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The Legendre-like operators
on tuples of Lagrangians and functions

ABSTRACT. Let Y be a fibred manifold with an m-dimensional basis M. We
describe all Legendre-like operators C, i.e. natural operators transforming
tuples (), g) of Lagrangians A : J°Y — A™ T*M and functions g : M — R
(resp. g : Y — R) into Legendre maps C(\,g) : J°Y — S°TM @ V'Y ®
A" T*M. The most important example of such operators is the Legendre
operator (from the variational calculus) being the one in question depending
only on Lagrangians.

1. Introduction. All manifolds and maps between manifolds considered
in this paper are assumed to be smooth (i.e. of class C*).

Let FM,, , denote the category of fibred manifolds with m-dimensional
bases and n-dimensional fibres and their fibred diffeomorphisms onto open
images.

Given an F M, ,-object Y — M, we have the s-jet prolongation J°Y of
Y — M for any positive integer s. Thus J*Y is the space of all s-jets jio
at + € M of local sections 0 : M — Y of Y = M. If f: Y — Y!is an
F M n-map with the base map f : M — M, then we have the induced

fibred map J°f : J°Y — J°Y1 given by J"f(j; o) = j;(mo)(f oo oifl),
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J2,0 € J5 Y, 2o € M. So, we have the bundle functor J" : F My, n — FM
in the sense of [2].

Given an F M,, ,-object Y — M, we also have the vertical bundle VY —
Y and its dual bundle V*Y — Y and the cotangent bundle T* M and its mth
inner product A\™ T*M and the tangent bundle TM and its sth symmetric
product S*TM.

Given fibred manifolds Z1 — M and Zy — M with the same basis M,
let C33(Z1, Z2) denote the space of all base preserving fibred maps of Z;
into Zs. Elements from the space C$7(J*Y, A" T*M) are called (sth order)
Lagrangians on Y — M. Elements from the space C{°(J°Y, S*TM @ V*Y ®
N T*M) are called Legendre maps on Y — M.

Any sth order Lagrangian A\ : J*Y — A"™T*M on an FM,, ,-object
Y — M induces canonically the Legendre transformation A(\) : J°Y —
SSTM @ VY @ N"T*M, see e.g. Example 2.1 below. So, we have the
F My, n-natural operator

A:CSS (JSY, /\ T*M) — O (JSY, S TM @ V*Y @ /\ T*M> .

It is called the Legendre operator. We inform that the concept of natural
operators can be found in [2].

The Legendre transformation A(A) plays an important role in analyti-
cal mechanics, especially in the case of regular Lagrangians A, the trans-
formation A()\) can be considered as the corresponding J*~!'Y-preserving
diffeomorphism between J*Y and (7§~ 1)*(S*TM @ V*Y @ A™ T*M) (then
it joints the Lagrange and Hamilton formalisms in fibred manifolds), see [1].

In [5], it is proved that given positive integers m, n and s, any local
F M, p-natural regular operator C3(J°Y, A" T*M) — C2(J°Y, S*TM ®
V*Y @A™ T*M) is of the form cA, ¢ € R, where A is the Legendre operator.

In the present paper, if m > 3, we describe all Legendre-like operators,
i.e. local F M, ,-natural regular operators

C:C <J8Y, /\T*M) X C®(M,R) — C5° (JSY, S TM V'Y ® /\T*M>

(resp. C:C55 (JSY, /\T*M) X C®(Y,R) — (5 (JSY, STMRV*Y® /\T*M))
transforming a tuple (), g) of a Lagrangian A € C5(J*Y, A" T*M) on an
F M, n-object Y — M and a real valued map g € C*°(M,R) on the base
M of Y - M (resp. g€ C>®(Y,R) on the total space Y of Y — M) into
a Legendre map C(X,g) € C32(J°Y, S*TM @ V*Y @ N T*M).

The FM,,n-naturality (or invariance) of C' means that for any
FMpp-map f:Y =Y with the base map f: M — M; and Lagrangians
AECY(JY,N"T*M) and A\ € CRg (J°Y1, A" TM;) and maps g: M — R
and g1 : M7 — R (resp. g:Y =R and g1 : Y1 > R), if A and \; are f-related
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and g and g; are f-related, then so are C'(\,g) and C(\1,g1). The local-
ity of C means that C(),g), depends on germ,(},g) for any p € J°Y and
AeCR(JY,N"T*M) and any g€ C>®(M,R) (resp. g€ C>®(Y,R)). The
regularity means that C sends smoothly parametrized families of tuples
of Lagrangians and maps into smoothly parametrized families of Legendre
maps.

The present paper is a continuation of [3], where using a similar proce-
dure, we described all Euler-like operators, i.e. local M, ,-natural regular
operators

C:C3 <J5Y, /\T*M> x C®°(M,R) — C5° <J25Y, VY ® /\T*M) .

2. The Legendre-like operators on tuples of Lagrangians and func-
tions on bases.

Example 2.1. Let \:J*Y — A" T*M be an s-order Lagrangian on an
F M n-object Y — M. Let 0A:C3Ry (J°Y,V*J*Y @ N T*M) be the ver-
tical differential of A, i.e. the composition of the restriction SN VIY —
VAN"T*M=N"T*M x p N T*M of the differential d\:TJY =T N\ T* M
of A to the vertical sub-bundles with the second (essential) factor projection
N"T*M xpyy N"T*M — N"T*M. Let AN): S*T*M VY — \N"T*M be
the restriction of 60X : VJ*Y — A" T*M to the vector-subbundle S*T*M &
VY CVJ®Y, the kernel of Vs | :VJY — VJ*71Y, where 75_: J5Y —
J*71Y is the jet projection. The map A()) is called the Legendre transfor-
mation. So, we have the FM,, ,-natural operator

m m
A:CSY (JSY, /\T*M> — (P <JSY, S TMQV*Y @ /\T*M> :
The natural operator A is called the Legendre operator.

We have the following:

Theorem 2.2. Let m,n,s be positive integers. If m >3, then any local
F M n-natural regular operator

C:C (JSY, /\T*M) x C®(M,R) — C5° (JSY, S TM@V*Y @ /\T*M>

is h-A for a (uniquely determined by C') map h:R — R, where h-C is
defined by

(h- C)(/\>g)|jfcoa = h(g(xo)) 'C(Avg)\jjoa

for any h: R — R and any C in question and any \,g,j; o as above and
where A is the Legendre operator.
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So, the space of all C' (as in Theorem 2.2) is the free 1-dimensional C**(R)-
module and the operator A forms the basis in this module.

The proof of Theorem 2.2 will be given in Section 4.

From Theorem 2.2 it follows the following result of [5]:

Corollary 2.3. Let m,n,s be positive integers. If m >3, then any local
F M n-natural regular operator

C:C% (JSY, /\T*M> — O <J5Y, SSTM@V*Y @ /\T*M)

is al for some (uniquely determined by C') real number a, where A is the
Legendre operator.

Proof. Let C be an operator in question. By Theorem 2.2, we can write
C' =h-A for some (uniquely determined by C) map h:R—R. Then C(\) =
C(A\1)=h(1)A(N), i.e. C=h(1)A. O

In [5], the corollary is proved for m € {1,2}, too.

3. Some transformation rules. Let N be the set of non-negative in-

tegers and let R™" be the trivial FM,, ,-object R™ x R" — R™ and let

b, ,2™y',...,y" be the usual coordinates on R"™". Given i=1,...,m

let 1;:=(0,...,0,1,0,...,0) € N™ where 1 occupies 1th position.

We have the induced coordinates ((z%),(y4)) on J*(R™"), where i=
1,...,mand j=1,...,n and a = (aq,...q;) € N™ are such that |a| =a; +
-+ 4y, <s. They are given by

2'(j5,0) =5 and g (j5,0) = (Fac?)(z,)
for any ji o=js (o!,...,0™) € J5 (R™") =J5 (R™R"), z, € R™, where
0, is the iterated partial derivative as indicated multiplied by 5
Lemma 3.1. Leti=1,....m and j=1,....,n and a = (aq,...,ap,) €N be
such that |a] < s.
(i) For any 7= (7',...,7") € (R\ {0})", we have
(T*%r)ul =Ty,
where ¥y = (x!,... 2™, %yl,...,%y”) is the F M, n-map.
(ii) For any t € R\ {0}, we have
(J*t) el =ty

1 Lot a™ oyl gy s the F My n-map.

X

where oy = (z°,..., 3

Proof. We prove (i), only. We have
(S*%r)yd) (G2,0) = YA(T*0 1 (53,0)) = ¥ (33, (W7 0 0))
= 8a(7jaj)(a:0) = Tjaa(aj)($0) = ijgz(jascoo-) :

The proof of (ii) is quite similar. O
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4. Proof of Theorem 2.2. We will use the notations as in the previous
sections. Additionally, let do# :=dx' A---Ada™ and let x®:= (x!)*r.....
(™) for any a = (aq,...,ap,) € N™.

Consider a local F.M,, ,-natural regular operator

C:C3 (JSY, /\T*M) x C®°(M,R) — C5° <JSY, SSTM V'Y @ /\T*M> .

Assume m > 3. We prove several lemmas.

Lemma 4.1. Our operator C is determined by the values

(1) <C()\,g)p,®dow®v> e ANTGR™

for all A€ CRn (J°(R™™), A" T*R™), all v € TyR" = V(g yR™", all dow €
TgR™, all p=j5(o) € J5(R™ R")o=J o) (R™") and all g:R™ = R, where
O’ dow=dow(®---Odow (s times of dow). (In other words, if C' is another

such operator giving the same as C collection of values (1), then C =C".)

Proof. It follows immediately from the invariance of C' with respect to
F M n-charts. O

Lemma 4.2. Our operator C' is determined by the values

(2) <C()\,g)g,®dow®v> e ANTGR™

for all A€ Cgn (J°(R™™), A" T*R™), all v € TyR" = V(g yR™", all dow €

TgR™ and all g: R™ — R, where 0 := j5(0) € J5(R™,R")o = J o) (R™").

Proof. Given a map o with p=j5(0) € J5(R™,R")p= J(0.0) (R™™), we have
v:R™" — R™" defined by v:=(z,y —o(x)), where z = (z!,...,2™) and
y=(y',...,y"). This FM,,,-map v transforms j(o) into . Then using
the previous lemma and the FM,, ,-invariance of C' with respect to v, we
end the proof of the lemma. O

Lemma 4.3. Our operator C is determined by the values

(3) <C()\,xm—|—0)9,®dow®v>E/\TJRm

for all A€ Cgn (J°(R™™), A" T*R™), all v € TyR" = V(g yR™", all dow €
ToR™ and all c€ R, where 6 is as above.

Proof. Because of the regularity of C, we have additional assume dyg # 0.
Then using the previous lemma and the invariance of C' with respect to the
(0,0)-preserving F M, ,-map

(:1:1,...,xm_l,g(fcl,...,xm)—g((),...,()),yl,...,y”)
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(it preserves  and transforms g into 2" +¢) with ¢=g(0), we end the proof
of the lemma. O

Lemma 4.4. Our operator C' is determined by the values

(4) <C(/\,xm +¢)o, () dow ®vo> e AT;R™

for all A€ CEn (JE(R™™), A" T*R™), all dyw € T§R™ and all c € R, where

. . 0 n__ m,n
0 is as above and v, := 37 1(0.0) € ToR" = V(o0 R™".

Proof. In the previous lemma, we can obviously additionally assume that
v#0. Then there exists an FM,, ,-map ® of the form idgm x ¢, where

¢:R™ = R" is a linear isomorphism, sending v into v, = 8%1‘(0 0 Such @
preserves 8 and ™ 4 c¢. Then using the previous lemma and the invariance
of C with respect to ® , we complete the proof of the lemma. O

Lemma 4.5. Our operator C' is determined by the values

(5) <C<L((xi),(yg))dxﬂ+bdxu,xm+c)g,@dow®vo> e A\T;R™

for all L:R™" — R with L((x%),(0)) =0, all b,c € R and all dyw € TfR™,
where 0 and v, are as above.

Proof. In the previous lemma, we can write
A= L((@), ()t + f(a',....a" ) dat

where L and f are arbitrary real valued maps with L((z%),(0)) =0. By the
regularity of C, we can assume f(0)# 0. Then, using the previous lemma
and the invariance of C' with respect to the F.M,, ,-map

U= (F(z!,..,2™), 2%, ... 2™yt oy
where %F = f and F(0,2%,...,2™) =0, we may additionally assume f =1
because W preserves 6 and g =x""+c and v, = 8%1| and it sends dz* into

(0,0)
fdz*. The proof of the lemma is complete. O

Lemma 4.6. Our operator C' is determined by the values

(6) <C(L((xi),(yg))d:cubdxﬂ,xm+c)9,@d0wo®uo> € /\Tng

for all L:R™" — R with L((x%),(0)) =0 and all b,c € R, where 6 and v, are

as above and dow, := dox™ 1.

Proof. In the previous lemma, because of the regularity of C, we can as-
sume that do(2™ +¢) and dow are linearly independent. Then by the previ-
ous lemma and the invariance of C' with respect to an FM,, ,-map of the
form (¢(z),y',...,y™) with linear ¢ (it preserves 6 and v, and it sends dz*
into det(p)-dz") we end the proof of the lemma. O
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Lemma 4.7. Our operator C' is determined by the values

i 0
(7) <C(axﬁyédx“ +bdat, 2™+ ¢)g, () doz™ T ® o >
© 99" 110.0)
for all o, € N™ with || <s and all a,b,c € R. Moreover given b and c, the
value (7) depends linearly on a.

Proof. Because of the locality of C, using the main result of [4], we may
additionally assume that in the previous lemma the maps L are arbitrary
polynomials in ((x?),(y2)) of degree < ¢ with L((x?),(0)) =0, where ¢ is an
arbitrary positive integer.

Further, by the invariance of C' with respect to (x!,...,2™, T—llyl, ey Tiny")
being F M, ,-map for any (71,...,77) € (R\{0})", we get the homogeneity
condition

- . . S a
C(L((2"), (T7y],))da* + bdat 2™ + ¢)g, (- ) doz™ ' ® —— >
( Ouriods

=Tl<c<L<<xi>,<yz;>>dx“+bdazﬂ,xm+c>a,@dowm1 ey >
Y 1(0,0)

see Lemma 3.1 (i). Then by the homogeneous function theorem (see [2]),

given b and ¢, the value (C(Lda* +bda*, 2™+ c)g,O° doxm*1®a%l|(0 0)>

depends linearly on the coefficients of L on 2%yl and it is independent
of the other coefficients of L. Now, because of Lemma 4.6, our lemma is
clear. O

Lemma 4.8. Our operator C' is determined by the values

> 0
(8) <C’(a1:'8yclldx“ +bdzt ex™ +¢)g, () dor™ ' © = >
O 99" 1(0.0)
for all o, € N™ with || < s and all a,b,c,e € R. Moreover given b and c
and e, the value (8) depends linearly on a.

Proof. In the proof of the previous lemma it suffices to replace ™ by
ex™. O

Lemma 4.9. We have

> o
(9) <C(a:cﬂyclydx“+bdx“,xm+c)9, dox™ 1 @ — > -0
©) 5 00
for any B,ac € N™ with both |o| < s and (81 > aq or ... or Bp—2 > a2 or
Bm—1> Qm—1—35 or Bm > am ).

Proof. By the invariance of C' with respect to (! = (:L‘l,...,%xi,...,:nm,yl,

..,y") being F M, ,-map for any t e R\ {0} and any i=1,...,m and using
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the fact that given b and ¢ and e the values (8) depend linearly on a, we get
the condition

S
Bi—ai+8omt Byl dim -1 9
trime S<C(a:z Yo dzt + thdzt t xm+c)9,®doa:m ®(9y1|(0’0)>

2 0
= { ClazPylda* + bdzt, 2™ + ), () doz™ ' @ — >
< ( Yo + + )9 @ 0 ®ay1‘(070)

0

9" 1(0,0)
it sends 2™ into t%mz™ (the Kronecker delta) and it sends ™! into
toim-12m=1 and it sends yl into t~%yl and it sends dz* into tdz", see
Lemma 3.1 (ii). Then putting ¢ — 0, we end the proof of the lemma. O

because ! preserves C and 6 and and it sends 2 into t%2” and

Lemma 4.10. Our operator C' is determined by the values (7) for all a,b,ce
R and all a,f € N™ with (Ja|<s and f1 <aq and ... and Bp—2 < ap—2 and
Bm-1<am—1—5 and Bm < amy). Moreover given b and ¢, the value (7)
depends linearly on a.

Proof. It follows from Lemmas 4.9 and 4.7. OJ

Lemma 4.11. Our operator C is determined by the values
S m
0
<C’(ay(10 0,5,0)d2" +bdz, 2™ + C)Q,@dol‘m_l ® E > € /\T{me
S Y7 1(0,0)
for all a,b,c € R. Moreover, given b and c, the above values depend linearly
on a.

Proof. It is an immediate consequence of the previous lemma. O

Lemma 4.12. Our operator C is determined by the values

- - 8 N * m
<C(y(10,...,0,s,0)d33u795m +¢)o, @dowm g 8—3/1'(0 0)> € /\To R

for allceR.

Proof. Using the invariance of C' with respect to (%xl,xQ, o™yl y),

we get the condition

5 0
<C(ay(lo,...,o,s,0)d$u +tbdzt, 2™ + c)o, Qdoxm_l @ 37?41\(0 0)>

S
0
= C(ayl de”—del’M,xm“'c)@a doxm_l & = > .
< (07"'707870) @ 8y1 |(0’0)
(Here we use m > 3.) Putting t — 0, we see that

s 0
<C(ay(10,...,o,s,o)dxu +bdz”, 2™ +c)o, @ doz™ ™! ® a0 o)>
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is independent of b. Then applying the previous lemma, we complete the
proof. O

Now, we are in position to prove Theorem 2.2.

Proof. Because of Lemma 4.12, our operator C is determined by the map
C<°> :R — R defined by

o m - m— 6
C< >(c)dx"6 = <C(y(107.“7s’0)d:c“,:c +c)9,®dgx '® a—yl‘(o 0)> , ceR.
On the other hand, given a map h,: R — R, we have (h,-A)<%” = h,.
The proof of Theorem 2.2 is complete. O

5. The Legendre-like operators on tuples of Lagrangians and func-
tions on total spaces. We will use the notations as in the previous sec-
tions. We are going to prove the following:

Theorem 5.1. Let m,n,s be positive integers. If m >3, then any local
F M n-natural regular operator

C:C (JSY, /\T*M> x C®(Y,R) — C5° <J5Y, SSTMRV*Y ® /\T*M>

is ho- A for some (uniquely determined by C) map h,: R — R, where h-C
is defined by

(h-C)Y(A\9)jjs, 0 = 1(g(0(5))) - C(X,9) s o

for any h: R — R and any C in question and any A\,g,j; o as above and
where A is the Legendre operator.

So, if m,n, s are positive integers with m > 3, then the space of all C' (as
in Theorem 5.1) is the free 1-dimensional C*°(R)-module and the operator
A form the basis in this module.

Schema of the proof of Theorem 5.1. Similarly as in Lemma 4.1, C is
determined by the collection of values

<C(A,g)p,®dow®’u> e A\T;R™

for all A€ Cgn.(J*(R™™), A" T*R™) and all veTHR" =V(qR™" and
all dow e TfR™ and all p=j5(o) € J5(R™ R")g= J(0,0) (R"™™) and all
g:R™" = R.

Because of the regularity of C', we can assume that d()g(v) # 0. Then

using the invariance of C' with respect to a (0,0)-preserving F M, ,-maps,
o)

=2 where ¢ is an arbi-
9y71(0,0)’

we may additionally assume g =y' +c¢ and v =

trary real number.
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Then using the invariance of C' with respect to (z,y —o(x)), we may
additionally assume p=6:=j3(0) and g=y' +0o'(z) +c. (We must replace
the old additional assumption g =y' 4 ¢ by the new one g =y 4+ o' (z) +c.)

Further, because of the regularity of C', we can assume that %%01(0) #0.
Then using the invariance of C' with respect to some (¢(x),y), we may
additionally assume g =y 4+ 2™ + c.

Next, we can write A = L((z%), (v4))dz" + f(x!,...,2™)dz", where L and
f are arbitrary real valued maps with L((x?),(0)) =0. Then quite similarly
as in Lemma 4.5, we can write A = L((z%), (y&))dz" 4 bdz*, where L is an
arbitrary real valued map with L((2%),(0)) =0 and b € R.

Next, quite similarly as in Lemma 4.6, we may additionally assume that
dow = dol‘m_l .

Next, using the main result of [4], we may additionally assume that L is
an arbitrary polynomial in ((2?), (y&)) of degree < g, where ¢ is an arbitrary
positive integer. Then quite similarly as in the proof of Lemma 4.7, we see

that C' is determined by the collection of values

i 0
bdxt. ™ 1 d m—1
<O( o+ 4 o (Do ®3y1(o,o)>

and
i 0
ClaxPyldat +bdzt, x™ +¢)g, () dor™ ' @ — >
< © W 00)

for all o, € N™ with || < ¢ and |a| < s and all a,b,c € R.
Then similarly as in Lemma 4.12, C' is determined by the collection of
values

s 0
my 1 ml
<C<bdx”7x +yt o, (Ddow ®6y1<o,o>>

and
m - m— 8 N * M
<C(y(10,...,0,s,o)d$“7$ +¢)o, @doﬂﬁ '® oy © 0)> € /\To R

for all b,c € R.
Next, using the invariance of C' with respect to

1
(xl,x2,...,:cm72,;xmfl,xm,ylw-,yn)a
we get
5 0
7'5_1<C(b7'd:v“,xm+y1+6)ea dox™ 0 — >
© 99" |(0.0)

= <C’(bdx”,a:m+y1+c)9,®doxm1®8 >
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Then in the case of s> 2 we get

<C(bdx“,xm +y' +0)p,(Ddoa™ ' @ 9 > =0

and in the case of s=1 we get

s 0
W w1 doz™ 1 2
<C<bdaz 2" 4y 4 ), (Ddox ®8y1|<o,o>>

s 0
_ uom 1 m—1 ~ .
<0<0dx A" gt 40)g, Ddox ®8y1|<o,o>>

Moreover, by the invariance of C' with respect to (%xl,azQ,...,xm,yl,

.y, we get

s 9
W om 1 doz™ 1o 2
<C(0daz " +y'+ ), (Ddox ®3y1|<o,o)>

i 0
=7 CXdeKaWV+y1+C¢% doz™ ' @ — >.
< ) <:) Y 10,0

Then (in both cases), we have

s 0
<C(bdw , 'ty +C)9’© or 0y1|(o,0)> ’

Consequently, C' is determined by the map C<°> : R — R defined by

= 3}
C<°>(c)dxl% = <C’(y(10’m’07s70)dx“,xm +¢)o, @doxmfl ® = > ,

99" 110.0)
where c € R.
Conversely, given a map h, : R — R, we have (h,-A)<°” = h,. The proof
of Theorem 5.1 is complete. O
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