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TeHIOPh! KPUBUIHB! CONPAXKEHHBIX CBAIHOCTEH Ha MHoroo6paaxe

Following Norden [3], Wedernikow [S5] I will recall the
notions concerning conjugate connections. Suppose that two
A
linear connections [ and /[ and the non-singular tensor

TqT of type (0,2) are given on an n-dimensional manifold M.

o)
DEFINITION 1 [3], [5].. The connections [ and [  are

said to be conjugéte with respect to the tensor JT of type
(0,2) 1if and only if the following conditlion is satisfied
along every curve 3 on M: if an arbitrary vector W 1is
parallel displaced along ¥ in the scnse of the connection
o~ ———’-R
/s then the covector: T 3 _~__ 1is parallel

vV = J(v,w) A
diesplaced along T in the sense of the comnection [ .

The following theorem characterizes these connections:

2505035 1 [3]. The necessary and sufficient condition

— A,
g_o_:g _t;pq connectiona [ omd [ _t;_g _133 conjugate with respect
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to the tensor JI of type (0,2) 1is that their local coordi-

— et r=e® ——

N 1 Ni
1 [5e =3+ T VMo

where V denotes the covariant differentiation operator with

A e
nates [";k and r*;k be related in the following ways

respect to o and T is the inverse tensor to T .

Now, I‘1l compute the curvature tensor ﬁ of the conjuga-
te connection /2 with the given connection [T with respect
to the tensor N of type (0,2) and will give some relations
of this tensor with the curvature tenscr R of the given conne=
ection fq. Let R denote the curvature tensor of the given
connection [ on the differentiable manifold M, thens

R(X,1)2 = V Vyz - VVy2Z 2 Vix,11?

where X, Y, Z are Qhe vector fields on M,
The vector fields X, Y define at eéch point pe€l a linear
operator, the curvature operator, R(XP,YP) on Tp(M) by the

prescriptions °

Each linear operator of vector fields (or tangent vectors at p)
may be extended in the unique way-to a differentiation of the
algebra of vector fields (or tangenq vectors at g) (2], In
particular the linear operator R(X,Y) (or R(Xp,Yp)) may be
extended to a differentiation of tensor fields. And for any

tensor T we haves .
RO T(E) = [( Vg - VeV = Vg ypT @

where X, Y are the vector fields such, that their values at
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p are )(p and Yp respectively. The value of this differen-
tiation on the tensor IJr of type (0,2) is: [2]

R(ed'ek)(ﬂ) (ep’el) =
(Vej Vek - vek Vej = v[ej.ak]) Tleprey) =

VyVeTpr = Ve Vy Ty = = Ry Tmy = Ryp Mg

(2)

Now we compute the coordinates of the curvature tensor ﬁ of

the conjugate connection I—';'k = r‘;jj'k + T;k wheres

d ol
(3) Ty = TPV gy

We know that:

i i A mi 1
1$2 VBT;jk '3 asmjk 3 ¥ garpk i I;kTsp Haf spTgk
and
-~ ~ t ~
(5) 0= V(¥ m ) e ¥ npy + TV, 1oy

From (5) we have:
(6) BT = = TRV, My
The cooxrdinates of ﬁ ares

~ 2f! A ihs ) 2as 24
M= 80 - 0 5+ [l 5 - il 51 =

1 1 4
= 05 = Wl + [3alf - Ml 51+ 24T -
- AT+ M = Mia™h + Tal B - Sl *
1 1 1
+ Tiol = TiTyy = Ry + VJTxiu g ?jlkT:.xl T Vk'-"il g

- { i
- Myt + T - Tea™i1 = Ry + VyTh - VT -
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b ’%n!:l iy Tihnr?l
Substituting (3) into this relation, we haves
i ~1 ~l
B = B+ BT VT ¢ ¥V Ve -
pe ~1
= VtT”Va"pl - TPV Vo +
. ~ip~ ~ipa :
+ TP Vy Tpu VieTp) = TPF ™ Vi W Vy g
Substituting (6) into above, we geti
' ~4
a%kl = R‘;‘n + T p( VJVkerl = VkVJUYpl) =
XNV X Vi Ty + BT Ve T Vy Ty +
5 4ip 5 mr ;
+ XPFECV X a VT = VoW, Vo) =
3 ~1 :
- TRV T Ve T = Vil Vo) +
S ip~mr
+ XXV X Ve T - Ve Vy o)
-
Interchanging indices {trzf we obtaing
o i =1 '
Pinally, having used (2), we gebs
M 4 ~dpom n Aot M

- T TRl = - TP TR,

We have the following:
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TAEOREM 2. The curvature tensor R of tho conjugato
S g r is related with the curvature tensor R of the
piven coanoction in the following uay:

Pl

(7) ﬁ;kl == 'Iip Tmlngkp

REMARK. Non-singular, symmetric temsor JU of type

(0,2) on & manifold M determines two tensors of type (2,2),

so called Cbata’s operatorss

1 = sh _1,asgh sh
-Q.:E(I@I- Mad ) ‘Qiraz(sisr- T Iir)
‘N=laer+ Fow) R 1e8ssh, 7By )

with the propertiess
Q.+ =101; 02-0, 02200, NQ-00.0

One nay regard these operators as linear transformations of
tensors of type (p,a) where p,a2>1 and for the tensor R
of type (1,3) we haves .

sh,i 8 =45
Q5 R = Rype = My X h‘%kh
Now, the Theorem 2 can be written in the form:
(8) R=R-20R

Fgrthermore, it Js easy to see that:
1. The tensor ﬁ - R belongs to the kernel of L.
2. The tensor R + R belongs to the kernel of Q2
Now, we will glve some properties of the conjugate conne-
ctions taking into considerations the curvature tensor. To this

end wo recall some definitions.
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DEFINITION 2 [4]. A comnection [ 48 said to be flat
on a manifold M 4f the curvature tensor R vanishes.

A curvature tensor R determines two following tensorss

The Rioci tensor Rkl t= Rikl and v;jk t= Rjki .

DRPINITION 3 [4]. A connection [ is said to preserve

a volume on a manifold M if the tensor 713 vanishes,

DEFINITION & {4]. The curvature tensor R of a connec-
tion f—' on M is said to be recurrent of the first order if
there exists a covector Py such, thats

i
9 Vrnan = er;'kl

Now, we can states

N

THEOREM 3. The conjugate connection r is flat iff the
comection [~ is flat.

Proof., et Ry =0, then, from (7) R}y = O.

¢

Comversely, if ﬁjn = 0, then Jril’xmln’gkp =0 or Rj=0.

Q.E. Dn

THEOREM 4,
A

2. The Ricci tensor of the conjugate connection ist

By = = P TmRikp
~
COROLIARY., The conjugate connection B preserves a vo-
Iume_ on M if and only if the connection [ does.
Now, we’ll compute a covariant derivative of the curvaturs

[l

P
tensor R of the conjugate connection [7 with respect to the
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Ll

— A A
conjugate connection | i.e, VY R. To this end we need
A
some caleulaticns. First, we'll find YV, Wy,

~
—
I

xr e = -
Vcxjrt:u 3 ‘as']rtu =M Ty = | gu Xy = VE!T"rt;u.

~

R, VaT gy = XT3y Voog, =

S~ qu

u

Ve Tty = VeTug = VeTgy = - VaTut
(10) 6.s;ﬁr'l:u == Vays

Now, we’ll get Q,R;kp

an Ve = U - 17V, Koy -

- TN TR = T Vo WgpRier +
+ T Ve TngRikp

Now, we can write:
633,-’51:1 e %a 5P W1 Rip = ﬁ'ipﬁsT nlnnjltp o
- "i-ipj[mlean;kp
Having used (6), (10) and (;11), we haves
lea Qg?j'kl = = TPy VaRjip +
+ FIPFTU L (V7 Ry + U Tl

Wo have the following:

19

THEOREM 5. Suppose, that on a manifold M with a lipear

gonnection r‘ there is given & non-singular tensor I of

type (0,2) satisfyings
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(13) N Mgy = PrWay

where Py 1s any covector on M, then the curvature tensor

‘ﬁ of the conjugate connection P is recurrent of the first

order if 2nd gRly Iif thettensor R Gf SAG GLTGR comnsptign

r }3 recurrent _g_;g 1:_11_9 first order,

Proof. Suppose, that the curvature tensor R of the
connection [ 48 recurrent of the first order i.e. it satis-
fies (9).

Then, from (12) and (13):

A81 4
VeRjia = = T 7% VRl +

i q
T PE Ty (Vg ¥ yBhip + Vg Tty

+

;lrp

+ FiPgTt Imlpsxth?jlrp = - q Fip :’rmlR;lkp +

+

~ip m ~1ip -
Pg X P W Ry + P TP X RY, =

- (- 2p, + g FIPH T o fﬂnm

Qs 1= Q5 - 2p,

what means that the curvature tensor ﬁ of the conjugate
A
connection [ s recurrent of the first order as well.

Now, conversely, let VRjkl = rstkl.
Then, using (7) and (12) we have:

- 4P S BeD m ~1ip mn
Hence

1 1
VRja = %Rjn
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where

qQ_ = 2pa +r
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STRESZCZENIE

W pracy tej zajmujemy sie tensorami krzywiznowymi konek-
8J1 liniowych sprze¢ionych wedtug definicji Nordena i1 Wederni-
kowa, W twierdzeniu 2 obliczony Jest tenssr krzywiznowy ®
koneksji [; sprzeione] z dang koneksjgq ‘liniowg I wzgledenm
danepo tensora T« typu (0,2) 1 wyrazony jest za pomocg
tensora krzywiznowego R koneksji dane] [T oraz tensora «
nastg¢pujacos R=R-2'QR gdzle Q. Jest operatorem
Obaty.

Nastepnie podane sq warunki konieczne i dostateczne na to, aby
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N

koneksje sprzezone i o F byly plaskie, zachowujgc ob_;je-

to8é 1 rekurentne.

Fe3nome

B nanHo#t paGoTe 3aHUMaeMCA TEH30pPAMU KPUBU3HH CONpPA-
R6HHHX JNHEelHNX cBA3HOoCTell ompenenenkHx HopZeHoM u BezepHuKO-
BHM. B TeopeMe 2 BHUHCJAEHO TEH30D KPUBU3HH i CBA3HOCTH f coil-
paxeHHo# c AaHHO# cBA3HOCTe# I' oTHOCHTENBHO TeH3opa [ Tuna
0,2 ¥ BHDAXEHO 6TO NpK NMOMOMW TEH30P8 KPUBU3HH P CBABHOCTH
I u Tensopa Il cnexywmuu odpaaou:f?-RQSZ'R , TIe 2" -one-
paTop O6aTh. KpoMe TOTo nNpenCTaBiIE€HO HEOOXOAMMEE U AOCTaTOU-
HHE YCNIOBMA IAA TOTO, YTOOH CONpPRREHHHE CBA3HOCTH [ fgomnu

IIOCKWEe, PEKYPEHTHHE ¥ COXpaHAomue OGHEM.



