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A Distortion Theorem for Close—to—Convex Functions

Pewne twierdzenie o znieksztalceniu dla funkcji prawie wypuklych

Abstract. In this paper the exact value of maxlﬂ‘;‘ = ll in the class C for fixed 2 in the
unit disk is obtained.

Let S denote the class of functions f(z) = z + aa 22 4... analytic,and univalent
in the unit disk D = {z : |z|] < 1}. We denote by S* and C the subclasses of S
of starlike and close-to—convex functions respectively. We shall prove the following
theorem.

Theorem 1. Let|z|=r <1 and f € C. Then

(1) -1|<2r+r

|f(
Causey , Krzyz and Merkes proved (1) for f € S* ([2]). They also showed
that if f € S then |z/f(z) — 1] < |az|r + 377 ([2)).

Proof. We shall g the following result of Biernacki [1):
Let Q,(C) = zl<r<l, feC
©) = {55:k< fec}

mdP,(C)={z—}f(£—;):|z|5r<l, GC}

then

@ (0= {u=
Biernacki also showed that
3) (€)= 73 M(C).
By (2) we have for |z| <r <1 a.ndeC

|?——1|_sup{|i1—:é:l+—t)—1|:|a|$r, |t|_<_r}=
247 +3s—t'_!a|
248+t |’

(1+s)?

m ls|<r, I'ISr}

-sup{l _r,|t|$r}.
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We can take |s| = |t| = r because of the maximum principle. Let s be fixed. The
2 —_—
homography h: t — %t—t maps the disk {t : |t| < r} onto the disk of center
3(2s+3)(3+2)+r? { 3 ls + 12
w= |a Y 2|’ — 13 and radius R = 2r -|a_+2|—’—_r’ Hence

|+ — 1| < sup|uw + R| S supu| + supR .

f(z)
We have
ol |5(2s +3)(3+2)+r?| s(204+3)(3+2)+3| _r |r’+3+4st|m
o +2]2 -2 |s+2]2-r2 2 14+ Res

r 1-12 r 1-r? r

= - —h < - — = - »

2(4 1+Res)_2(4 1+r) 2(3+r)

N |s +1/2 Er’+l+2st=: 1-r Yo T \

—2r|s+2|’—r’ 2 1+4+Res 2\° " T+ Res) ST
Hence

z

= 1| <r?42r
|f(=)

and the proof is completed.

Let M denote the class of functions f(z) = z + a;2? + - - - analytic and univalent
in the unit disk D = {z : |z| < 1}, defined by

FEM <= (fxg)#0

for every g € S°. The class M satisfies following inclusions
ccMcsS

Reonning showed [4] that [',(C) =T, (M). By (3) we have also 2,(C) = £2,(M) and
Theorem 1 remains true if we replace C by M.

Corollary .Let |z| =r <1 and f € M. Then

(4) -1|52r+r’.

l_’_.
f(2)
Let F(z) = [(f'(t) (“P)’dt where f € S and g € S. Miazga and Weso-
lowski [3] gave a sufficient condition on a and § for univalence of F(z) in D, but in
the proof they used an incorrect statement that |z/f(z) ~ 1) < 2r +r2 for f € S and

|z] < r < 1. However, under modified assumptions we will get a similar but weaker
result

- s
Theorem 2. Let F(z2) = Jo (f'(!)“('-(‘ﬂ) dt where f € S and g € M. Then

F(z) is univalent in D for each a and § such that 4|a| + 3|5| < 1
Proof is based on Ahlfors univalence criterion and is the same as in [3).
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STRESZCZENIE

W pracy podano dokladne cszacowanie funkcjonalu |n';, = ll da|z|=r<1i fecC.
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