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A new g-Laplace transform
with many examples

ABSTRACT. In the spirit of Hahn 1949, the purpose of this paper is to in-

troduce a new g-Laplace transform for a Jackson g-integral foa ft,q) dq(t),

with upper integration boundary ﬁ. For this purpose we redefine this

g-integral with a o-algebra and a discrete measure supported at the points
xz = aq”, n € N. Then we prove g-analogues of many well-known Laplace
transform formulas, including the formula for the transform of the delta dis-
tribution. The paper concludes with a list of g-Laplace transforms for (multi-
ple) g-hypergeometric series, some with function arguments in the first g-real
numbers Rg,. Elsewhere, other g-real numbers are defined in similar style as
function arguments in formal power series.
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1. Introduction

In ¢-difference equations, the derivatives of differential equations are re-
placed by ¢-derivatives. The theory of ¢-difference equations is not fully ex-
plored, and there is, in particular, a need to define a correct ¢g-Laplace trans-
form. Obviously, when this is known, all g-difference equations, which are
g-analogues of the corresponding ordinary, homogeneous differential equa-
tions with constant coefficients, can be solved. The reason is that these
differential equations have exponential and/or trigonometric solutions and
our g-analogues of these two functions (and of the derivative as well) have
the same g-Laplace transform. As a guide to the reader, who is assumed to
have some knowledge about Laplace transforms, all the details will be ex-
plained systematically. Hint: All beginner’s books on the Laplace transform
give a series of formulas, which are often repeated in each book. The weak
point in g-calculus is that there is no g-analogue of generalized integrals, al-
though these are stated e.g. in the book by Gasper and Rahman [13]. This
means that all formulas with generalized integrals for Laplace transforms,
which change order of integration or which make a linear substitution in
integrals, have no g-analogue. The experienced reader may now already
guess which formulas for Laplace transforms that we cannot g-deform. We
will, however, g-deform all the other, more transparent, ones.

The paper is organized as follows: In Section 1 we make a brief introduc-
tion to the subject. Section 2 introduces the notations, some of which can be
found in our book [8]. In Section 3 we briefly repeat the first g-real number
Rg, from [10]. Section 4 presents a corrected version of the g-Laplace trans-
form by Chung, Kim and Kwon [2], and in Subsection 4.1 the fundamental
prerequisites for the Jackson g-integral are summarized. In Subsection 4.2,
finally, we give a correct version of the g-Laplace transform. In Subsec-
tion 4.3 we only present some typical proofs of several g-hypergeometric
g-Laplace transforms.

2. g-Calculus definitions

We now repeat some notations from [8]. Throughout, = denotes a definition
and = denotes a formal equality.

Definition 1. Let 6 > 0 be an arbitrary small number. We will always use
the following branch of the logarithm: —7 + ¢ < Im(logq) < 7+ §. This
defines a simply connected domain in the complex plane.

The power function is defined by

qa = @ log(q) )

The following notation is often used when long exponents appear.

QE(z) = ¢".
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Definition 2 ([8, p. 19]). The g-analogues of a complex number a, a natural
number n and the factorial are defined as follows:

(@)=L ge\o.1},

a

{n}g=) ¢, {0}, =0, ¢ C\{0,1},
k=1

{n}e! = H{k}qa {0}! =1, ¢ € C\{0,1}.
k=1

Definition 3. The g¢-shifted factorial [8] is defined by

n—1

(@q)n= 1 =g

m=0

Sometimes we also use

n—1

(a:q)n =[] (1 - ag™).

m=0

Definition 4. In the following, % will denote the space of complex numbers

modé’g”;. This is isomorphic to the cylinder R x €27 § € R. The operator
~C_C
"7 Z
is defined by the 2-torsion
T
1 — .
(1) a—a+ log g
By (1) it follows that
n—1
(@ q)n =[] (1 +q*™™),
m=0

where this time the tilde denotes the involution which changes a minus sign
to a plus sign in all the n factors of (a;q)y.
For relatively prime m, [, the generalized tilde operator

2. C_C
/A
is defined by
o
2) arat —"



28 T. Ernst

We also need another generalization of the tilde operator.
o n—1 /k—1 .
(3) rasgyn = [ ( q’(‘”m)) :
m=0 \7=0
Formula (3) is used in (4).
The following simple congruence rules [8] follow from (2).

Theorem 1.

2mim

QE(7") = QE(a)e 1

where the second equation is a consequence of the fact that we work mod

2ms
logq-

Definition 5.

k—1 —
@) Nk = (D@ kA g =[] <Azm;q> Xk </\Zm;q> :

m=0

We also use the notation A(g;k;\) as a parameter in g-hypergeometric
functions.

If X\ is a vector, we mean the corresponding product of vector components.
If X is replaced by a sequence of numbers, separated by commas, we mean
the corresponding product, as in the case of g-factorials.

The last factor in (4) corresponds to k™.

Definition 6 ([8, (1.45)]). The I'; function is defined by

E:Z;m (1-9)' 7 if 0 <q <1;
Ly(z) = ’ _010 .
Eiij_liﬂq —1)' %1, iffgl > 1.
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Definition 7 ([8, (1.49)]). Let S, denote the additional poles of I, vertical
if ¢ is real and slanting if ¢ is complex. Then the generalized I'; function,
a function (C\ ({Z < 0} U S,))P™™ x C + C, is defined as follows:

ai,...,a, | _ Tqlar)...Ty(ap)
F [ bibp ] T Ty(by) ... Ty(b,)"

This is a modest attempt to present a new notation for g-calculus and in
particular for g-hypergeometric series, which is compatible with the old no-
tation. With this notation, g-hypergeometric function- and hypergeometric
function equations become very similar.

Definition 8. Generalizing Heine series, we shall define a ¢-hypergeometric
series by

q;z

I, fi(k) ]
: I1; 95 ()

- a’ alﬂQ)k _1\k (2) Lrtr’—p—p' kH fz(k)
X T e () o)

a
p+p’ ¢r+r’ |: B

where

a=avaVvTaViaVv A(glN).
In case of A(g;l;A\) the index is adjusted accordlngly It is assumed that
the denominator contains no zero factors, i.e. bk # -1+ 2[0’;”, k=1,...,r,
l,m € N [18]. We assume that the f;(k) and g;(k) contain p’ and 7’ factors

of the form (a(k); q) or (s(k); q)x respectively.

The following definition, as in the one-variable case, allows easy limits for
parameters to +oo.

The first definition is a g-analogue of [19, (24), p. 38|, in the spirit of
Srivastava. The second definition is a g-analogue of [19, (24), p. 38] with
the restraint [19, (29), p. 38|, due to Karlsson. It will be clear from the
context which of the definitions we use.

Definition 9 ([8, p. 367 f]). Let the vectors
(a), (b), (gi), (ha), (a”), (V') (g5), (7))
have lengths
A7 B7 Gz’ HZ’ A/7 BI7 G;’? H’L/'
Let

1+B+B' +H,+H —-A-A -G -G,>0,i=1,...,n.
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Then the generalized g-Kampé de Fériet function is defined by

(@) (g1);-- -3 (gn)

(I)A—FA/ :G1+GY;.. ;G +G), q—» 7 (a/) : (9,1)7 SRR (g;l)
BB Hi Hiss b Hiy | (B) 2 (Ry); s (h) |00 || (0) 5 (BY); -5 (R))

b/)(qo,m> T (R @5, (B (g5, m3) (L5 @5, )
X (_1)Zj:1 m;(1+H;+H;—G;—G;+B+B'-A-A’)

x QE ((B~|—B’—A—A’)<m),q0>

xHQE<1+H +Hj — Gj — G’)(2> q]>

7=1

_ (a")(g0,m) H}Ll(((gj);qg‘>mj((9§-)(wamj)wTj)
Z (

It is assumed that there are no zero factors in the denominator and that
(a’)(qo, m), (g;)(qj, m;), (b)(qo, m), (h;-)(qj, m;) contain factors of the form

(a(k); @), (53 @)rs (s(R): )i or QE (f ().
Definition 10 ([8, p. 368 f]). Let the vectors

(a), (b), (9:), (hi), (a'), (V'), (g5), (h3)
have lengths
A B,G H A B .G H.
Let
1+B+B +H+H -A-A-G-G >0
Then the generalized g-Kampé de Fériet function is defined by

PATACHE! (a) : (q})‘ 3 (gn) 7.7 (@) (a5 (gn)

BHBRHAH' (1) (hy); .. (o) () = (hh)s -5 (hy)

—Z g0)m (@) (g0, m) TT7—1 ({(97); @5)m, ((9) (g5, m;)x]")
> (&) (g0, m) T}y ({(A3): @5, () (@5, m3) (L5 ) m,)

. 1 / /
« (_1)2]:1m](1+H+H G—-G'+B+B' —A-A')

« QE <(B+B’—A—A’)<7;>,QO>

xj[[lQE <(1+H+H’—G—G’)(n;j>,qj>,

where

a=avaVv TaVyaVvAlgl\).
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It is assumed that there are no zero factors in the denominator. We assume
that (a')(g0,m), (¢})(gj m5), (V') (g0 m), (h")(gj,m;) contain factors of the
form (a(k): )i, (5:Q)k, (s(k); @)r or QE (f(1m)).

The numbers in front of the colon represent the number of g-shifted fac-
torials with index m in numerator and the denominator. The numbers after
the colon denote the number of ¢-shifted factorials with index m; in numer-
ator and the denominator. Equally, the numbers after semicolon denote the
number of g-shifted factorials with index m; in numerator and denomina-
tor. We can leave out Gy if it is equal to G for two variables etc. Every oo
corresponds to multiplication with 1.

Definition 11. The g-derivative is defined by

M, when ¢ € C\{1}, x # 0;

(1-q)z
_ Jdy
(Dgep) (z) = —(z), when g = 1;
&Z:p
ﬁ(O), when z = 0.

Definition 12. Let the Gaussian g-binomial coefficients be defined by

n (L;q)n
= A p—0,1,...,n
<k>q (L )k @)n—rk

Theorem 2. The q-binomial theorem:

= <a;q>’fl n __ (zqa;Q)oo
;u;qmz T G

|z| <1,0< ¢ <1.
Definition 13. If |¢| > 1V 0 < |q| < 1,]2| < |1 — ¢|7}, the g-exponential
function E,(z) is defined by

(e 9]

AN=N 1k
(5) By )kgo{’“}q! :

By the Euler equation (6), the meromorphic continuation of E,(z) is given
by

1
(2(1 =) @)
. . . . _k
Thus the meromorphic function m, with simple poles at ‘f—_q, keN

is a good substitute for E;(z) in the whole complex plane. We shall however
continue to designate this function E,(z), since it plays an important role
in the operator theory.



32 T. Ernst

The g-difference for E;(2) is
Dy Ey(az) = a E4(az).

There is another g-exponential function which is entire when 0 < |¢| < 1
and which converges when |z| < |1 — ¢|~! if |¢| > 1. To obtain it, the base
in (5) must be inverted, i.e. ¢ — %. This is a common theme in g-calculus.

Definition 14.

Z {k}q

»mM—‘

We immediately obtain

oo

Ei(z)= [+ 0 -qz¢"), 0<]qgl <1
! n=0
The ¢-difference equation for E1 (z) is
q
DqE1( z) = aE%(qaz),

which reduces to the differential equation of the exponential function when
q tends to unity.
For later use, we shall need a third g-exponential function:

Definition 15.

A © (k+1)q(k§1)zk
Bl )—kzzo {(k+1},) ~

Definition 16. Euler found the following two extra g-analogues of the ex-
ponential function:
eq(2) = 160(00; —[g; 2)
(6) % 1
= = , 2] <1, 0< ¢l < 1.
nzzo Lighn  (210)

< 4(5)
= (i) =3
(Z) = O(bU( ) |Q7 ) o <1 q>

The second function is an entire function just as the usual exponential
function.

n

= (_Z;Q)oo, 0< |Q| < 1L

Definition 17. We can now define four g-analogues of the trigonometric
functions. In the first two equations, |¢| > 1, or 0 < |¢| < 1 and |z| <
1 —ql7"

Sing(z) = = (Eq(ix) — Eq(—iz)).

Cosg(z) = = (Eq(iz) + E¢(—ix)).

| =N
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Sini(z) =

q

(E

—_ DN =

Q=

Cosi(z) = =(E1(iz) + E
q 2 q
where = € C in the last two equations.

Definition 18 ([8]). Three ¢-Appell function are defined by [9]:

o0

1 (a;b, Vel e, mo) = )

mi,ma2=0

<CL; Q>m1+m2 <b; Q>m1 <b/; Q>m2 2 M2
(L:q)my (L Qo (G Qi emy + 2

max(|z1], |z2]) < 1.

<a; Q>m1+m2 <b§ Q>m1 <b,§ Q>m2 2 2

o0
Do(a; 0,0 ¢, ¢ g1, 22) = 2,
ml,ngo (L5 @)y (L @ ma (€ @ymy (€5 @hms b
21| B [@2| < 1.
(o]
. b.
By(a;b;c, C/’q;xh:@) = Z (a; Q>m1+m2< 7Q>m1+m2 xT1x312’

(13 @)ma (L @y (6 @ (€5 @ms

m1,m2=0
\\/1‘1\ Dyq ]\/x2| < 1.

Remark 1. The function ®; occurs in formulas (33), (36). The function
®y occurs in formulas (31), (43). The function ®4 occurs in (30).

Since the number of ¢-shifted factorials in denominators is larger than in
numerators for g-confluent functions, by the quotient criterion, the conver-
gence regions are drastically increased. These convergence regions in the
confluent hypergeometric case were only given by Srivastava and Karlsson
in [19].

Definition 19.

[S)
<a;q>m +m <b§ Q>m
Uy (asb;e, d|q;z1 10) = 1+ma 1 ma_ma
st el ml%o (1) (13 @ (6 Qo (5 @y © 727
21| <1, [(1 = g)az| < oo,
N (a;q)
\Ilg(a-c C/|(J'$1 $2) = yY/mi+me xmlxm2
- s ml%:go <1§Q>m1 <1§Q>m2 <C; q)ml <C’;q>m2 1 2 >
(1 = q)w1] < o0, |(1—q)z2| < o0,
Tl(a; b;c|q;x1,x2) = Z <1 > aq<fjb14>rm2<c‘v q>m1 $T1$;n2,
m1,m2=0 ’q mi 7q m2 ’q mi1+mo

lz1] < 1, [(1 = q)za| < oo.
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oo
(@5 @)m, (as Q)m
Tg(a,a';c|q;x1,x2) = - : L
ml%;zo (L5 @ ma (L o (& Drmapma ' 7

(1= q)x1| < o0, |(1—q)za] < 0.

(0.)
<a;q>m1 mi,,m
Ts3(a;clg;x1,x2) = E xi w2
3(0; €l 21,22) e (L@ (L@ (& i emy

(1= g)z1] < oo, (1~ q)*z2| < .

0 /

$ ; ; b;
El(d, (l/; b, C|q, x1, x2) = <CL q>m1 <CL I q>m2< Q>m1 xT1$£n2’
mi,ma=0 <1§ Q>m1 <1; Q>m2 <C; q>m1+m2

lz1] < 1, [(1 = q)za| < 0.

o0

_ <CL; Q>m1 <b§ q>m1 mi_.m
= b . = 1 2
2(a’ ’C‘q’ $17:U2) m12n;0 <1§q>m1<1§q>m2 <C; q>m1+m2 12

lz1| < 1, |(1 = q)%x2| < oo

3. Survey of g-real numbers

The g-real numbers give a convenient notation for g-additions in formal
power series, in particular for g-exponential and g-trigonometric functions.
There is a one-to-one correspondence between the convergence regions of

the two g¢-Lauricella functions @Xl) and @81 ), and the existence of g¢-real

numbers with n letters (or variables).
Definition 20 ([8, p. 24]). Let a,b € R. Then the NWA g-addition is given
by

n

(7) (ady b)" = Z <Z> a" R n=0,1,2,..., a®, b€ Reg,-
k=0 q

In particular, (a &, b)® = 1. Furthermore, we put

(acqb)" = Z <Z> a*(=b)"* n=0,1,2,....
q

k=0

Definition 21 ([10]). Let I"™ C R™,I = (0,1] denote the half-open n-
dimensional hypercube. For ¢ fixed, the g-real numbers Rg, form a subset
of the disjoint union of all hypercubes

o
Re, C [ J 1™
n=2
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For the following definition one could compare with the formula [8, 4.74
p. 110]:

Definition 22. Given k£ € N, the formula
mo +my + - +my =k
determines a set Jn,,..m; € NI+,
Definition 23. For m € N" put
M| = my + ... + my,.
If f(z) is the formal power series > 72, a;z!, its kth NWA-power is given by
(®5—oma")F = (ag &g a1z @y ...)* = Z H (azh)™ <:;;> .
(il =k 1€ Tmgym; q
For a = (a1, ...,an) € I" put
a1 By az By ... By ap)* = aml<li).
(a1 ©q a2 B4 q n) rﬂ%::kmlglﬂ;[mm (ar) i),
Conjecture 1 ([10]). If the function
F(k)= (a1 ®qa2®q ... B an)k
has exactly one absolute maximum in N, then we have limy_, o, F'(k) = 0.

Definition 24. We have @ := (ai, ..., an) € Rg, exactly when the function
F (k) has exactly one absolute maximum.

For the commutative monoid Rg, we note the following definitions and
formulas:

Definition 25. Assume that ~ means equality on R[[z]] [8, p. 101].
There is a certain linear functional v : Rl[z]] X R, — R, with v(f,0) =
ao € R, called the evaluation.

Theorem 3. The g-addition (7) has the following properties, for a, 3,7y €
Ra, -
Commutativity:
a®g B~ LDy a.
Associativity
(0 Bq B) ©g v~ adq (B&g7)-

To be able to formulate equation (22), ¢-Laplace transform of multi-
plication with E4(at), we introduce the following extension of the umbral
calculus. Compare with the three formulas in [8, p. 103].
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Definition 26. The g-addition x&,y is defined by another g-Taylor formula:

(®) Flaw,y) = §j{:},q D!, F(q "),

As before, only positive integer powers of (z W, y) are used. We call the
function argument in (8) Ry, .

4. On the g-Laplace transform

Several authors have tried to introduce different g-Laplace transforms with
upper g-integration limits oo and (s(1 — ¢))~'. The latter converges to
oo when ¢ — 17. Also a time-scale approach to this problem has been
published by Martin Bohner et al. [1], who used operators similar to our
g-real numbers.

This paper was enabled by Erik Koelink and Tom Koornwinder [16],
who, in 1992 presented the correct I'; function expression as a g-integral
with E1(x), which enables the correct g-integration by parts proofs. This

q
was possible by using the product expansion for the g-exponential E1 (x).

Later, in 2005, Kac et al. [3] payed attention to this, and showed ﬁow to
express the I'y function as a g-integral with E,(z) times an extra factor, a
g-analogue of 1. Finally, in 2014, Chung, Kim and Kwon [2] tried to find
a g-Laplace transform, which would be useful for practical purposes. We
shall now find ¢g-analogues of many properties of the Laplace transform by
improving the treatment of the cited paper [2], so as to obtain formulas
that do not involve g-integrals of the form fooo, which may be difficult to
define. We point out that we shall use the Hahn ¢-Laplace transform [15],
correcting a slight misprint.

4.1. Preliminaries: properties of the g-integral. We first repeat the
definitions of ¢-integrals from [8]. Note that the definitions of these g¢-
integrals for a,b € Rg, in [8, (4.80)] are only for umbral use.

Definition 27. The Jackson g-integral is defined by

Avmmmoaﬁﬂm) - [ s, aver,

/ftq =a(l - q) Zfaq ,9)q", 0<g| <1, a€R.

n=0
We now show how the main integral theorems are included in g-analysis.
Definition 28. Let E, = {a¢"}, n=1,2,3,..., a € R* be distinct single-

ton sets, with respective measures a(1 —¢q)q™. Then the o—algebra is defined
by M = {u(En) = (1 - q)q" }72o-
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By the measure definition, we then have
o oo
2 (U En) = ZN(EN)
0 n=0
The g-integral (9) can be written in the form

> flag"u(Ey),
n=0

which is the ¢g-integral of f with respect to an infinite discrete measure, that

converges weakly to a Lebesgue measure as ¢ — 17.
Put

Fla) = /0 " 1t @) dy0).

Then [5]:

(1) If F(x) is well-defined, then D, f(x) = F(z).

(2) If f(z) is continuous on the closed disk D(0,r"), then F(z) is well-
defined for any = € D(0,7"). In fact there exists K > 0 such that
|f(¢"z)q"| < K|q|™, which guarantees the convergence of the infinite
sum.

Let £ é denote the Banach space of all g-integrable functions on the inter-
val I. The following three theorems are proved analogously to the standard
case.

Theorem 4 ([12, p. 52]). Triangle inequality.

Let f(x) € L. Then
‘/fdu' < [ 151dp

Theorem 5. Let {f,}° be a continuous sequence with limit function
(10) f= lim fp,
n—oo

which converges uniformly. Then we have

(11) Jim [ frdp = /fdu-

Proof.
‘/fndu—/fdu‘ < [ 1= sidn< [ 15~ sl

:||fn—f\|/du—>0,n—>oo. O
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Theorem 6. If the conditions in (10) are satisfied, then we have

/ g;)fn(x)du - 2 [ fa@n.

Proof. Use (11). O

Definition 29. Let A, be the set of all piecewise g-differentiable functions
on (0,00). We only consider functions in C[[z]], except the Heaviside step
and Dirac functions, which have known g-Laplace transforms.

Definition 30. The equivalence relation A, on RT is defined as follows:
Elements a,b > 0 belong to the same equivalence class,

a~b<:>EInEZ:log% =nloggq.
The equivalence class [a],a € RT is defined as follows:
al={z|In€Z:z=aq"}.

Theorem 7 ([8, p. 204], [14], [17]). Multiplicative substitution in a q-inte-
gral:

(12) [ e am=s | " F(bta) dy(0).

Theorem 8. Power substitutions f(z*,q) — f(t,q),k € N in g-integrals:
1
{k}q
Proof. We compute the right hand side.

/ " f(a*,q) dy(ar) = / T f(hg) dp(t), a € R
0 0

1—g¢q X 1
Wa(l ")) ¢ fag™, q)g"
n=0

=a(l—q) ) flagd"",q)q".
n=0

This equals the left hand side. O

The formulas for substitution in g¢-integrals above lead to formulas for
re-scaling of the measure p(F,), compare with Diaz, Pariguan [4, p. 3.
Assume that 0 < a < b, ¢ > 0.

For (9) we have :

p(En)lca, cb] = cpu(En)[a, b].
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4.2. One-sided g-Laplace transform. This section aims at developing
the g-Laplace transform to be used when solving ¢-difference equations.
We start with the following formula [16]:

_1
(13) T,() = /0 B () dy (1), Re(2) > 0.
We shall now present a corrected version of Hahn [15, (9.1), p. 371].

Theorem 9. Hahn's definition [15, (9.1), p. 371] does not converge to the
Laplace transform when lim,_,;-.

Proof. Hahn writes in other notation

by(12) /O“‘q) f(t(1 = q))E1(—gst) dy(t),

where we put b = 1 — ¢ in (12). But when lim,_,;- the function argument
in the ¢-integral converges to 0, which makes no sense. ([l

1
q

The classical Laplace transform, well known to applied mathematicians
and engineers, maps suitable real-valued or complex-valued functions f(t),
t > 0, to corresponding functions F(s) of another variable s, which are
defined for Re s > sg, where sqg is function-specific.

When defining the ¢-Laplace transform, we must use formula (13) and
the second g-exponential function E1 (z), which is entire and has an infinite

q

number of zeros for x = —f’—jq. The first g-exponential function is not
suitable, since it is not entire and has an infine number of poles. This

means that we can only define one g-Laplace transform.

Definition 31. Assume that Re(s) > 3, and let the function f € A4. Then

the one-sided g-Laplace transform of f, as a function of s, is defined by
1

(14) £4(3) = £(F()) = / T FOR (—gst) dy(1).

If f is discontinuous, we divide the g-integral into the corresponding con-
tinuous parts.

Q

Formula (14) is perfectly well defined, since
(1) The upper g-integral limit converges to oo for limg_,;-
(2) The value of the second g-exponential at the upper g-integral limit
is the second zero of E1.
q
(3) We chose the function Ei1(—gst) to get simpler formulas for the g¢-
q

Laplace transform, after g-integration by parts, which is often used
in the proofs.
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Remark 2. In the theory of the classical Laplace transform, functions f(¢)
undergoing transformation are usually required to be ‘of exponential type’,
so that the integral defining F'(s), which is over the interval ¢ € (0, 00), will
converge for sufficiently large Re s. The new g-Laplace transform involves a
g-integral over a finite interval, from 0 to ﬁ; so presumably the function

f(t) could fail to be of exponential type, without its g-Laplace transform
failing to be defined; though its lim,_,;- limit would not exist.

Remark 3. A g¢-Laplace transform F'(s) may exist without being defined
for all s with Res > 0. Two examples are formulas (19) and (20).

The one-sided g¢-Laplace transform (14) has the following properties:
Linearity for g-Laplace transform:

(15) Lqg(af(t) +bg(t)) = alq(f(t)) +bLy(g(t)), f,g € Aq.
Proof. This follows from the linearity of the g-integral. O
We shall compute some g-Laplace transforms, which occur most often.

Theorem 10. The g-Laplace transform of a power function is given by

1

Proof. By g-integration by parts, we can show that the function

1
I(s,a) = /S(l_Q) tE1(—gst) dy(t)
0 q

satisfies the recurrence
{adq
s
which is equivalent to (16). To this end put u(t,q,«) = t*, v(t,q,s) =
—1Ei(—st) in [8, (6.58)]. For Ei(—gst), use the g-derivative formula
q q
8, (6.154)]. 0
Corollary 11. A g-analogue of [20, (50), p. 163], [6, p. 192]. The one-
sided q-Laplace transform of a general q-hypergeometric series times a power
function is given by
Lq(h ppor (ar, - apibis.. ., byilg;t))

T\ _
= [;(,\) pi1®p (N a1, .. ap;by, ... bpo1,00]g; (s(1—¢q)) 7).

I(s,a) = I(s,a — 1),

Corollary 12. A g-analogue of [20, (52), p. 164]:

Lo 201 (@, 0057]g; t(1 — q))) =

Proof. Use the g-binomial theorem. O
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Theorem 13. Let H(t — a) denote the Heaviside function, where a > 0:

0, 0<t<a;
H(t—a)Z{1 i>

The q-Laplace transform of H(t — a) is given by

(1) £y(H(t—a)) = -

E%(—as).

Proof.

1
s(1—q)

1
S aq

/a D . (~gst) dy(t) = [—IE (—st)]

a

This equals the right hand side, since the upper limit is the first zero of
E:. O
q

Theorem 14. Let 6(t — a) denote the Dirac distribution, where a > 0.
Then the q-Laplace transform of §(t — to) is given by

2

Lq(5(t —to)) = E1(—sto), to > 0.

1
q

Proof. Put &,(t — to) = 5= [H(t — (to —a)) — H(t — (to + a))]. The Dirac

distribution can be expressed as

5(t - to) = lim 5a(t — to).
a—0

By linearity and formula (17) this implies

11

(18) Lyttt —t) =5 | [Ey(-stta—a) - B

(~stto+a))]|

1
q

This is an indeterminate expression 0/0 and we therefore use L’Hopital’s
rule x:

) )
£4(8(t — o)) LY HO%% [Z {qk} ' [(as sto)* — (—as—sto)ﬂ]
0 ¢
. > k. q(3)
b% al_r)%% k{qu}q' |:|: as — Sto)k ! + (—CLS - Sto)k 1” = RHS ]
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Lemma 15. Scaling is given by

1 s
Lo(F(at)) = ~Lqaf (5) ,a>0.
Proof. Use formula (12). O
Theorem 16. The g-Laplace transform of the q-exponential is given by
1 «a

Proof. In the end, the geometric series converges.

1 00 1
s(T—q) a” s(T—a)
Ei(—gst)E,(at) d,(t Ei(—qgst)t™ d,(t
/0 CasB a0 do(t) =30 e [T B (asti o
dn+1) 1gjayn 11
Z{n}v g =5 (5) =irmemmms O

Theorem 17. The g-Laplace transform of the second q-exponential is given
by

(20) Lyq (E;(at)) - 161 (1 oolg; — ) Re< ) <1

q S S
Proof. Similar to above, the series converges even better. O
Theorem 18. The g-Laplace transform of q-Sine, where a € C and Res >
max[Re(ia), Re(—ia)] is given by

a

L4(Sing(at)) = 2rad

The q-Laplace transform of q-Cosine is given by

S
Eq(COSq(at)) = m

Proof. Use formulas (15) and (19). O

Theorem 19. The q-Laplace transform of the nth iterated q-derivative can
be expressed as a sum of D;(f(()‘*‘)), the ith g-derivative of the function being
transformed, evaluated att =0, or at least evaluated in the limit t — 07 :

n—1

Lo(DJ(F(5)) = s"Lo(f(1) = 3 " DL(F(O1), f € A,

1=0
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Proof. We use g-integration by parts [8, (6.59)].

L7 By castDy ) 4y) = [y (~sDy (SO

b s / T (st DI (f(1)) dy (1)
0

= Dy (F(0)) + s[E1 (~st)Dy (SO

b2 / VB (—qs)DI 2 (f(0) dy(t) + - =RHS. O
0 q
Remark 4. Since f € A, this is guaranteed to be finite, except possibly
in the discontinuous points.
Corollary 20. Initial and final value theorems.
Slggo sLy(f) = tg%h f(),
lim s,(f) = Jim £(1).

Proof. Use the previous theorem with n = 1. In the first case, the LHS
goes to zero when s — co. In the second case, cancel the two terms f(01)

on each side after letting s — 0. On the LHS lim,_,o+ s(lil_q) = +00.
A simpler way is to use the formula (12) for multiplicative substitution
in g-integral with the values z = ﬁ and a = % O

Theorem 21. The g-Laplace transform of multiplication with a power func-
tion is given by

(21) Lot F (1) = (=1)"q)D2 Lo f(a7"s), [ € A
Proof.

(—1)"gIDE Lg(g"s) = (—1)"g(%) /0 DN (B (—g' ) £(1) dy(t)

1
q
b 1
s(1—
(8, (:6.154)]/( q)E
0

Theorem 22. The g-Laplace transform of multiplication with E4(at) is
given by

(—gst)t" f(t) d,(t) = LHS. 0

Q=

(22) Lq(Bq(at)f(t)) = Lgf (s Wq —a), [ € Aq.
Proof.
Las P80 52 O ML) S0 Gy e, ras)
0 {n}q! 0 {n}q!
by (8)

=" RHS. 0
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Example 1. We show a simple calculation.

y(21)

£4(tSing(at)) »

a

52 2
5 a
q? ™

{2}4as
(s2 4 a2)(s? + q2a?)’

The following table 1 shows the basic g-Laplace transforms.

f(t) Lq(s)
o Sal_HFq(oz +1)
771 901 (@, 005 y|g; t(1 — q)) Fi@ (L9)a)7!
H(t - a) s7IB) (~as)
3(t — to) E1 (~sto), to > 0
f(at) ézw (2). a>0
B, (at) - ! — Re (%) <1
Es(at) LS (l;oo ¢ —%) , Re (%) <1
Sing(at) ﬁ
Cos,(at) ﬁ
Dy (f(t) $"Lo(f(1) = Xy s" 1D (£(0))
£ (1) (—1)"q®)Dg L, f(g"s)
Eq(at) f(t) Lq(f(s8q —a))

TABLE 1. The ¢-Laplace transforms

4.3. Advanced g-hypergeometric transforms. We continue with some
examples of g-Laplace transforms, which are all g-analogues of Exton [11,
p. 223-224]. I moved Exton [11, A 6.1.15] and [11, A 6.1.16, p. 224] to the

next theorem.
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Theorem 23.

(23)

(27)

(30)

(31)

a— 200
Fq(@)Lq <t 20 [ ¢

o) = (),

q; (1t By xg)D

1 a—1 2
Tya) (t 201 {

1 a—1 200
I OR (’f 201 [

1 T1
=Ty (are|lg—2— 2 ).
50 3 <aaCQa S(l—q)’$2>
1 _ b, 0o
— L, (! ’ s (zpt
Fq(a) q < 2¢1 |: ¢ q; (33‘1 @q 372):|>
1 T
=1 (baselg—2— 2.
50 1< , a5 Clg; S(l—q)7x2>
1
—— L, (127 0y (b e, d|q; 21t 2o
(70 (e gt )
1 I
= g . Ny 74 )
50 1 (b,a,c,c q; 8(1_q)7$2>

Fql(a)Lq (ta_l 201 [ 2? 'Q§x1t:| 201 [ 220 'q;xﬂ])

1
= —a\I'Q aie,c
s

o x2
“sa—q s(l—q>> '

a; wthD

I i) :|

T =92 (5(1 =)

Lq (ta_I\IJQ (b; e, d|q; 1t :UQt))

1

200

Qletz] 2¢1{ J

o2 A(g;2;5a) : 2005200
41 4oo : ¢;c

1
5@

L
Ly(a)

1
= —qy (a, b;e,c
s(l

¢ I T2 )
"s(l—q)s(1—q) /)
1 a— b, v,

£ <t Loy [ COO ‘Q;xlt] 201 [ C?O q;mztD

Ty(a)™?
) T )
Tsi—gy s —q>) '

1
=—& (a, bt':e d

Sa
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L (ta_l\Ifg (b; a, c|q; x1t, 1’2))

Ly(a)
1 b,200 | .
(32) = 75“(%;@1)5 302 [ e T2 (s(fiq)qu)k ] )
€1
—| < L
s(1 - q)‘

Proof. First we prove (25). The left hand side equals

1 oo —
1 /uq) . (21t)m2yt "
— t* E1(—qgst) d,(t)
Ty(a) Jo g mh%;:o (€3 @ (L5 @) s (L Oy =
by(16) i r, [a + m2:| a2yt - by[s, (146)] e
el @ ] (1) ms (15 @)y —ms (€5 @y 592
Then we prove formula (32). The left hand side equals
1 e¢]
1 /S(lq) _ <b q>m +m
t" 1B (—gst) SR (x1t)™ 25 dy(t)
FQ(G) 0 a mh%;:o (@, 1:q)m, (¢, 15 @)m, 2
oo
by(:16) Z F |: a + ml :| <b? Q>m1+m2 mi me
i L e e Lighm (e L g)mystrm T T
by(s, (1.46)] 1 f: (b @hma
B 5@ (¢, 1;q)my 2
ma=0 V7 2
x i b+ ma)m, < 71 )ml W20 g, 0
= (Lgm \s(l—g)

The following formulas are all g-analogues of Erdélyi [7].

Theorem 24. For Re(t) > 0, Re(s) > 0, Re(s) > Re(|y|), we have a g-
analogue of Erdélyi [7, 1, p. 222]:

L, <tbl‘1 T (a; b;C\q;:v,yt)>
q;x Y > .
" s(1—q)

For Re(b) > 0, Re(s) > 0, Re(s) > Re(|z|), we have a g-analogue of Erdélyi
7,2, p. 222):

- )

1
== P <a,b,b’;c
5

b—1 /.
Fq(b)Lq <t T, (a,a e

q;xt,y)>
4
. 1”(aa'bcq * y>
= 41 , Ay 05 ; ) .
s(1—q)

gb




New g-Laplace transform with examples 47

For Re(c) > 0, Re(s) > max(Re(|z|),Re(|y])), we have a g-analogue of
Erdélyi [7, 3, p. 222]:

1
(35) Ty(c)

1

reto)) = 5° (<s<1r—q>>5q)b (<s<1y—q>>;q>b,‘

For Re(a) > 0, Re(s) > max(Re(|z]),Re(|y|)), we have a gq-analogue of
Erdélyi [7, 4, p. 222]:

Lo (71 Yo (b,V;c

a—1 /. .
Fq(a)Lq (t Ty (b, b ,c}q,xt,yt))

(36) 1
=— (a,b,b/;c
s

x Yy )
4q; ) .
s(1—q) s(1—-q)
For Re(c) > 0, Re(s) > max(Re(|z;|),7 = 1,...,n), we have a g-analogue
of Erdélyi [7, 5, p. 222] for the Humbert function:

(37) Fql(c)Lq (tc_l T, (g;c

W})): . (((jz _ )

5 1-q))’ q b

For Re(a) > 0, Re(s) > 0, Re(s) > Re(|z|), we have a g-analogue of Erdélyi
7, 6, p. 222]:
(38) LL (t*1 Y3 (byclg;ta ))—i = (a,bc|q; ——

Fq(a) q 3105 C|q; Y _Sa —2 s Uy q78(1_q)7y .

For Re(t') > 0, Re(s) > 0, Re(s) > Re(|y|), we have a g-analogue of Erdélyi
(7,7, p. 223]:

1

/ 1
b'—1 . . _ /.
(39) Fq(b’)Lq (t (3 (b,c|q,x,yt)) =W To (b,b e

For Re(a) > 0, Re(s) > 0, Re(s) > 1%/@(1, we have a q-analogue of Erdélyi
7, 8, p. 223]:

Lo (291 Yo (be elas o ut?
T Tt
1 cqua | oo A(g3252a) 50| Yy
= 2a 1:3:0 : 300 - q; (8(1 — q))Q,J: .

For Re(c) > 0, Re(s) > 0, Re(s) > Re(|z|), we have a g-analogue of Erdélyi
7,9, p. 223]:

1

Gt yt)) = - ($ )qu (s(lgq)2> ‘

Ga-q)4

(41) Fql(C)Lq (tc_l Tg(b; c
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For Re(a) > 0, Re(s) > 0, Re(s) > max(Re(|z|),Re(|y|)), we have a q-
analogue of Erdélyi [7, 10, p. 223]:

1
L'y(a)

1
=—T1 <a,b;c
Sa

Lg (171 Y3 (b clg; at, yt))
(42)

x Yy >
q; ) .
s(1—q) s(1—q)
For Re(b') > 0, Re(s) > 0, Re(s) > Re(|y|), we have a g-analogue of Erdélyi
7, 11, p. 223]:

1 b/_l
WLQ (t \:[11 (a, b, C, C,

1
=— P (a, bt';e,c
s

e x,yt))

o).

Y ) 8(1 _ q)

For Re(b) > 0, Re(s) > 0, Re(s) > Re(|z]), we have a g-analogue of Erdélyi
7, 12, p. 223]:

(43)

LLq (tbil D) (a; c, c"q;x,yt))

Ly(b)
")

For Re(a) > 0, Re(s) > max(Re(|z|),Re(|y|)), we have a gq-analogue of
Erdélyi [7, 13, p. 223]:

1 _
mﬁq (t“ Ly, (b; c, c’}q;xt,yt))

(44)
1 /

== " <a,b;c,c
s

(45)

1
=— P, (a,b; e, c
Sa

Ts=g s-q))
For Re(b') > 0, Re(s) > 0, Re(s) > Re(|y|), we have a g-analogue of Erdélyi
[7, 14, p. 223]:

L L <tbl_1El (a,a’;b;c|q;x,yt))

Ly(b) ™"
R
& ’8(1—Q)>

ForRe(a’) > 0, Re(s) > 0, Re(s) > Re(|y|), we have a g-analogue of Erdélyi
7, 15, p. 223]:

(46) 1

:?

Ps <a, a,b,b;c

1 /
£q (#7125 (a,bsclgs o, yt)
(47)
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For Re(a’) > 0, Re(s) > 0, Re(s) > 2Re(\/y), we have a g-analogue of
Erdélyi [7, 16, p. 223]:

1 r_
oy (715 (@ biclgin o))
(48) 1 /
_ L opraaf oo aby Alg252d7) )y
g2 LB e oo 300 G (s(1—=q)*]

Proof. First we prove (40). The left hand side equals

1 [ee]
1 /suq) - (0; @)y ™ (1)
[ t“*" E1(—gst) dy(t)
['y(2a) Jo a 2 (L @)y (13 @) mo (6 Qmy s

m1,mo=0
by(16) 1 = |: 2a + 2mp :| <b Q>m1$m1 Y\ M2
= _ F Y
s2a ml%;:(] q 2a <1 q> <1 q>m2 <c Q>m1+m2 <82)
by[8, (1.46)] 1 > (b; @) my (205 q)2my ) ( y >m2
= z" — RHS.
SQ“W%OQ; @y (L5 Qmo (6 Dmarms - \(3(1-0))?

Then we prove (41). The left hand side equals

L /«f—wtc_lEl<_q8t) $_auEmenm
c) Jo q

Ty (L5 @ (15 @)ims (€5 Qg4

w1 S g [etmim] sy
§¢ ! ¢ <1;q>m1<1;Q>m2<c§q>m1+m28m1+m2

m1,mo2=0

byls, (1.46)] 1 o ( y >m2 1
s¢ 2 s(1—4q) (L @) ms

mo=0

by q)ymy byls, (7.27)]
% Z = RHS. 0
( 1—q) ) (15 q)my

m1=0

m1,m2=0

5. Conclusion

The table of g-Laplace transforms enables us to quickly find out which
formula to be used. We are thus ready to solve inhomogenous ¢-difference
equations, with right hand side for instance a delta function. The solutions
will be the sum of the homogenous and the inhomogenous solutions like for
differential equations. In the next paper we will solve the corresponding
system of g-difference equations.

6. Discussion

It was not possible to find a g-analogue of the transform for f(t—a)H(t—a),
since an additive substitution in g-integrals is not allowed. In the next step
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we could consider multiple g-Laplace transforms, which would then be ¢-
analogues of well-known multiple Laplace transforms. The proof of the ¢-
analogue of the Bromwich integral would require the corresponding Cauchy
integral formula. We shall, however, try to discuss inversion problems in
certain special cases in the next paper.
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