have

TMid _ {F : F(2%) = h*(z) for h € TS)M} ’

M > 1. Let F(2) = z 4+ ag2% + a3z® + ... € Ty and

h(Z):Z—i-bgzs—l—bg)ZE)—l-...ETg)M.

Since F(2%) = h?(z), we get az = 2bg and a3 = b3 + 2bs.
By [8] (Theorem 4, pp. 155) we have:

1 1 1
A375(T§5[)) :{($,y) l’ + <M2 —1>m+]\/[2—1§y§ 1_Ml'2

M —1)? M? —-1)(2M -1
(M-12, , O - 1) >}_

_l’_

A3’5<T$)M) = {(:U,y)::x2—|— <]\14—1>:B+]\1/[—1 <y< 1_1\/M:L'2
PO, O/ oy

M MM
Taking y = b5 = 3" — ? and z = by = % we obtain the sharp bounds:
a32% + (37 1)G2+M—2,
ag < P53 + N g, + 2DEVID,

Thus we get theorem:
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Theorem 3.

oo (i) = { (w220 < < 2 DOVI),
5 VM -3
4$2+<M—1>x+M—2§y§4(\/M_1)$2

n (\/M—l)Zx 2(M_1)(2\/M_1>}
M MM )

where M > 1.
Corollary 7. If f € Tay, M > 1, then

20-M) _ 2(vM — 1)(3VM — 1) _ (TM = 1)1 — M)
T —®= M = 3M2

and

(\/M_1)(3M2_]\%\4\/\/g_§41\4+10m—1) for M € (17 7+3\/5}
a3 < 2 (VM=3)
19M 764M\/M]\/J[r272M732\/M+5 for M € (7+?5x/3700>.

Proof. Consider the function

3 1 2
w(a:):4x2—|—<M—1)x—|—M—2,

where x € 2(1;4M), 2(\/M71])\/([3\/M71)} The coordinates of the vertex of the
parabola are x,, = %%, Y = W Clearly,
2(1 - M) <y < 2(VM —1)(3vM —1)
M - = M

for M > 1. Thus min a3 = ¥y.
Now let us consider the function

VAL-3 L, (W17 2(M - 1)@V - 1)

Wix) = x° + )
(@) 4(vM —1) M M~vM
where = € 2(1;4M), 2(\/M71])\/([3\/M71) . The coordinates of the vertex of the
_ 2(vM-1)3 _ (WM=1)(3M?—6M~/M—14M+10v/M—1)

parabola are xy = MBI IV T A2 (VM—3) Cf

2(1 - M) 2(VM —1)(3vM —1)

—— <zaw < )

M M

then maxag = yw. If zyy > Q(W_ll)\}gm_l) or xy < w or M =9,

then max as = W(z(\/ﬁflj)v([:s\/ﬁfl)) _ 19M2—64M\/MJ\2—272M—32\/M+5_ 0
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Now we determine the set Ay 3(7 (M)).
From Theorem 2 and Remark 2 (ii) we have:
T(M) =TM9% = {Mgy(H/M) : H € Tus }.
If F = Mgo(H/M), F(2) = 2+ a22® + azz® + ... and H(2) = z + by2? +
b3z3 + ..., then as = by and a3 = bz + I
Taking y = b3 = a3 — 3# and x = b = ag in Theorem 3 we get:

as > 32a+ (37 — Va2 — 2+ & + 5z

VM-3 2 | (VM-1)? 2(M—1)(2¢/M—1) 1
a3 < -2t T @t Ty e

Thus we have the following theorem:

Theorem 4.
A 3(T(M)) = {(x,y) : 2(1]\_/[]\4) <z 2(VM — 1])\;3\/M_ 1)’

1 2 VM —
2x2+<M—1>x—2++ <73x2

IN

M 3E SV S qar -
+(\/M—1)2 +2(M—1)(2\/M—1) 1 }
Mo M/ 302 [

where M > 1.
Corollary 8. If f € T(M), M > 1, then the following sharp bounds hold:

20 — M 20v M — 1) (3vVM — 1 8 —-TM
M) g, <2 A ) a2 TM
M M 3M
and
OM2—27TM~/M—24M~+72/M—32 7435
as < 30~/ M (VM -3) for M € (1’ 2 }
= 57M27192M\/M3]J\r/[2216M796\/M+16 for M € (7+%\/5’OO)'

The class T is a subclass of T, i.e. T C T. Therefore, Tyy C Ty
and T(M) C T (M), and hence Ay 3 (TM) C Azs (TM) and Aj 3 (T(M)) C
Aos (T(M )) For a comparison see results collected in Remark 3.

Remark 3. For classes Ty and T(M) we have (see [8]):

2—2M 2M — 2
i = : <z <
(i) A23(Tar) {(i&y) 7 STS

(3M — 1)(M — 1)}

x2+
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(iii) If f € Ty, then

2 oM oM — 2 1 (3M — 1)(M — 1)
_CLQS 7M and W*lgagg

M? ’
(iv) If f € T(M), then
2—2M§a2§2M—2 and i_1§a3g(3M_2)2.
M M 3M?2 3M?2

For M > 9 domains A3 (TM) and Ag3 (T(M)) are not convex sets.
Hence we get the following corollary:

Corollary 9. Classes Tar and T (M) are not convex classes for M > 9.

/
P /
s /
6+ 64 V2
P /
s /
-
4 o 7 /
-1 /
= /
24 24 /

FIGURE 1. The set A23(T(M)) (solid line) and the set
Az 3(T(M)) (dash line) for M = 2 and M = 20.
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