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ABSTRACT. Ali and Vasudevarao considered the integral operator I s(z) :=
JS(f"(#)"(g'(t))°dt and determined all values of 7 and s for which the op-
erator (f,g) — I, s maps a specified subclass of Hornich space into another
specified subclass of Hornich space. Thus, as it was stated by Kumar and
Sahoo, Ali and Vasudevarao studied the range of r and s that preserves prop-
erties of these specified classes. Based on the Kaplan classes, we introduce the
product classes K, for arbitrary finite sequences a and b and consider op-
erations similar to Hornich operations. To this end we improve Sheil-Small’s
factorization theorem. Moreover, using elaborated techniques, we simplify
proofs and solve the generalized problems considered by Causey and Reade,
Goodman, Kim and Merkes.

1. Introduction. In this section, we define several symbols and prove
some auxiliary lemmas.

1.1. Basic definitions. We consider the following subclasses of the class
of all analytic functions in the unit disc D := {z € C: |z] < 1}:

e A is the class of all functions f normalized by f(0) = f'(0) — 1 =0,

e 7 is the subclass of A of all functions f that are locally univalent,
ie. f/#0in D,

e S is the class of all univalent functions belonging to A,

e K is the class of functions in & that map D onto a convex set,
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e S is the class of functions in S that map D onto a starlike domain
with respect to 0,

e (C is the class of functions in S that are close-to-convex,

e H, is the class of all analytic functions f normalized by f(0) = 1
and such that f # 0 in D.

The Kaplan classes were one of the means used as a universal tool for
establishing many important subclasses of S (see [18, p. 47]). Since then,
many authors have studied properties of Kaplan classes, in particular:

e Sheil-Small established a theorem on factorization of the Kaplan
classes (see [20, p. 246]),

e Kim et al. posed many problems regarding the properties of in-
tegral operators (see [11]), while Lamprecht in collaboration with
Ruscheweyh (see [14]), using Kaplan classes, solved one of the open
problems stated by Kim,

e Ruscheweyh and Sumyk studied classes K (a, ), among others, in
the context of their relations with classes T'(«av, 5) (see [19]).

Based on the results of Ruscheweyh (see [18]), Sheil-Small (see [20]), Lam-
precht (see [14]), Ruscheweyh and Sumyk (see [19]), we extend the prop-
erties of the Kaplan classes, among others, in relation to the factorization
problem of these classes (see Section 2). Then we introduce the generalized
Kaplan classes K, for arbitrary finite sequences a and b. The generalized
Kaplan classes K, are based on Kaplan classes and operations similar to
Hornich operations. We show that the generalized Kaplan classes K, pre-
serve membership to a given Kaplan class K(a, ). It corresponds to the
idea proposed by Ali and Vasudevarao [1] (see also [13]).

In Section 3 we apply these results to simplify proofs and solve the gen-
eralized problems of univalence of integral operators (see also [2, 3, 6, 12,
15, 16]).

1.2. Definition of the Kaplan classes. For «, 3 > 0 the Kaplan class
K (a, ) is the set of all functions f € Hy satisfying the condition

(1) —am— (o~ B)(0r — o) < g f(re®) — axg f(re)

for 0 <7 < 1and 6 <6y <61+ 27 (see [18, pp. 32-33)).
Let us recall [18, p. 46] that
e f €K if and only if f € K(0,2),
e feCifandonlyif f/ € K(1,3),
e f e S*ifand only if f/Id € K(0,2),
where D 3 z — 1Id(z) := 2.

1.3. Alternative definition of the Kaplan classes. Let us notice that
the condition (1.1) can be written in an equivalent way (see [20, p. 245]).
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Lemma 1.1. For every o, > 0 and function f € Hy the following in-
equalities are equivalent:

(1.2) —am — %6(91 — 02) < arg f(re') —arg f(re™);
(13)  arg f(re®) — arg f(re®) < Lo
8

—am — %(01 —fy) < arg f(reﬁ?) — arg f(rel%)
(1.4)

< g~ L0 )

for0<r<1andf <0y <01+ 27.

Proof. It is enough to prove that inequalities (1.2) and (1.3) are equivalent.
Fix r € (0;1) and 0; < 62 < 61 + 2. Using (1.2) with 6; and 65 replaced
by 62 and 6, + 27, respectively, we get
1 . .
—am — 5(04 — B)(03 — 01 — 27) < arg f(re 2™ —arg f(re?2).
Hence
1

—(ov— B) (02 — 01) < arg f(re®) — arg f(re®)

—oz7r+7r(a—ﬁ)—2

and consequently
B — <= B)(01 — 03) > g [(re™) — arg f(re®)
for all » € (0;1) and 0; < 62 < 01 + 27, which ends the proof. O
Inequalities (1.2), (1.3), (1.4) give us a better view on relations between
Kaplan classes and possible operations, which can be defined using these

classes. The properties listed below were described in [20], but in this work
we complement and extend them. First we will need the following lemma.

Lemma 1.2. For all ay, a9, p1,82 > 0 and t € R\{0} the following condi-
tions hold:

(1.5) feK(ai,B1) and g € K(ag,p2) = fg€ K(a1+az,B1+ f2),

(1.6) feK(al,ﬁl)@fteKCt';ta L= t5,|t|+t5 +‘t‘2_ta1>,

(1.7) feK(ay,p)= f2€K(0,0).

Proof. The implication (1.5) was proved in [14]. Now we prove the equiv-
alence (1.6). Fix ¢ > 0. Multiplying the inequality (1.1) by ¢, we get

—tagm — t%(al — B1)(01 — 0o) < targ f(re'®?) — targ f(rel")
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and as a consequence

—tarm — t5 (a1 — 51) (01 — 0s) < ang fA(re®) —ang f1(re®).
Hence by (1.2) we have
(1.8) feK(a,B1) < f'eK(tar,tBr).

Fix t < 0. Multiplying the inequality (1.1) by ¢, we obtain
1 . )
—tagm — ti(al — B1)(01 — 05) > targ f(re'®) — targ f(rel)
and so
1 . .
[tloam — 5 (18181 = [tlan) (61 — 02) > axg f*(re'™) — arg f'(re™)
Hence by (1.3) we get

(1.9) f S K(a1751> <~ ft € K(|t|ﬁ1, \t\al).

From equivalences (1.8) and (1.9) we obtain the condition (1.6) for ¢t € R\{0}
and a1, 81 > 0.

Assume that f € K(aq,51). Then by definition of the Kaplan classes,
f # 0in D. Therefore fO = 1 satisfies the condition (1.4) with a = 8 = 0,
which leads to f° € K(0,0). O

1.4. Inclusions for Kaplan classes. Now we define and classify functions
corresponding to the appropriate Kaplan classes, which is necessary to study
univalence of integral operators.

Lemma 1.3. The function D 3> z — 6(z) := 1 — z satisfies the following
properties:

(1.10) 6 € K(1,0)
and for 0 < a<1,0<p,
(1.11) 6 ¢ K(a, ).

Proof. Let D 5 2z — f(z) := z/(1 — 2). Since f € K, it follows that
f' e K(0,2). Since § = (f')~'/2, we see by the equivalence (1.6) that
d € K(1,0).

Now we prove (1.11). Using (1.3) with r, 6; and 65 replaced by N 3 n —
r(n):=1-1/(2n?), N> n+ 01(n) := 1/nand N > n — (n) := 27 —1/n,
respectively, from the equality

ei92 (n) — ei01 (n)

we deduce that

o (5 () g (5 sty ) = —2amg (1 (1 215 ).
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Since
Re(l— (1—271’?>ei/”> :1—< ~3 2>cos<;> >0
and
Im (1— (1—1> ei/”> =— <1—1> sin <1>
2n2 2n2 n)’
we obtain

— 1 gin(L
—2arg (1 - (1 - 1) ei/”> = 2arctan < 2"21) o (")1 .
2n® 1= (1= gz) cos (3)

Since Re(1—2) >0 for z€ D and

— 1 gin(L
(1.12) lim 2arctan C 2"21) s (")1 =T,
N (=

= sup{d(rew?) —6(re%) 0, < 0y < 6, +27r}.

Now consider the right side of the inequality (1.3) with f:=¢. Fix a;, 5>0.
Then

we get

B~ 3 (0~ B)(62(n) ~ Ba(n)) = <w— i) 7
and consequently
. 1y B
(1.13) lim a<7r—>+:a7r.
n—+00 n n

From conditions (1.12) and (1.13) we deduce that the inequality (1.3) does
not hold for f:=9,0<a <1 and §>0. O

Using the function §, we can prove some relations between Kaplan classes.

Lemma 1.4. For all a1, as, 81, P2 > 0 the following equivalences hold:

(1.14) o] < g < K(al,ﬁl) C K(ag,ﬁl),
(1.15) B1 < Be <= K(ou,p1) C K(a,p2).
Proof. Let 0 < a3 < ay and 81 > 0. Since 61 < 6, from (1.3) we see that
arg F(re™) —ang f(re™) < fr— "7 (01-0) < =0 -60),
from which
(1.16) a1 < ag = K(a,B1) C K(ag,f1).
Let 0 < 81 < B3 and «; > 0. Since 01 < 3, from (1.2) we deduce that
— QT — a1 BZ (91 - 92) S —Q T — il 5/81 (61 - (92)

< arg f(re'?) — arg f(re'")
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and so

(1.17) B < Ba = K(au, 1) C K(aa,B2).

Suppose that 0 < as < a; and 1,2 > 0. Then by (1.6), (1.11) and
(1.17) we get 0t € K (o, p1) and 0 ¢ K(aw, f1). This ends the proof of
the equivalence (1.14) in the direction («=).

Suppose that 0 < 82 < 51 and aj, e > 0. Then by equivalence (1.6),
(1.11) and (1.16), 1/6% € K(ay, 1) and 1/6% ¢ K(aq, $2). This ends the
proof of equivalence (1.15) in the direction (<=). O

As a matter of fact, Sheil-Small proved in [20, p. 245] the following im-
plication
a1 < ag and By < fo = K(au, B1) C K(az, f2)

for ayg, ag, 51, B2 > 0. From Lemma 1.4 we improve this result as follows.
Corollary 1.5. For all ay, as, 51, 82 > 0 the following equivalence holds
(1.18) a1 < ag, 1 < B = K(ai,p1) C K(az,B2).

2. Main theorems. In this section we present several theorems about
preserving Kaplan classes.

2.1. Generalized Kaplan classes. Let Rg = [0;400) and N,, := NN
[1;n] for every n € N.

Definition 2.1. For n € Nand a,b: N,, — Rf{ the class

(2.1) Kap = Kay,.an),(br,bn) = {H fre: fr € K(ag, by) for k € Nn}
k=1

is said to be the generalized Kaplan class for sequences a and b.
Of course for every «, 8 > 0 the equality K(«, ) = K (4),(p) holds, so the

Kaplan classes are the special case of the generalized Kaplan classes. Now
we define two inner operations on

D= U FKas,

neN CLJ):I\TTL—)]RO+

which are not inner for Kaplan classes. For m,n € N, a,b : N,, — R,
c,d: Ny, —>R(J{ and t € R we define

(22) Ka,b @ Kc,d = {f - g f S Ka,bag € Kc,d}
and
(2.3) tO Kop:={f":f € Kap}-

Operations given by (2.2) and (2.3) are similar to the Hornich operations in
[8] (see also [14]). The difference is that in our paper @ and ® are operations
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on classes of functions, not on functions. Later in this subsection we study
the relationship between classes

K(alaﬂl) @ K(CkQ,ﬁQ) b...P K(anwﬁ’n)
and

Koy +as+...+an,Bi+Po+...+ b))

Lemma 2.2. For all ay, a0, B1,82 > 0, if a1+ B2 = aia- b1, then the following
equality holds

(2.4) K(a1,B81) ® K(a2, B2) = K(a1 + az, 81+ B2) .

Proof. Fix a1,a9,81,82 > 0 such that a7 - B2 = ag - f1. Assume that
f1 € K(a1,01) and fo € K(ag, B2). Therefore, directly by (1.5) we get

fi1-f2 € K(oq + a2, f1 + B2),
from which
K(a1,81) ® K(az, B2) C K(a1 + ag, 81 + B2) .

Now assume that g € K(aq + ag, 81 + f2). Thecase a; =g =1 =2 =0
is trivial. If aq, ao, 1 or B2 is not equal to 0 then a3 +a9 > 0 or B1+ 62 > 0.
Hence without loss of generality we can assume that a; + ag > 0. Setting

o
f1 = ge1ter

and o
f2 = gortez
we get
@1 @2
(2.5) fi-fa=goter gt =g.

Using the assumption oy - B2 = a2 - B1, we get

a1 11 + a1 B2 _ a1B1 + asf

(2.6) a1+a2'(ﬂ1+ﬂ2): ag + @z ay + g =h
and
(2.7) 2 (B +B) = b toofy _ofhtasf Ba.

o1 + s a1 + ag a1 + 9
By (1.6), (1.8), (2.6) and (2.7), we get

o1 a1 ]
— al+ta . . == K
fi=goitez € K <a1—|—a2 (a1+a2),a1+a2 (B1+B2)> (o1, B1)
and
_ a2 9 a
— a1 ta . . =
fo=gato2 € K <a1+012 (041 +a2),a1 + o (ﬁ1+ﬁ2)> K(a2a/82>7

from which
K(ai +az, 1+ B2) C K(ai, 1) ® K(az, B2) . U
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Lemma 2.2 leads to the following corollary.

Corollary 2.3. For all a1, a9, 81,82 > 0 the following equalities hold:

(2.8) K(Ozl,(])@K(aQ,O) :K(a1+a2,0),
(2.9) K(0, 1) ® K(0, B2) = K(0, 51 + 2),
(2.10) K(al,al)@f((ag,ag) ZK(Oq—i-OéQ,Oq—‘rag).

Using the operations @ and ®, we can rephrase the factorization theorem
from [20, p. 246] in the following way.

Theorem A (Sheil-Small, 2002). For all o, > 0
K(a, B) = K (min(e, ), min(e, 8)) @ ((a — ) © K(1,0)).

Now we prove the following theorem, which is a generalization of Theo-
rem A.

Theorem 2.4. For all oy, a,01,B2 > 0, if (81 — a1)(B2 — az) > 0, then
the following equality holds

(2.11) K(a1,81) ® K(az, B2) = K(a1 + az, b1 + B2) .
Proof. Given aq, as, 81, 2 > 0 suppose that (81 —aq) (B2 —az) > 0. Hence

the expressions (51 — ) and (82 — a2) have the same sign. Setting m; :=
min(aq, £1), me := min(ae, f2), di = oy — 1 and dy = ay — B2, we deduce
from Theorem A that the equality

K(oa, p1) ® K(az, B2)

= K(m1,m1) @ (d1 © K(1,0)) & K(ma,mz) ® (d2 © K(1,0))
holds for a1, as, 81,82 > 0. Since d; and d2 have the same sign, we see by
Corollary 2.3 that
K(m17m1) D (dl © K(la 0)) D K(mQa m2) D (d2 © K(la 0))
= K(m1 +ma,m1 +m2) & ((d1 +dz2) © K(1,0)).

Using Theorem A again, we get

K(m1 + mg,mi +ma) & ((di + d2) © K(1,0)) = K(a1 + a2, b1 + f2) ,
and so

K(oa,p1) ® K(az, B2) = K(a1 + az, B1 + B2) -

The case (81 — a1)(f2 — az) = 0 is obvious. O

The condition (81 — a1)(82 — az) > 0 is sufficient for the equality (2.11).
In the natural way the question arises: Does the equality (2.11) hold with-
out this condition? If the answer to that question was positive, then Kaplan

classes would be fully decomposable. In particular it means that any func-
tion with positive real part in D could be expressed as a square root of a
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quotient of derivatives of two convex functions from the class C. Neverthe-
less, we will show in Theorem 2.7 that operation & in some sense preserves
Kaplan classes, even for generalized Kaplan classes.

Forn e Nand a,b: N, — Rg we define

(2.12) Ap = ay,
k=1

(2.13) B, = Z by, .
k=1

From the implication (1.5) we directly obtain the following lemma.
Lemma 2.5. Forn € N and a,b: N, — Rg the following inclusion holds
(2.14) Koy C K(An, By) .

The inclusion (2.14) is sharp in some sense, as stated in the following
lemma.

Lemma 2.6. Forn € N and a,b: N,, — RS’ the following inclusions hold:

(2.15) K(Ap,0) C Kop,
(2.16) K(0,B,) C Kup.

Proof. Suppose that n € N, a,b: N, — R(‘f and f € K(A,,0). Set fr :=
for/An for every k € N,,. By (1.2), for all 0 < 7 < 1 and 6; < 6, < 6 + 2,
we obtain

A, — %An(ﬁl —0y) <argf (rei‘92> —arg f (reiel) ,
from which
—apm — %ak(ﬂl —09) < arg f%]fw (7"6192) — arg f% (rewl) .
Hence for k£ € N,,, we obtain
Fin € K(ay,0).
Therefore by (1.15) we get f%/4n € K (ay, bg). Since

=1L,
k=1

f € Kqap, which leads to (2.15). The inclusion (2.16) can be proved analo-
gously. O

In the following theorem we show that operations @ on classes K (ag, b)
hidden in K, preserve the class K(A,, By).
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Theorem 2.7. For n € N, a,b : N, — R(}L and o, > 0 the following
equivalence hold

(2.17) K.p CK(a,B) <= A, <o and B, <.
Proof. Suppose that n € N, a,b: N,, — RE{ and a, 8 > 0. The equivalence
(2.17) in the direction (<) follows from Corollary 1.5 and Lemma 2.5.

Now we prove equivalence (2.17) in the direction (=). Assume that
A, > aor B, > 3. Setting

D>z fr(z) =
for k € N,, and .

D3z f(2) =[] fil(2),
we get fr € K(ag,bg) for ke N, f € Kai,:alnd

(1—2)"

&)= e

Using (1.3) with r, 1 and 65 replaced by N > n + r(n) :==1—-1/(2n?), N>
n— 01(n) :=1/n and N 5 n +— 02(n) := 2m — 1/n, respectively, we deduce
that if « < A,,, then for any 5 > 0, f ¢ K(«a,3). Using (1.3) with r, #; and
02 replaced by N> n +— r(n) :=1—1/(2n?), N> n s 01(n) := —7 + 1/n
and N 3 n — 6y(n) := m—1/n, respectively, we deduce that if 5 < By, then
for any o > 0, f ¢ K(«, 3). Therefore f ¢ K(a,f3). O

2.2. Connections with classes S and C. In reference to Definition 2.1,
we introduce the following subclasses of H.

Definition 2.8. For n € N and a,b: N,, — Rar we define
(2.18) Cap = Clay,.an)(brobn) = €M f € Kap}.

and
DC = U U Ca7b .

neN g p:N, —>]Rar

Similarly to (2.2) and (2.3), we consider two inner operations in D¢ for
allm,n e N, a,b: N, — Rg, c,d: N, — ]R(J)r and t € R, defined as follows:

(2.19) Cop®Ceag={heH:N€EKup®K.aq}
and
(2.20) tOCop:={heH N ete®Ky}.

We will show several auxiliary results, helpful for studying univalence of
integral operators in the next section. To this aim we need the following
result from [17].
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Thorem B (Royster, 1965). For any w € C\{0} the function D > z —
f(z) == (1 = 2)" is univalent if and only if |lw+ 1| <2 or |w —1| < 2.

Using Royster’s Theorem, Lemma 2.5 and Lemma 2.6, we can prove the
following theorem.

Theorem 2.9. Forn € N and a,b : N, — R0+ the following implications
hold:

(2.21) (Ap <1 and B, <3) = Cqy CC,
(2.22) (Ap>10orB,>3)=Cop S.

Proof. Fix n € N and a,b : N, — Ra'. By Lemma 2.5 we get K, C
K(A,,By). It A, <1 and B, < 3, then f' € K(1,3). It means that f is
a close-to-convex function and it ends the proof of implication (2.21). By
Lemma 2.6 we get K(A,,0) C K,p and K(0,B,) C K,;. Fix 4, > 1.
Then setting D 3 z — f/(2) := (1 — 2)4, we conclude by Lemma 1.2 and
(1.10) that f" € K(A,,0)\K(1,3). Since

z

£ = [ (1= wytndu=—
0
and 14+ A, > 2, from Theorem B we see that the function f is not univalent.
That is Cop  S.
Fix B, > 3. Then setting D > z — f/(2) := (1 — 2) 8, by Lemma 1.2
and (1.10) we conclude that f’ € K (0, B,)\K(1,3). Since

z

£ = [ 10 =P = -
0

and 1 — B, < —2, from Theorem B we see that the function f is not
univalent. That is C,;, ¢ S, which ends the proof of implication (2.22). O

1
1+ A4,

1
1+ A4,

(1 - Z)lJrAn +

1
1-B,

1
1-B,

(1=2) Pt

Using equivalences (1.14) and (1.15), we can rewrite Theorem 2.9 in an
equivalent form.

Theorem 2.10. Forn € N and a,b : N, — Ra' the following implications
hold:

(2.23) K(A,,B,) C K(1,3) = Cyp CC,
(2.24) K(A,,B,) ¢ K(1,3)=Cop S
Remark 2.11. Let us notice that Theorems 2.9 and 2.10 imply the follow-
ing conditions:
. fornENanda,b:Nn%]Rar,
Cop CS <= (A, <1land B, <3),
Cup CS <= K(An,By) C K(1,3),
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e for a,b:N1—>R6r,

(ap <land by <3)=Cyp CC,

(ag>1orb >3)=>Cep S,

Ka,b = K(al,bl) C K(1,3) = Ca,b C C,

Ka,b = K(al,bl) ¢ K(1,3) = Ca,b ¢ S,

Cop CS <= (a1 <1landb <3),

Ca,b CS «— Ka,b = K((Ll,bl) C K(1,3) .
The first two equivalences are necessary and sufficient conditions for univa-
lence of all functions from classes C,; which is the result directly related to
classical Kaplan classes. Moreover, we can generalize these conditions to:

(a1 < ap and by < fy) = Kaup C K(ao, Bo)

(a1 > g or by > By) = Kayp € K(ao, Bo)
for arbitrarily fixed g, B9 > 0. Implications obtained in this way can be
used to study some geometric properties described by parameters oy and

Bo. For example by setting ap := 0 and fy := 2, we get the necessary and
sufficient conditions for convexity of functions from classes C, .

3. The univalence of integral operators. In this section we apply the
generalized Kaplan classes to study several problems in theory of univalence
of integral operators. First we quote the definition of integral operator.

Definition 3.1. Let n € N and ¢t : N, — R. We consider an integral
operator, which assigns to any fi € Hq for k € N, the following function

(3.1) D3z h(z; (fiyooo fn); (t, .o tn)) :—/Hf,i’“(u)du
o k=1

for z€ D and F, := (f1,..., fn).

Remark 3.2. Let us notice that for n € N, a,b: N,, — ]RSF, t:N, >R
and fr € K(ag,by) for k € Ny, study of univalence of the function (3.1) can
be reduced to studying univalence of functions from classes Cgy, i.e.

G i) ¥ € Klar by}
— (tl @ C(al),(bl)) @ A @ (tn @ C(an)a(bn))
fort:NnHRanda,b:NnHRar.

To this aim we can appeal to Theorem 2.9 and 2.10. In particular we can
simplify proofs or generalize results obtain in [10], [15], [16] and [17].
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In this section we will use the following operators.
e If n =1 and f; = g/1d, where g € H, then

e pamn(s(E)ie) - [ (12) w
0

is an integral operator of the first type (see [7, 9]).
e If n=1and f; = f’, where f € H, then

z

(3.3) D3 2 bz () (h)) = / (' ()" du

0

is an integral operator of the second type (see [7, 15]).
e Ifn=2 f; = f and fo = g/1d, where f,g € H, then

u

B4 Dozon(s (0 E) ) = [0 (9“‘)) du
0

is an integral operator studied in many papers (see [6]).
e Ifn=2 f; = f and fo = ¢/, where f,g € H, then

z

(35)  D3zeh(xn(f.d);t )= /(f'(U))t1 (9'(w)" du

0

is an integral operator studied in many papers (see [14]).
e Ifn=2 f1 =f/1d and fo = g/1Id, where f,g € H, then

(36) D>z—h (z; (Ifi’l%) ;(tth)) _ /Z <f(uu)>t1 (9(5)
0

is an integral operator studied in many papers (see [7]).

to
) du

o Ifn = 37 fl = f{v f2 = f2/Id and f3 - fé) where f17f2)f3 S H)

then for every z € D

) b (s () ittt = / s (292)” yan
0

is an integral operator introduced by us. If t{ = 0 or to = 0 or
ts = 0, then (3.7) reduces to one of (3.2)—(3.5), classically studied.
We study the operator given by (3.7) for functions f; € K, fo € S*
and f3 € C obtaining the necessary and sufficient conditions for its

univalence.
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3.1. Generalization of univalence problem. For all aq,as, 31,82 > 0,
a1+ 51 >0, a4+ B2 >0and k,n € {—1,1} we define

1 . 1
—:= lim — =+o00,
0 a—0t «
ap a ap B
dy = ) do := ,
! B1 Bo 2 B1 o
dy =n+k, d_=n—Fk,

Agp =

)

(—2&2(2+n)+252(2—n) —251(2—k)+2a1(2+k)>
m+ R+ (n—Kds ' m+ R+ (m—kd )’

4— 4 _ 4—d_ 4 _
By, = d—+min d+, +dy ,d—min d , + d
7 2 201 1 2B 2 200 7 20

and we denote

1+ 2k 1-2k
A= {Ak’n:k,ne{—l,l} and on (1 +2k) + B ) 0},

<
az(1+2n) + B2(1 — 2n)
B:={By, :k,ne{-11}}.
Lemma 3.3. For all aj,as,81,82 > 0, a1 + 1 > 0, az + f2 > 0 and

k,n € {—1,1} the condition A € {0,1,2} holds, where A denotes the power
of the set A.

Proof. From the definition of A we see that A < 4. Assume that A =4
Then the following system of inequalities holds:

(Ba1 — B1)(Baz — B2) <0,
(Bar — B1)(362 —az) <0
(361 — a1)(3a2 — B2) <0,
(3&1 — 041)(3B2 — 012) <0
Adding the above inequalities by sides we get

4(a1 + B1) (a2 + f2) <0,

which leads to the contradiction. Hence A<3.

Now assume that A = 3. Then exactly three of the inequalities from
(3.8) hold. Without loosing generality, we can assume that the first three
inequalities from (3.8) hold. Multiplying them by sides we get

(a1 — B1)*(3a — 2)*(3B2 — @2) (351 — 1) < 0,
from which we obtain (382 — a2)(361 — a1) < 0, which leads to the contra-

diction. Hence A <2
To prove that A can be equal to 2, it is enough to set a; = ag = 0 and

(3.8)

take arbitrary 81,32 > 0. To prove that A can be equal to 1, it is enough
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toset a; =1, ag =5, f; = 3 and [ = 1. To prove that A can be equal to
0, it is enough to set a1 = ag = B = B = 1. ]

Define the class C(«a, 8) :={f € H: f' € K(a,3)} for a, 8 > 0. Now for
the polygon given by
P :=conv(AUB)
we have the following theorem.
Theorem 3.4. Ifal,ag,ﬁl,ﬁg > 0, 041+,81 > 0, Oég-l-ﬁQ > 0, f S K(al,ﬁl),
g € K(ag, (2), (t1,t2) € P and h(-;(f,9); (t1,t2)) is given by (3.1), then

the function h(-;(f,g);(t1,t2)) € C. Moreover, for each pair (t1,t2) ¢ P
exist functions f € K(aq,B1) and g € K(ag,B2), such that the operator

h(- (f,9); (t1,t2)) ¢ S.
Proof. Assume that t1,t5 € R. Then
{h(5(f,9); (b1, t2) « f € K(a1,B1),9 € K(az,B2)}
=11 0 C(a, 1) ©ta © C(ag, B2)

=C - - .
(al-;[ﬁ |t1|+a12ﬁ1 t1>,(°‘1'2"51 ‘tl‘_f"12ﬂl tl)

By Theorem 2.9 we get the following system of inequalities

041+51|t|+ 1— 617514— 2+52|t|+ 62t2§1,
2

al+51‘t1|_al_ﬁltl+a2+52

2 2 2

Since (3.9) contains absolute values of ¢; and t2, we should consider four
cases. Now we assume that ¢1,t3 > 0. Then (3.9) takes the following form

{ ity +agty <1,
Bit1 + Pata < 3.

t <mm{1 3}
2 sz’ B
t <mln{1 3}
! a1’ B
1 3
0, min § —, — =B_
( {az ﬁz}) b
1 3
miny —,—,,0| =8
( {al 51} > b

(3.9)

(3.10)

For ¢t; = 0 we get

and for t9 = 0 we get

Hence

and
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are the extremal points reached on axes by (3.10) for ¢1,t2 > 0. The system
of equations

ait; + aots =1,
Bit1 + Pata =3

(3.11) {

has a single solution for ¢1,t2 > 0 if and only if (3aq — 81)(3as — f2) < 0.
This solution has the form

(3.12) (t1,12) = ( Po—3ay 3 —f ) — A,

a1fs — agf’ a1 — asfy

which ends the proof of the case t1,t5 > 0. Three remaining cases can be
proved analogously and we get the following points

B_11, Boi-1, Ay, for t3<0andty; >0,
B_1,-1, Bi—1, A_1_1, for t;<0andt; <0,
Bl7_1, BLl? A17_1, for tl Z 0 and tg S 0. OJ

Remark 3.5. Let us notice that the polygon P can be a convex hull of
four, five or six points, because A < 2 and B = 4.

Remark 3.6. Let us notice that if a1 = 51 = 0 or ag = [o = 0, then
f € K(0,0) or g € K(0,0). In this case, from the implication (1.8), we see
that the operator h(-; (f,g); (t1,t2)) given by (3.1) is reduced to h(+; (g); (t2))
or h(+;(f); (t1)), respectively.

Theorem 3.4 allows us to achieve the necessary and sufficient condition
for univalence of an operator h for any functions from Kaplan classes. Now
we show the example of use of this condition.

Example 3.7. Consider the function h(-; (f, g); (t1,t2)) given by (3.4) for
f€eK(1/4,1/2) and g € K(1,1/5). From Theorem 3.4 we get

o= () o) (2 () (5-3) (-9

Let us notice that this example is important, because we cannot use the
Sheil-Small factorization theorem when (a1 — 81)(ag — f2) < 0 as it is in
this case.

3.2. Simplified proofs. Methods used in Theorem 3.4 can also be applied
in proofs of many theorems with integral operators given by (3.2)—(3.6) for
classes K, §* and C. This allows us to simplify proofs. As an example we
give two alternative proofs of the following theorem from [10].
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Theorem 3.8 (Kim and Merkes, 1974). Assume that

Ao ({(32)-(03) (G0) G2)-(0-3) (59)})

feK and g€ S*. Then the operator h(-;(f',g/1d);(t1,t2)) given by (3.4)
is in C for each pair (t1,t2) € P1. Moreover, for each pair (t1,t2) ¢ Py there
exist functions f € K, and g € §* such that operator h(-;(f’,g/1d); (t1,t2)) is
not univalent in D.

Proof. Method I. Assume that 1,5 € R. Then
. ! i . . |
{n(5(£g)ite) fekges | =t 0002 @toC0,2)
= C<

[t1l+t1 [t1l—t1 [t2l+to [ta|—to [t1l+t1 [t1]—t1 [ta|+to [tal—to
G R - R U '2>’< 7 2t 02 'O)

= Cllnn|—tr+leal—t2),(|a |+t +t2]+22) -
From Theorem 2.9 we get the following system of inequalities

[t1] —t1 + |ta| —t2 < 1,
‘t1|+t1+’t2’+t2§3,

from which (t1,t2) € Py.
Method II. We know that f’,¢g/Id € K(0,2). Therefore for k,n € {—1,1}

we get,
2—n k-2
An = (17— 7—
o (k—n k—n)

_((n+k)d+n+k) (n—k)(4+n—k)
Bk,n—< R ) R >)

{32 (59)
p={(30).(49)-(-3) (3]}

Setting P; := conv(A U B), from Theorem 3.4 we get

h(sf () tht) €C
for all f € K, g € 8" and (t1,t2) € P1. Moreover, there exist functions
f €K and g € §* such that

h ('; f (%) ;(tl,tQ)) ¢S
for (t1,t2) ¢ P. O

Results from [4], [5], [7], [10] and [15] are presented here as simple corol-
laries of Theorem 3.4.

and

from which we obtain

and
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Corollary 3.9. If f € K, t1 € [-1/2;3/2] and h(-;(f'); (t1)) is given by
(3.2), then h(:;(f');(t1)) € C. Moreover, if t1 & [—1/2;3/2], then there
exists f € K such that h(-; (f'); (t1)) given by (3.2) is not univalent.
Corollary 3.10. If f € C, t; € [-1/3;1] and h(-;(f'); (t1)) is given by
(3.2), then h(-; (f"); (t1)) € C. Moreover, if t1 & [—1/3;1], then there exists
f € C such that h(-; (f'); (t1)) given by (3.2) is not univalent.

Corollary 3.11. Ifg € §*, to € [-1/2;3/2] and h(-; (g/Id); (t2)) is given by

(3.3), then h(-;(g/1d); (t2)) € C. Moreover, if ta & [—1/2;3/2], then there
exists g € 8* such that h(-; (g/1d); (t2)) given by (3.3) is not univalent.

Corollary 3.12. Assume that

e (4203 0 (02) (20

f €C and g € 8*. Then the operator h(-; (f',g/1d); (t1,t2)) given by (3.4)
is in C for each pair (t1,t2) € Pa. Moreover, for each pair (t1,t2) ¢ P» there
exist functions f € C and g € S* such that h(; (f',g/1d); (t1,t2)) given by
(3.4) is not univalent.

Corollary 3.13. Assume that

(54 (20)-(5-2).(-2)- (o))

and f,g € K. Then the operator h(-;(f',g');(t1,t2)) given by (3.5) is in C
for each pair (ti,t2) € P3. Moreover, for each pair (t1,t2) ¢ Ps there exist
functions f €K, and g€ K such that h(-;(f’,q'); (t1,t2)) given by (3.5) is not
univalent.

Corollary 3.14. Assume that

(490209 (-2)- ()

f €K and g € C. Then the operator h(-; (f',¢'); (t1,t2)) given by (3.5) is in
C for each pair (t1,t2) € Py. Moreover, for each pair (t1,t2) ¢ Py there exist
functions f € K, and g € C such that h(-;(f',¢"); (t1,t2)) given by (3.5) is
not univalent.

Corollary 3.15. Assume that

e ((£9).(0:) () 6 ).

f €C and g€ C. Then the operator h(-; (f',g'); (t1,t2)) given by (3.5) is in
C for each pair (t1,t2) € Ps. Moreover, for each pair (t1,t2) ¢ Ps there exist
functions f € C, and g € C such that h(-; (f',q'); (t1,t2)) given by (3.5) is
not univalent.
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Corollary 3.16. Assume that

e (3962 (29)-G9) (-2 (29)

and f,g € S*. Then the operator h(-;(f/1d,g/1d);(t1,t2)) given by (3.6) is
in C for each pair (t1,t2) € Ps. Moreover, for each pair (t1,t2) ¢ Ps there
exist functions f € S*, and g€ S* such that h(-;(f/1d,g/1d);(t1,t2)) given
by (3.6) is not univalent.

Let us notice that P, = P4 and P3 = P;. This fact follows also from
Alexander’s Theorem.

Causey and Reade considered the classes B,,, for m > 0 partly referring to
the Kaplan classes (see [4, p. 9]). However, the nature of these classes caused
them to obtain very limited results. Firstly, they applied only functions f
of specific classes under the integral

[ (F0) "
0

and secondly, they received only a sufficient condition of univalence (see [4]).

3.3. Extension of univalence problem. Methods described in this work
allow us to expand the necessary and sufficient condition for univalence of
the operator h to operators of greater dimensions. Now we present the
following theorem for the operator given by (3.7).

Theorem 3.17. Assume that
1 3 1 4 1 3
P7 = conv <{ <0707 ]->7 (05_270> ) <27_270> 9 <3505_3> 3 <27070> y
1 1 13 3 4 1
<0707_3) ) <_27070> 9 (_27 270) ) <O7270> 3 <0737_3>}> 3

f1 €K, fo € 8 and f3 € C. Then for each (t1,t2,t3) € Pr the operator
h(-; (f1, f2/1d, f3); (t1,t2,t3)) given by (3.7) is in C. Moreover, for each
(t1,t2,t3) & Py there exist functions f1 € K, fo € 8* and f3 € C such that
h(-; (f1, f2/1d, f3); (t1,t2,t3)) given by (3.7) is not univalent.

Proof. Assume that t1,¢s,t3 € R. Then we have
{h <a (f{a I;ufé) ;(t17t27t3)) : fl S K:fZ S S*)f?) S C}

=11 00(0,2) @t ©C(0,2) @tz ® C(1,3)

= C(\tl\—t1+|t2|—t2+2\t3|—t3),(|t1\+t1+|t2|+t2+2\t3\+t3) :
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By Theorem 2.9 we get the following system of inequalities
t1] —t1 + [ta] —t2 +2[t3[ —t3 < 1,
‘t1| +1t + |t2| +to + 2‘t3| + 13 < 3,
from which (tl, to, tg) € Ps. ]

0,0,1)

(413,0,-1/3)

FIGURE 1. The set P;.

Now we present a necessary and sufficient condition for univalence of any
operator h given by (3.1).

Theorem 3.18. Assume that n € N, t : N, —» R, fi € K(oy, k) for
ag, P >0 and k € N,,. Let Ps C R™ such that x = (x1,x9,...,2,) € Py if
and only if

a1 + a1 — Qn + Qp —
01;—51|x1‘_041;/31361_‘_“'_%0471—21-571‘96”‘_Oéngﬁnxngg.

Then for each t € Py the operator h(-; Fy,;t) given by (3.1) isin C. Moreover,
for each t ¢ Pg there exist functions fi € K(ag, Bk) for k € N, such that
h(-; Fy;t) given by (3.1) is not univalent.

Proof. Assume that n € N, ¢ : N,, — R. Then analogously as in the
previous case we have

(bt B ntac ) Y e Klaw
=11 ©C(a1,B1) Dt2 © Clag, B2) &+ @t © Clan, Bn) -
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By Theorem 2.9 we get the following system of inequalities

2 2 2
a1+61 _/Bl an"i_Bn an_ﬁn
— 1t —7t e —— |ty ———t, <3
9 |1’ D) 1+ + 9 ‘n’ 9 n > 9,
from which ¢ € Pk. O
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