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1. Introduction

There exists a broad spectrum of publications dedicated to studying dynamics of
large systems of various kinds performed at different levels of mathematical sophisti-
cation, see, e.g., [8, 11, 12, 28, 35]. Their common feature, however, is that the size of
the system under consideration — as well as the complexity of interactions persistent
therein — predetermine the statistical /probabilistic character of the theory developed.

The random motion of infinite systems in the course of which the constituents can
merge, attracts considerable attention. The Arratia flow introduced in [1] provides an
example of this kind. In recent years, it has been extensively studied, see [6, 16, 17, 25]
and the references therein. In Arratia’s model, an infinite number of Brownian particles
move in R independently up to their collision, then merge and move together as single
particles. Correspondingly, the description of this motion (and its modifications) is
performed in terms of stochastic (diffusion) processes. In this work, an alternative
look at this kind of motion is proposed, basing on the Kawasaki model [4, 7, 24], in
which point particles perform random walks (jumps) in RY, d > 1 with repulsion. One
of the main aims of the present work is developing and studying similar models that
describe this kind of walks accompanied by coalescence. It is done by introducing an
individual-based model of an infinite particle system placed in R?, in which two point
particles, located at x and ¥y, merge into a particle, located at z # x,y, with intensity
c1(z,y;z). Thereafter, the new particle participates in the motion of this kind. In
some cases, we also include the dependence of the intensity on the rest of the particles.
This is realized in Sections 3 and 4.

The phase space of such a system is the set I' of all locally finite configurations
v C RY, see [4, 7, 14, 18, 19]. In our context, it is introduced in Section 2.1. As
is usual in the approach we follow, the states of the system are probability measures
on I, the set of which will be denoted as P(T"). The considerations are restricted to
the case of sub-Poissonian states, which are defined in Section 2.2. The description of
their evolution up — p is based on the relation p(Fy) = po(F;) where Fy: I' — R is
supposed to belong to a measure-defining class of functions, u(F) := [ Fdu and the
evolution Fy — F} is defined by the corresponding Kolmogorov equation (2.20). The
precise form of the proposed and studied model is given by (3.1) in Section 3.

A similar individual-based approach can be found e.g. in [33, 34] for describing
phytoplankton dynamics. There, however, only finite particle systems are considered
and no interaction between the particles is directly taken into account — its descrip-
tion is done in a mean-field like way by employing aggregated parameters. Similar
models with merging in a single type population are used to describe predation in
marine ecology [9]. The model studied in this work fits also in the framework of the
coagulation-fragmentation theory, see e.g. [3].

In view of the mentioned applications, my second aim here was to prepare the pro-
posed model to possible modifications as well as developing the corresponding numer-
ical setting. As is typical for theories of this kind, the microscopic (individual-based)
description provides a kind of general picture based on existential results obtained
by analytic methods in suitable Banach spaces, whereas more detailed information
can be obtained only by numerical tools. Most of them are tailored to treat classi-
cal integro-differential equations of various kinds, and thus are barely applicable in
infinite-dimensional Banach spaces. Therefore, it might be quite natural to pass to the
mesoscopic description based on kinetic equations, which rigorously can be done by a
scaling procedure, cf. [2, 32]. For our model, it is performed in Section 5, resulting in
the corresponding kinetic equation (5.5). For this equation, existence and uniqueness
of solutions is also proven, but more importantly, it provides a numerically treatable



approximation of the dynamics of the original system. In the last section, an algo-
rithm for finding numerical solutions to this equation is developed, complemented by
the analysis of the results of the performed simulations. They shed some light on the
details of the system behaviour, like existence of non-trivial steady states or emergence
of propagating spatial inhomogeneities.

The dissertation consists of four parts. First, in Section 2 some basic facts and tools
are provided. Its first part consists mainly of discussing how metrics can be introduced
on configuration spaces. Relationship between the Prohorov metric and Euclidean-
type ones is given. Most of the facts proven there are the effect of recent work and
are presented here for the first time. In this part, spaces of simple configurations and
multi-configurations are precisely distinguished, which is not the case for the rest of
the work, as this distinction does not play crucial role in further considerations, which
is explained in the next part. There, basic notions and tools are given, which are
then used in the next sections. It is a compilation of facts that can be found in articles
treating similar models like [14, 7, 4, 21, 18], see also [19] for more detailed background.
The same holds true for the last part of the first section, where an introduction to the
general framework of constructing dynamics, which is used within the work, is given.

Sections 3 and 4 are devoted to the construction of microscopic dynamics of the
model of coalescing repulsive jumps. The contents of these two sections are published
in [23]. In the first part, the model is defined using the framework described in Section
2.3. Tt is done by precising the exact form of operator L in equation (2.20). Then,
the corresponding equation for correlation functions of states is derived. In the second
part, the main results corresponding to the dynamics of the system studied are given in
the form of two theorems. Theorem 3.2 covers existence and uniqueness of the classical
solution to a corresponding equation on the level of correlation functions (2.23) for a
finite time horizon in a scale of adequate Banach spaces. The most technically involved
and definitely the most laborious result presented within this dissertation is Theorem
3.3, which shows that the result from Theorem 3.2 can be uniquely identified with a
state of the system. The proof of this theorem is quite complicated, it involves an
additional auxiliary model, as well as its pre-dual and local evolution that are used to
prove a required positivity property (4.1). Section 4 is entirely devoted to this proof.

In Section 5 a scaling from micro- to mesoscopic level of description is performed.
It results in a corresponding kinetic equation which describes the evolution of density
of Poisson state that approximate the actual sub-Poissonian state of the system at
the microscopic level. The main result of this part is Theorem 5.4, which proves the
continuity of the performed scaling in corresponding scale of Banach spaces. This result
was communicated in [22] and also in [31] for a special case of coalescence kernels.
However, the proof was not given there, and a different formulation that utilizes a
notion of Poisson approximability was used, that in the view of Remark 5.1 should be
reconsidered. Next part discuss the similar results for an extension of model discussed,
where coalescence is endowed with a repulsion term similar as jumps. It actually was
studied earlier in [30]. The existence and uniqueness of local in time solution to kinetic
equation is also proven. This result covers the case of corresponding equation obtained
in the first part, for the main model studied within this work.

The last part of the dissertation, Section 6, describes the algorithm devised for
solving the kinetic equation derived in Section 5 for a specific choice of jump and coa-
lescence intensities. It is based on applying adequate boundary conditions, automati-
cally adjusting system size and using Runge-Kutta method for numerical integration,
some details are given in Section 6.1. The contents of this section are the results of
cooperation with Dr. Igor Omelyan in years 2018-19. The most interesting results of



performed simulations, including emergence and propagation of spatial inhomogeneity,
as well as possible existence of non-trivial stationary states, are presented in Section
6.2. Most of the results of Section 6 are published in [22] and [29]. Some additional,
unpublished results are given as well.

To summarize, my results presented in this work are:

(1) comparing Prohorov and Euclidean-based metrics on configurations spaces,
proving some basic metric properties (Section 2.1),

(2) introducing the model of coalescing random jumps (Section 3.1),

(3) proving the existence and uniqueness of local in time microscopic dynamics
(Sections 3 and 4),

(4) passing to the mesoscopic level by continuous scaling (Section 5.1),

(5) introducing extension of the model (Section 5.2),

(6) proving the existence and uniqueness of local in time solutions to correspond-
ing kinetic equations for both models (Section 5.2),

(7) elaborating numerical algorithm for finding solutions to the kinetic equation
for a special case of the coalescence kernel (Section 6.1),

(8) performing numerical simulations of the system dynamics in several interest-
ing cases and analysis of the results (Section 6.2).

2. Configuration spaces

The basic notion used in this work is the configuration space. Its elements are
called configurations. It allows one to deal with systems of many (usually infinitely
many) particles.

This section is devoted to providing some introductory information regarding con-
figuration spaces. The first subsection introduces the space of configurations and dis-
cusses how it can be metrized. In the next part, the measures which are required
later, as well as some useful technical tools are introduced. In the last subsection,
the general idea of introducing dynamics on the configuration space is given for better
understanding of steps taken in Section 3.

2.1. Metric properties of configuration spaces. Let (X, d) be a topological
metric space.

DEFINITION 2.1. The n-element configuration space I'™(X) is the family of all
subsets 7 C X of cardinality |y| = n.

Let ¥, stand for the set of all permutations of {1,...,n}. Consider metrics d,, and
D,, on '™ (X) given by

dn(€,m) = min ; Ao (k) Yk),
where £ = {z1,...,2,} and n = {y1,...,yn}, and
C144d,’

Dy

LEMMA 2.2. If (X, d) is locally compact, then (D™ (X), D,,) is locally compact as
well.

PROOF. Take an arbitrary € '™ (X). Denote n = {y1,...,yn}. As X is locally
compact, there exist compact closed balls K (y;,7;),7 = 1,...,n. For simplicity, assume
that they are disjoint. If not, we take closed balls of smaller radii instead, e.g. /3,



where § is the smallest distance between elements of 7. They are compact as closed
subsets of compact sets.
We claim that

K, = {{xl,...,xn}:Vi ; eKi}

is a compact neighbourhood of 7 in T(™(X).

The set K, contains an open ball B(7, IL—H)’ where r = i:Hlli..I.lnri’ and therefore is a

neighbourhood of 7. It remains to show that K, is compact. We will show sequential
compactness, as in metric spaces it is an equivalent notion.
Take an arbitrary sequence (7)) of elements of K,. We have
k k . (k
Next, choose from (1) a subsequence (7, ) such that for each i
yi(kj) 2% 0 € K,
for some ¢ = {x1,...,z,}. We can do it, as K; are disjoint and compact (first we
choose a subsequence such that elements lying in K7 converge, then a subsubsequence
such that elements lying in K» converge and so on).
We have for each ¢ ‘
(™) i) 270,

A
so that ‘
dn (1, €) 22550
and therefore

Jj—00

Dn(nkj ) é) —0.
It means that K, is compact and therefore (I'™(X), D) is locally compact. [

LEMMA 2.3. If (X,d) is o-compact, then ('™ (X), D) is o-compact as well.

(o]

PrOOF. Let X = |J Xk, where each X}, is compact. Let Ay be their countable dense
k=1

subsets. For a € A and r > 0 define sets

Ci(a,r) = K(a,r) N X,

where K (a,r) denotes closed ball centered at a with radius r. Sets Cj, are compact as
closed subsets of compact sets.
Consider sets

{{azl, cey Tp} T € C’ki(ai,r)},
C(T; (k1,a1),..., (kman)) = if Cy, (a;,7) are pairwise disjoint,
(0 otherwise,

where » > 0 and Vi k; € N, a; € Ay,.
Then

o= U.-U U - U C(%;(kl,al),...,(k:N,aN)>.

N=1 ki;eN kn€N aleAkl anEAkn

Indeed, for each n € T (X) we can always choose N € N such that the smallest

distance between elements of 7 is bigger than %. Each element y; of n lies in some
1

Xj and lies closer than 5 to some a; € Ay (as Ay are dense in Xj). Closed balls
K (ay, %) are pairwise disjoint (because the smallest distance between every two yy, is



5

%), so that Cy(ag, %) are also pairwise disjoint. yi € C(ak, %), as yr € K(ag, %)
and y, € Xg.
It remains to show that C(r; (k1,a1), ..., (kn, an)) are compact subsets of (I'™)(X), D).
Take an arbitrary sequence (7;) of elements of C(r; (k1,a1), ..., (kn,an)) and de-
note

i = {yy)avygl)}? vk y]E;Z) € Cki(ai)r)'
Next, choose a subsequence (7;;) such that
for some xy, € Cy, (a;,7) forall k =1,...,n. It is possible, as Cy, (a;, ) are disjoint and
compact (first we choose a subsequence such that elements lying in Cy, (a1, 7) converge,
then a subsubsequence such that elements lying in Cy, (a2, 7) converge and so on). We
have £ = {z1,...,z,} € C’(r; (k1,a1),..., (kn,an)).
Foreach k=1,...,n

A\, ) 2% 0,

so that

(i, €) 7= 0
and therefore

Dn(nij ) 6) J_>_O°> 0.

It means that
Jj—00
Tlij — §

in ('™ (X), D,). Therefore C(r; (k1,a1), ..., (kn,an)) is compact, which means that
(™ (X), D,) is indeed o-compact. O

Even if (X, d) is a complete, o-locally-compact metric space, the space of configu-
rations '™ (X) need not be complete (for n > 2).

EXAMPLE 1. Consider X = R with Euclidean distance d(z,y) = |z — y|. Take a

sequence (7,) of elements of I'®)(R) given by 7, = {-1,1} Then
1 1 2k 2
Do (M, k) < do (N Mnti) = 2 <n T+ k) = n(n + k) < n

so that (1,) is Cauchy. However it does not converge in I'®)(R), as the only limit
oo

point of |J {—2%,1}is0.
n=1

n’n

In view of Example 1, we may consider another metric on I'™ (X). For ¢ =
{z1,...,2,} and n = {y1,...,yn} define

~

Dn(nag) = Dn(ﬂﬂf) + 5%(7776)’

where
1 1

(18 =155 T 5n©

with 0,,(n) = min;z; d(y;,y;) being the smallest distance between elements of 7 €
r(x).

LEMMA 2.4. If (X,d) is complete, then ('™ (X)), D,,) is complete as well.
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PROOF. Take any sequence (n;) of elements of (I'™(X), D,,) which is Cauchy, i.e.
Ve > 0 Imo(e) € N Vm > mo(e) Yk € N : Dy (1, msk) < €.
From Dy, (N, Tmik) < € we have both

D (1 Nmk) < €

which means that (1) is Cauchy in (I (X), D,,), and
1 1

On (1m) - S (Mmtk)

which means that (1/8,(n;)) is Cauchy in R with Euclidean metric and therefore con-

verges to 3 > 0. It cannot converge to 0, as it would mean that (6, (n)) is unbounded
so that (n;,) could not be Cauchy in (I'™(X), D,). Indeed, take any £ > 0 and m
such that for all k € IN we have Dy, (m, nm+x) < € < 1. Then dp(0m, Nmyx) < 152 and
therefore for each y € n,, there exists y’ € 1,14 which lies in B(y, 7==)- It means that
§(Mm+k) < 6(nm) + 2= so that (8,(ny)) is bounded.
From convergence of (1/6,(ny)) we have, in particular
dR > 0 IMp(R) € N Vm > My(R) : dn(nm) > R.

Take an arbitrary

<e,

R
e < m
and
mo = max(mo(e), Mo(R)).
Denote

Mmo = {T1,---,Tn}-
Then for each m > mg exactly one element y,(fb) of 1y, lies in each ball B(z;, 15).
For each i = 1,...,n the sequence (y%)) is Cauchy in (X, d), which we assumed to be
complete. Therefore each of these sequences converges to some z(%) that lies in a closed
ball K (z;, 1=), each two of them distant by at least R/2, which in particular means

that each z(® is different, so that
¢={2W ... M} er™(Xx).

Notice that & does not depend on the choice of €. Moreover, we have

Dyp(m, §) < dn(m, &) = Zd (y%),x(i)) < 1n_€€
=1
and
1 1 1 1 1 1
On(NMm, &) = - > - = s
(s &) = |5 ) an<s>’< 5 (1) 6’ '6 %(5)’
< 6 = 6u(6)] le

50,6 ~ RE(1-e)

as § > R, 6,(€) > R/2 and |6 — §,(£)| < £2£. It means that for any sufficiently small
e > 0 we can pick mg such that for all m > mgy we have

A ne 4e 50
D <
n(77m7§)_ 1—€+R2(1—€)

Therefore (1,,) converges to & in (I'™(X), D,,). O

Instead of changing the metric, we can consider the completion of (I'™(X), D,,).



DEFINITION 2.5. By (I'™(X), D,,) we denote the completion of (I'™(X), D,,).

We can identify N (X)) with symmetrization of X", i.e. the set of all equivalence
classes {[x1,...,zp] : x; € X}, where (x1,...,2,) and (y1,...,yn) belong to the same
class if and only if there exists a permutation o € ¥, for which z; = y,(;). The metrics
d, and D,, are defined in the same way as previously

n

dn([xla'"aljn]?[yla"'ayn]) :or'IeliEn d(xa(k)ayk)

k=1
and
dn,
D, = .
" 144,
If we consider the set of all classes [z1,...,z,] having x; # x; for ¢ # j, we obtain
the representation of '™ (X). The isometrism is given trivially by [z1,...,z,] —

{z1,..., 20}

We can identify elements of T (X) with multisets of cardinality n on X. The
multisets having at least one element of multiplicity bigger than 1 can be identified
with the corresponding classes of divergent Cauchy sequences in (I'™(X), D,). In
view of the above, we will call the elements of T'(®) (X)) multi-configurations in contrast
to (simple) configurations of T(™(X).

From now on, assume that (X,d) is a complete separable metric space (so that
the corresponding topological space is Polish). An important idea is to identify the
elements of T'™(X) with measures on (X,B(X)). Each i = [z1,...,2,] € IW(X)
corresponds to a measure

f=> 6u, (2.1)
=1

where J, is a Dirac é-measure centered at x, i.e. for all measurable A C X
n
(A) = 3 La(w)
i=1

with I4 being the indicator function of A. For a measurable f : X — R and f =
[€1,...,2,] we will use notation

€)= [ 1€ =3 s
X =1

Each measure of the form (2.1) corresponds to an element of '™ (X) and each such
measure with distinct x; corresponds to an element of I'™(X). In view of the above
measure representation of configurations, we can equip I'(") (X) and its completion
with Prohorov metric. We define it as follows (see [10], A2.5).

DEFINITION 2.6. Let £,/ € '™ (X). The Prohorov distance between ¢ and 7 is
given by
Tn(€,1) = inf{e > 0: (F) < H(F°) + ¢ and 7)(F) < £(F®) 4 ¢ for all closed F C X},
where
Af = U B(z,e),e >0,
€A
denotes e-neighbourhood of set A.



Notice that for &, N E INQ (X), straightforwardly from the above definition we have

(&) < n, (2.2)

as £(X) = A(X) = n so that for any F C X we have £(F),7(F) < n.
We will show that metrics D,, and 7, are strongly equivalent, but let us start with
two technical lemmas.

LEMMA 2.7. Letn € N, § = [T1,. .., 2p] eI'™ and Aq,..., A, C X be such that
k
Vk <n ke NVi,... i} € {1,...,n}: é(UAij>2k.
j=1

Then, there exists a permutation o € X, such that x; € Ay for each i =1,...,n.

ProoF. We will prove this fact by mathematical induction. The base case n = 1 is
trivial. Suppose it is valid for case n = N € IN. Suppose the assumptions are satisfied
for case N + 1. Then x4 must belong to some Ag. Let B, = A; fori=1,...,k—1
and B; = A;41 for ¢ = k,..., N. Then by the induction hypothesis in the case IV,
there exists o € Yy such that z; € B,(;), which means that there exists a bijection
s:{1,...,N} = {1,...,k—=1,k+1,...,N 4+ 1} such that for i = 1,..., N we have
x; € Ag(i). Take o’ = sU{(N+1,k)}, which is the desired permutation from Xy q. O

LEMMA 2.8. Let £ = [x1,...,2n] and ) = [y1,...,yn]. Let s € ¥, be such that

k=1

Then
dn (€,
(a) IHI?X d(xS(k)vyk) <1 = m(&n) > n<7§ n)a
-1
(b) m]?X d(xs(k)ayk) >1 = Wn(gﬂl) 2 g
PROOF. Take & = [T1,...,2p] and 7 = [y1, ..., Yn]
Denote € = 7, (£, 7). Suppose in case (a) that
d 2 A
. o Dl&)
n
and in case (b) that
1
e< —.
n
In both cases it makes ¢ < 1. Choose any ]f <mn, i1,...,1; € IN and pick a closed set

F = {z;,,...,2; } in Definition 2.6 of m,(§,n). Taking into account ¢ < 1 and that
&, n take integer values only, we have

k
k< EP) <a(F) =i | Blai,.9)).
j=1

By Lemma 2.7 it means that there exists o € ¥, such that each y; € B(x,(;, ), which
means that .

dn(&;7) < me,
which is contrary to the assumption we made in case (a). In case (b) on the other
hand, it means that

dn(§,1) <1,



which makes max d(wg(k), yr) > 1 impossible. O

LEMMA 2.9. Metrics D,, and m, are strongly equivalent.

PROOF. Take arbitrary & = [z1,...,2n] and 7 = [y1, ..., yn] enumerated in such way
that

and denote R = max{d(x;,y;):i=1,...,n}.
If R > 1, then
Dn(&,7) 1 A A
O GUEL LN ay)
where the first inequality is obvious due to D,, < 1, the second comes by Lemma 2.8(b)
and the third is just inequality (2.2). The last inequality is an effect of assumption
R > 1, in which case d,(£, ) > 1, so that D, (£,9) > 3.
If R <1, then
Du(&) _ dn(€,7)

n n

< ma(6,1) < R < dp(€,9) < (n+1)Dy(€, 1) < 20Dy (€, 7).

The first inequality comes from the definition of D,,, the second holds true by Lemma
2.8(a). The third inequality is valid, as

S(UrwR)=i(JEK@R)=n
yen zc€

The fourth inequality comes Just from our definition of R, the fifth from the definition
of D,, and the fact that d,(£,7) < n if R < 1. The last, sixth inequality is trivial, as
n > 1.

Finally, merging both cases, we obtain %Dn(g, N) < mp < 2nDy (€, 7). O

DEFINITION 2.10. The space of finite configurations I'g(X) is the family of all finite
subsets v C X.

Notice that each nonempty v € T'g(X) has its finite cardinality |y| = n € IN and
therefore can be treated as an element of I'™(X). It allows us to write

Fo(X) = {0} U D r(x) (2.3)
n=1

and equip I'g(X) with disjoint union topology. It can be metrized by

| Dy&m), 1€l =Inl,
D) = { 1 €1 # Il

where &,m € T'o(X) and Dy = 0. Of course, I'g with this metric is not complete. As
previously, we can also consider the space of all finite multi-configurations.

DEFINITION 2.11. By (fo(X), D) we denote the completion of (FO(X), D).

Notice that for each Cauchy sequence in I'g(X), there exists n € IN for which
almost all of the elements of the given sequence belong to I'("™) (X). It means that each
element of I'g(X) can be identified with an element of a certain I'™(X), so that

~

To(X) = {0} U G L (Xx).
n=1
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Each element of I'g(X) corresponds to a finite measure as in (2.1). Therefore, we can
consider also the Prohorov metric 7 on I'g(X) given exactly as m, in Definition 2.6.
Namely, for &,7 € T'o(X)

m(€,7) =inf{e > 0: &(F) < A(F°) 4 ¢ and /(F) < £(F°) + ¢ for all closed F C X}.
2.

It is known (see e.g. [10], A2.5) that m generates the topology of weak convergence on
the space of finite measures M(X) on X and therefore also on I'g(X), which can be
identified with a subset of M(X).
As shown in [13], the same topology can be generated by metric Dy, where for
£,7 € To(X) we define
Dp(&i) = sw [&00) —a(),
FlfllBL<1
where f: X — R are bounded Lipschitzian functions and

AlBL = 1AL + 11f]le

with
1 flloe = sup | f ()]
zeX
e /@)~ ()
) - JW
Ifllc=sup :
z,yeX, x#y d(a:, y)
We will show that the metric D generates the topology of weak convergence as

well.

LEMMA 2.12. Topologies on fo(X) generated by metrics D and Dpy, are equal.

ProOF. First, we will show that convergence in D implies convergence in Dpy. Take
an arbitrary 1 = [y1,...,yn] € I'p and suppose that

D(ijn, ) *= 0.
Then 7, has N elements for sufficiently big n € IN and for such n also
AN (7o, 7) == 0.

For arbitrary € > 0 pick ng € IN such that for n > ng cardinality of 7, is N and

PN g
dN(nnvn) < -

N
For n > ng denote 7, = [Tn1,...,TnnN]|. Let z,; = :fnvan(,-), where o, € Xy is such
that
N
AN (s 1) =D A(F ()5 Yi)-
i=1
It immediately follows that d(z, ;,y;) < 5 for n > ng and each i =1,..., N. Now for

arbitrary f: X — R such that ||f||zr < 1 (and therefore ||f||z < 1) we have

N N
in(£) = A < D 1 @na) = F@)] €D dlwniys) < N =
=1

i=1
Therefore Dpr,(7n,7) < €. As € was picked arbitrarily, it means that

A~ n—oo

Dpr (7, 1) —— 0.

To show the implication in the opposite direction, again take an arbitrary 7 and
assume that Dpy (7, 7) converges to 0 with n — co.
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If 7 = 0, it follows that for almost all n € IN also 7, = (). If only there exists an
element y of 7, we take

flx) = %max (0, 1 —d(x, y)),

for which [|f||gz = 1 but |rj,(f) — 0] > 1, which is contrary to our assumption. If 7,
and 7) are empty configurations, then trivially D(7,,7) = 0.

Suppose now that 7 = [y1,...,yn] is non-empty and let x1,..., x5 denote all its
distinct elements and N; = 7({x;}) their multiplicity. If M = 1, then let R = 1.
Otherwise, denote

r =mind(z;,z;) > 0
7]
and take R = min(3,1). Introduce for y € X function f, : X — R by

fy(z) = %max (0, R — d(x, y))

Then, as R < 1, each such f, satisfies || fy||oo, || fy||z < 3 and therefore ||f,||pr < 1.
Additionally, it is non-negative, takes positive values only inside the ball B(y, R) and
the maximum value % at y.
Take an arbitrary 0 < ¢ < NR and ng such that for n > ng
€ R

Dpr.(Mn, 1 — < —.

Denote 9, = [Jn,15- - - Un k|- Each gy ; lies inside one of the balls B; = B(z;, R), where

1 =1,...,M. Indeed, suppose that one of them, say y, does not belong to any B;.

Then for f, we have 7, (f,) > g but 7(fy) = 0 which is contrary to Dpr, (1, 7n) < g.
Now, consider functions g, : X — R, y € R, given by

1

gy(x) = 5 max (O, min (R, 2R — d(z, y)))

Clearly, ||gy||pr. < 1. Additionally, it is non-negative, takes positive values only inside

the ball B(y,2R) and the maximum value £ uniformly on the closed ball K(y, R).

Notice that for i # j balls B(z;,2R) and B; = B(z;, R) are disjoint, as R < .
Fori=1,..., M we have

R

i)~ 0| = | (8 = 30) | < 5

from which we conclude that 7, (B;) = N;. Therefore, there exists o € ¥ such that
Yni = gn,a(i) S B(yi, R) foralli=1,...,N.
Fori:=1,..., M we have

R €
frz(y) - 2' < ﬁv

waz(?ﬂ - NZ%
Yy

R

where the sum is taken over all V; elements y of 7, lying inside B;. In particular, for
each such y = y, ; we have

£
2 2N’

R
Foins) = | = Fnlomg) = Fu )] <
which, taking into account the form of f,, means that

&
d n,7jy Yqg AT
(Yn,j yg)<N
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holding for each j = 1,..., N. This, in turn, gives

Un, Z yn,Jay]

which implies D(7,,,7) < €. As e can be chosen arbitrarily small, we conclude that

n—o0

D(ijp, 1) —— 0.
g

DEFINITION 2.13. The configuration space I'(X) consists of all subsets v C X
which are locally finite, i.e. y N A € I'g(X) for any compact A C X.

We can equip I'(X) with vague (or locally-weak) topology.
DEFINITION 2.14. The vague topology is the weakest topology on I'(X) that makes

continuous the mappings
X)BW%Zf(x)eR
rey

for all continuous, compactly supported functions f : X — R.

The vague topology is metrizable, e.g. by

o0

# _ _, m(uN By, vNB,) d
™ (. v) /e 1+ 7(uN By, vN By)

0

see [10, A2.6], where B, denotes an open ball centered at the origin (some fixed point
of X) with radius 7.

As metrics D and 7 are topologically equivalent (and D < 1), the vague topology
can be metrized also by

[e.9]
D#(u,v) = /e_”D(uﬂBr,l/ﬁBT)dr,
0

with B, as above.

['(X) with metric 7% (or D#) is not complete, see Example 1 and Lemma 2.9.

By (I'(X), D#) we denote the completion of (I'(X), D#). Its elements 4 € I'(X)
satisfy Y N A € fg(X ) for any compact A C X and therefore can be identified with
locally finite multisets.

It is known, see [26], [37] that the corresponding topological space is a Polish space
and that the vague topology on I'(X) can be completely metrized as well.

2.2. Measures on configuration spaces. From now on, we restrict our consid-
erations to the case of simple configurations I'. It is justified by the fact that measures
we deal with, ignore multi-configurations, see (2.15).

By B(I") we will denote the o-field generated by the vague topology on T

For a compact set A C RY by I'y we denote the family of all configurations
contained within A, i.e.

Fy={yNA:yeT}.

These sets of spatially bounded configurations can be equipped with topologies induced
from the vague topology of I', so that

B(FA) = {A NTpA:Ae B(F)}.
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The set of finite configurations can be equipped with the weak-hash topology in-
duced from I'. In the case of finite configurations, it is equal to the weak topology.
Borel o-field defined by this topology will be denoted B(I'y). From the fact that
I'yp € B(I") we have

B(To) = {ANTo: AecB(I)} ={AeBT): Ac T}

The set of finite configurations 'y can be written down as the union of sets of
n-element configurations, recall (2.3), that allows one to endow it with the disjoint
union topology and corresponding Borel o-field.

In view of the above, each function G : I'g — R can be represented by a collection
of G(™ indexed by n € N, such that G(% is a real constant G(*) = G(()) and for n € IN
its elements are symmetric real-valued functions with n arguments, each in R?, i.e.
G™ : (RY)"™ — R such that

G (xy,... xn) = G{x1,. .. xn}), @ #xjifi # j. (2.4)

Each such sequence determines the unique function G : I'g — R, but not vice-versa,

as G") may take arbitrary values whenever z; = x;j for some i # j. This fact will be

negligible, as the set of arguments on which G is not uniquely determined by G is a

zero-measure set with respect to the n-dimensional Lebesgue measure 1), see (2.15).

It can be shown, cf. [14], that a function G : I'y — R is measurable if and only

if there exists a collection of symmetric and measurable functions G™ : (RY)" — R
satisfying (2.4) for any n € IN.

DEFINITION 2.15. We say that a function G : 'y — R has a bounded support if
there exist a compact set A C R? (spatial support) and an integer N € IN (quantitative
bound) such that

G(n) = 0 whenever n N A # () or || > N.
By Bps we denote the set of all bounded and measurable functions G : I'g — R with
bounded supports.

It is worth noting that By is a measure-defining set of functions, which means that
two measures defined on (g, B(I'g)), say u and v, are equal if and only if for every
G € Bys the equality for corresponding integrals holds:

/Gmmwnz/wamy
To 1)

Consider as an example a function, which will further play an important role:

e(fn) = 1] f(=), (2.5)

xren

where f : R — R is given. Considering e : Iy — R, we can easily make it spatially
bounded by picking f to have compact support A C R?. However it is not quantita-
tively bounded, as for any N € IN we can choose 11 € I'g which is a subset of A but
have more than N elements. Therefore, even for compactly supported functions f, in
general e does not have bounded support.

Let us introduce the following transformation, called K-transform, see [19] for a
broader discussion around it.

DEFINITION 2.16. K-transform is defined by the formula

(KG)(v) =>_G(n),

ney
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where n € I'g, vy € I' and G : ['g — R.

Symbol ”€” used above means that the sum is taken over all finite subsets n of
~. Obviously, the K —transform is linear. It acts to the set of all measurable cylinder
functions F' : I' — R, that is satisfying F'(y) = F(ya) for some compact A C R?, where
ya =N A, see [19] for more details. For G1,Ga € Bys, it is known that

(KG1) - (KG2) = K(G1*x Ga), (2.6)
where the ’convolution’ G1 *« G is defined as
(G1%Ga)(n) =Y G1(§) > Ga(n\E UC) € Bys. (2.7)
&Cn qay

One of the important properties of the K-transform is that

(Ke(f,))(v) =e(l+ f,7), (2.8)

recall (2.5).
We will use the following combinatorial fact for changing the order of summation

for G,H : Ty — R
DY HmGE) =)D HmG(E\n), (2.9)

n€y{ey\n ey ncg

where v € I'. Actually, it holds true even if we limit 7 to be element of '™ for a given
n € N, for example in the case n = 1 with G : T'g — R, H : R — R we have

> ) H(x) =Y ) H(z)G(¢\x) (2.10)

€Y fey\z fey ze€

or in the case n = 2 with G : Ty — R and symmetric H : R x R — R we obtain

> Y. Hlzy =Y Y H@yGE\{zy)) (2.11)

{z,y}Cy e\ {z,y} §€Y {z,y}C¢

Consider a projection py : I' — T'p given by formula py(y) = v N A. For any
measure u on (I', B(T)), using pp we can define projection y™ of yu on (I'y, B(T's)) by

WMA) = p(prt(A)), A€ B(Ty). (2.12)

The set of all probability measures on (I', B(I')) will be denoted by P(I'). For a
measure p € P(T') define a Bogoliubov functional as

B,(6) = / Fa()uldn), (2.13)

T

where

Fy(v) = [+ 6(x))
rey

and 6 € © with © being a convenient set of real-valued functions defined on I'. For
example, we can choose © to be the set of all compactly supported, continuous func-
tions @ : R? — (—1,0]. Then the above functional is bounded by 1 for any probability
measure fi.

An important role for us will play the Poisson measure, see e.g. [15]. It distributes
points independently over R¢ with given density and corresponds to the most chaotic
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state in the system. For the homogeneous Poisson measure 7, (i.e. with constant
density p € R), the Bogoliubov functional takes the form

By, (0) = exp (p/@(x)dx).
Rd
In the case of Poisson measure, the above functional can be naturally extended to
LY(R?). We define Peyp, C P(T') as the set of all probability measures u € P(I) for

which it is possible to extend the Bogoliubov functional (2.13) to an exponential type
entire function on L'(RY), which means that it can be written as

n

[oe) 1 .
Bu®) =1+ / KO @, n) [[ 0s)dan ... d (2.14)
n=1
(Rl

=1

with symmetric k&n) € LOO((Rd)"), which for every n € IN undergoes the estimation

||k£n)\| < C" for some constant C' > 0. The elements of Pey, are called sub-Poissonian
measures. In view of (2.4) we introduce the correlation function of measure p1 € Pexp
as follows.

DEFINITION 2.17. The correlation function of measure p € Peyp is a function

k, : To — R such that k,(0) = 1 and k,(n) = I{:A(Ln)(:vl,...,xn) for n = {z1,..., 20},

where k&") is as in (2.14).

One can define the Lebesgue-Poisson measure, a correlation measure of a homoge-
neous Poisson measure with density p = 1 (see [19] for details) in terms of integrals
for functions from By, recall Definition 2.15.

DEFINITION 2.18. The Lebesgue-Poisson measure A on (I'g, B(I'g)) is defined as a
measure satisfying

/ GlAdn) = G + 3 - / G (21,2, . n)dardas . .. dzy
Io "= ey
for all G € By,.
Note that for the n-dimensional Lebesgue measure (™ we have
ln({(z1,...,2p) : &y = z; for some i # j}) = 0, (2.15)

which justifies the restriction we made at the beginning of this section.
One can rewrite (2.14) in terms of the Lebesgue-Poisson integral

B0 = [k [[6@Aan), o€ LR,
To xEeN
obtaining a dependency, recall (2.13),
[ Eatoutan) = [ ko) [T twrian). (216)
T o xEen

For 1 € Pexp and bounded A € B(R?), the projection p given by (2.12) is abso-
lutely continuous with respect to Lebesgue-Poisson measure A, recall Definition 2.18.
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We write Rl’} for density (Radon-Nikodym derivative) of u* w.r.t. A. It is connected
with the restriction of correlation function £, to I'y by the relation

— [ REmueA@®). ners. (2.17)
1N
For each sub-Poissonian measure ;1 € Peyp and G € By, the following very useful

equality holds, see e.g. [4] equation (2.13):
/(KG)(V)H(CW) = /ku(n)G(n))‘(dn)v (2.18)

T To

recall Definitions 2.16, 2.17 and 2.18.

The following fact (see e.g. Proposition 2.3 in [4]) allows to show that a given
function is a correlation function. It is the basis of the proof of Theorem 3.3, one of
the main results presented in this work.

PROPOSITION 2.19. A function k : I'g — R is the correlation function of a unique
measure |1 € Pexp if it satisfies the conditions:

k(D) =1,
k(n) <M for a constant C > 0,

/Gk d\>0 for all G € By,

where By, = {G € Bys : (KG)(y) > 0,7 € I'}, recall Definition 2.16 of K-transform.

A technical lemma repeatedly used throughout this work is so-called Minlos lemma
(see e.g. [14] for a more general version).

LEMMA 2.20. For measurable G : Ty — R, H : Ty xI'g > R
| [ cnuemmondmas - /G ) S H(E, 1\ A(dn).
To To £Cn

PROOF. By the basic properties of integral, it is enough to consider positive functions
G, H. By Definition 2.18 we have

RHS = Z /G{xl,.. n}) > H(E A,z \day . day =
nO (]Rd

EC{z1,xn}

25;() / ]Rd/ {z1,.. ;) H{x1, s 2e b {Tks1s - - xn })da -

(RA)™=F (

Reordering the obtained double sum, we get

oS INee) n+k
ZZ n+k / / Gty .k DHE 1, 2k} AT sty o o g )2y o dTpy =
== (R (R
Zn' / Zk' / G{xl,.. wnJrk}) ({(l)l,.. xk} {xk+17" xn+k})da?1 d.fvn+k
Rd)n k=0 (Rd)

which is exactly the LHS. U
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We will also use two special cases of Lemma 2.20, which can be proven in a straight-
forward way by taking

Honom) = " S
and

[ H(z,y,m3), m={z},m={y}
H oz m5) = { 0, il # 1 or o] # 1,

respectively, combined with the use of Definition 2.18.

LEMMA 2.21. For positive and measurable G : Ty — R, H : R* x 'y = R

[ [ cnum iz = [ 5= 6ot

o R4 r, €1

LEMMA 2.22. For positive and measurable G :Tog — R, H : R* x R x Ty — R

;///G(UU{$,y})H($,y,77)dxdy)\(d77):

o R4 R4

> GH(z,y,n\{z,y})A(dn).

Iy {zy}cn

2.3. Dynamics on the configuration space. In the approach we follow, the
states of the system are probabilistic measures on I', that is elements of P(I'). The
dynamics of the system is described by the corresponding Fokker-Planck equation (or
Kolmogorov forward equation)

d .
it =L, o = po, (2.19)

where pg is the initial state of the system. However, in many cases it is more convenient
to introduce the dynamics of the system by the means of corresponding (backward)

Kolmogorov equation

d
%Ft = LF;, Fi—o = Fy, (2.20)

which specifies the evolution ug — ¢ of states by the relation
p(Fo) = po(F),

where, by convention (that will be used also further in the work),

The exact form of the operator L in (2.20) specifies the model. One can pass from the
Kolmogorov (2.20) to the Fokker-Planck (2.19) equation by relation

/LFt dHO = /FO d(L*,ut) (221)
r r

For infinite systems, it is difficult to deal directly with Kolmogorov equation (2.20)
or Fokker-Planck equation (2.19). In the case of studying sub-Poissonian states, to
avoid imposing artificial restrictions, we may pass to the problem for their correlation
functions, recall Definition 2.17. It is performed by passing action of operator L from
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(2.20) to operator L™ acting on the level of correlation functions. Having in mind
(2.16), we can describe it by the duality

/(LFe)(v)u(dv)z/ (L2 () [ (=) (2.22)
r To xen

where Fy is defined as previously:

Fy(y) = [ (1 +6(x)).
ey
Therefore, instead of (2.20) or (2.19), we can study a problem posed on the level
of correlation functions, namely

d
%kt( n) = Lk (n), ki—o = ko, (2.23)

where kg is the correlation function of the initial state of the system.

Due to the properties of correlation functions, the appropriate Banach spaces in
which we consider equation (2.23) are of L™ type. We define the following scale of
Banach spaces.

DEeFINITION 2.23. For 6 € R, by Ky we denote the Banach space
Ko={k:To— R:|lk|lpg < oo}

with the norm
IKllg = esssup (e~ M[k(n)])
n€lo
where esssup is taken with respect to the Lebesgue-Poisson measure.

For ' > 0 we have Ky — Ky, that is Ky is continuously embedded in Kgy. Directly
from Definition 2.23, any k € Ky undergoes the estimate

k()| < ][k |p. (2.24)

3. Microscopic dynamics

In this section, the exact form of the studied model of coalescing random jumps is
given. The model is based on the one describing repulsive jumps, which was studied
e.g. in [7] or [4]. An additional term responsible for coalescence is considered, see
(3.1) below, that makes the analysis of the system dynamics more challenging. This
model in a slightly more general form was first introduced in [30]. Later, in the form
presented here, it was studied in more details in [23]. This section is devoted to the
presentation of the results published in the latter article.

3.1. The model. The discussed model is specified by the operator L = L1 + Lo
involved in corresponding Kolmogorov equation (2.20). Its action on observable F :
I' = R is defined as

@GR = Y [a@u)(FO\ev) - Fm): @1

{zy}Cy Ra
(LoF)(7) = /02 3 y; 7 F(y\zUy) —F(W))dy-
xE’y

Function ¢; denotes the intensity of coalescence — ¢; (x, y; 2) is the intensity of action
in which z and y coalesce into z. Note that ¢; does not depend on other (than z and y)
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elements of configuration . Function é; describes the intensity of jumps — éo(x; y; ) is
the intensity of action in which x change into y in the presence of configuration . The
intensity of jumps is lowered by the configuration with the jumping element excluded.
Therefore, we may express it in the form

Ea(wiyiy) = calwsy) [ e,
uEY\x

where ¢ is the repulsion potential and cy the jump kernel. We assume the following,
quite general, properties of the parameter functions involved in the model. The func-
tions c1, co and ¢ take real, non-negative values and additionally fulfill the following
integrability and boundedness conditions:

//cl(xl,xg;:cg)dxidxj = (1) < o0,

R4 R4
A = sup /cl(:r,y;z)dz < 00,
z,ycRd
R4
[ ez = [y =) <o, (3.2
R4 Rd
= /qﬁ(m)dm < 00
R4

|¢| = sup ¢(z) < o0.

z€R4

In view of duality relation (2.22), we pass to the corresponding operator acting on
the level of correlation functions. Let us start with L.

/ (Lo Fg) () () =

r
> aley)[(1+0(:) - A +0E@NA+0w)]  T] (+6(w)dzu(dy).
I re {zyicy ue\{z,y}
Using (2.8) we can write the RHS in the form
> @ y:2)|06:) — 0(x) — 0) — 0@ Y. T ow)dzp(dn).
I pe {zwlcy neY\{z,y} veN
Changing the order of summation (2.11) we get
/ 3 / S ealw2)[00) — 0) — 6(w) — 0@p(w)] [ 6wdzn(dy).
N€YRa {zy}Cn uen\{z,y}
Then, by (2.18) we rewrite it as
[ [ 3 aty)[oe) - 60 - 6) - 00| TT oA,
To Rd {zy}Cn uen\{z,y}
Finally, using Lemmas 2.21 and 2.22 we obtain

J@wE ) = [win)m L ow

T Iy uen
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where
LY = LY + LY + LY + LY, (3.3)

consists of four summands

L8k(n) = //}jqx% (n\> U {, y})dady,

RiRd *<1
Livk(n) = //Zq z,y; 2)k(n U y)dydz,
R R¢ 7"
1
Lﬁsk(n) =73 /201(33,% 2)k(nU z)dxdz,
RéRe YT
Liyk(n) = — / > alw,y;2)dz k(n).
Rd 1zy}Cn

In the case of La, the procedure is similar. First, by (2.22) and (2.8)
/(L2F9 p(dy) = /Z/ (z;y) *gf’(yz[ } > T 0wdyp(dy).
S zey\x nEY\z uEN

Then we split the product of repulsion terms

/Z/ @) S T (1+e 1) [T o) -0()] [T oCu)duntan.

TEVRA ney\z z€7\z\n z€n uen
Using (2.8) we obtain
/Z/ @Y Y H(e $ly—2)_ )He—qﬁ(y—z)[ ]Hg Vdyp(d).
T€YRd ney\z Eey\z\n 2€£ z€n uen

Next, by (2.9) we transform it into

/Z/czxy ZZH( —¢(y—2) _ )He—¢(yz)[ }He Ydypu(dy).

LUEV]Rd Eey\z nCE ze€\n zen uen

Changing the order of summation, recall (2.10), we get
/ZZ/ @0 Y Tl (¢>(yz )He—myz[ “—[9 Vdyu(dn).
I €Y rEfRy nCé\z z€€\z\n Z€n uen

Then, by (2.18)
[r©@X [t > T1 (e#09-1) [T [ot)-0()] [] otuldyriae).
To SN nC&\z z€&\z\n Z€n uen

Changing the order of summation with the use of (2.10) again, we obtain

/Zk Z/ 7;7) ¢<y—2>—1) I] e [ } ] 6(udyr(dc)

/IS TENRJ ze{\n zen\z ueEn\z
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Finally, by Lemma 2.20 and then by Lemma 2.21

/(Lng pu(dry) = ///Zk nUfczxy)H<_¢(y_Z)—l)x

T'o T'o R4 r€
11 e—qs(y—z)[ ] 1 o(wdyrde)A(dn) = /He ) (L5 k) (M A(dn),
z€n\z uen\e o "€
where
LY =LY + LS (3.4)
with

L8 k(n) = / S eawsy) [ 0 (Quk)(n\y Un)da

Rd YEN uen\y
L8k(n) = — / S oy [ e 20 (@) (m)dy,
Rd TEM uen\x
and
(Quk) () = / k(06 [T (20— — 1)A(de). (3.5)
To uel

Therefore, we can try to study the dynamics of the system in the terms of cor-
relation functions of the states, instead of observables, recall (2.22). In the place of
problem (2.20), we consider (2.23).

3.2. Dynamics in Ky. In this section we study the problem (2.23) in the scale
of Banach spaces Ky, recall Definition 2.23. The equation of interest is

d
&kt( n) = L% (n), ki=o = ko (3.6)
with LA = L9 + L5 specified in (3.3) and (3.4). The results of this section are
published in [23].

First, let us notice that operator L® : Ky — Ky is bounded, if 6’ > 0. Indeed, we
have

B(6) 2e1"
LA ger < 3.7
1L |0 _6(9,_9)+62(9,_9)2 (3.7)
where || - ||gor denotes the operator norm for operators acting from Ky to Ky and

5(0) = Se(er) + 2ex((9)e”) (2),

recall (3.1) for definitions of (c1), (c2), (¢) and c"**. The estimate follows directly by
the following lemma.

LEMMA 3.1. Let ' > 6 and L : Kg — K¢ be given as above. Then

(1)
L / L / L P < —
8 o 1283 o |3 o < 55
2¢maT
A 1
HL14H99/ < (0/ — 9)2627
exp((¢)e’) (c2)

L / L <
1L51 11067, || L33 e6r 0 —0)
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ProOF. Using (3.3), (2.24) and (3.1) one obtains
1
LAk < S1klloe” Dl er).

Next, by inequality

1
e < — a>0, (3.8)
ae
we have
L8kl < ey
WEIIE = 5 —g)e M
The latter gives
0
e’{c1)
LA gy < ———
[

With the same arguments, one obtains identical estimates for LIA2 and L1A3. Similarly,
for Lﬁ by

4
ﬂ72€7a$ S W7 a>0 (39)
we have .
2cM*
A 1
|1 Llloor < @ —072e

Working with L2A17 notice that by Definition 2.18, (3.1) and inequality
1+z<e”
we can estimate

JTI0 = eonemeina) - (3.10)

To u€l

0 e@n
—ey s
n=1

(1 — e W) day...dx, < exp((p)e?),
COEE

=1

which together with (3.8), (2.24) and (3.1) again, yields

exp((¢)e”) (c2)
e(0—0)

One can obtain the same estimate for LQA2 reasoning analogously. O

151100 <

Next, we show that (3.6) has the unique solution for a finite time horizon.

THEOREM 3.2. If kg € Ko, for a given ag € R, then for any a. > ag equation
(3.6) has a unique classical solution kt € Ko, on [0,T) with

Oy — O
Sea-(er) + 2exp((9) e ) (ea)

PROOF. The method used to obtain the result is a modification of Ovsyannikov’s
method, similar to one used in [18]. The ”standard” Ovsyannikov’s method requires
the operator to have its norm estimated by an expression like the first summand of
estimate (3.7), with 8 — 6 in the first power. It is not the case for the second summand
and that is why a little more sophisticated method has to be used. Let us split the
operator L® into two parts:

A=L% and B=L{ 4+ L%+ LY+ Ly + LS.

T =T(a,ap) =
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Note that A is a multiplication operator

Ak(n) = =¥ (n)k(n)
with

U(n) = / > alwy;2)dz,
Rd {zy}Cn
see (3.3). When considered as operator acting from Ky to Ky, its norm can be esti-
mated by the second summand of (3.7) and the norm of B can be estimated by the

”convenient” first summand.
Now, for any 6’ > 6 define Syg (t) : Koy — Ko by

(Soor (1K) (n) = e~ D'k (n).
It is continuous as a function of ¢, as for k € Ky

261 |kllo t—0
Soer (t)k — Sger (0)k /<t-17—>0
o0 (05 = Sao Ol < ¢ S0 L]
Additionally for any 0" € (6,0")

d

as‘ggl(t) = Agl!ngggn(t). (3.11)

Obviously Sggr(t) is a bounded operator from Ky to Ky for any ¢ > 0 (which would be
also the case for Spg). In the case t = 0 it is an identity operator, embedding Ky into
Ker.

Now consider any o, > a9 and ¢ > 1. Define the partition aq,...,as,+1 of the
interval [, ai] as follows:

ap = ag
(g — 1)(ax — o)
a = aor + , 0<k<n
2k+1 2% o+ 1) <k<
a2k202k71+wv 1<Ek<n,
qn

that is

. E+1 q—1+k 1 ( )
a =« et — = (e —
2k+1 0 ntl g nq 0

k q—1 Lk 1
agr = Qo + <n+1‘q+n'q> (s — o).
In particular asp+1 = .
For 0 < t, < tp_1 < ... <ty < t1 <t define the operator W&%)a (t,t1, .y tn) -
Koy = Ko, as
gél)z* (t l1, ..t ) = Sa2na2n+1 (t - tl)Ba2n71a2nSa2n72a2nfl(tl - tQ)BtZanlazn cee
.. SCLQCL?, (tn—l - tn)Balag Saoal (tn)

In view of (3.11) we have

7 (ot e tn) = Aaa, T8 (E 1 s )

for a € (o, ax).
By Lemma 3.1, we obtain

n n
qn n\" q
oty .t — = (f) "\ Tl a0)
H”Taoa*( 1 1:[ ( A2k~ 1 a* —ao)e> — \e <T(Oz*,04[))>
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with

Now for n € IN consider

QU () = Saga. (t) + / /
00

We have

te—1
/ ((X’f))a (t tl, ceey tk)dtldtg e dtk
0

t _
Qggg*(t)_c;gg;p@)_//... / w0 (ot e ty)dtrdts . dty,
0 0 0

and

! n
Q.0 - Q< [ oo [ ()" (gt dodre...dta =
0 0 0

— () ()

For t < T'(aw, ag), we can pick ¢ > 1 such that gt < T'(a, o), which by the above esti-

mate together with the Stirling’s formula makes QE{@L* (t) a Cauchy sequence. Denote
it’s limit by Qaga. (t).
For a € (ap, as) we have

t1 tn—1

t
ana*( ) = (Aaa* + Baa*)Q((xoa* — Baa, // / aoa t AT n)dtl ... dty,
0 0

Taking ¢t < T'(aw, ap) and « close enough to

d
aana* (t) = (Aozou + Baa*)Qaga(t)-
Therefore we obtain for ¢t < T'(a., ) the classical solution

kt = ana* (t)kO

Remark
By the estimations used above we obtain

[1Qaga. (] <

o) Cfff’;; SO) t (3.12)

for t < T'(aw, ).
To finish the proof we need to show the uniqueness of the solution. Suppose that
u,v € Ky, are solutions of the problem. Denote w = u — v. Then

t
/e_(t 5 \I’Bw ds
0

and iterating n times

t1 tn—1

t
:// / “U=t)V g em Ut Boy, dty L dt,. (3.13)
0 0
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Take o* = 2a, — a9 > i and for any ¢ > 1 define partition bg, ... bo, of the interval
[, @*]:

k
bo = + — (0" —ay), 0<k<n
n
E+1 1 k -1
b2k+1_04*+( i -—i—-q)(a*—a*),ogkgn—l
n q n q

with by, being o*. Consider operators in (3.13) as acting from Ky, to Ky, ,, i =
0,...,2n — 1. Using estimates of norm of the operator B and noting that a* — a, =
o — ag we obtain for ¢ < T'(au, ap):

tn
a* < = [Bllbgy - - - |Bllop_2b,—r sUP [|wsla.
n: s€[0,t]

1 /nyn g \"
<= (7) e sup l|ws||a.
n! \e T(a*7 aO) s€[0,T (o ,x0)]

and similarly as before, picking ¢ close enough to 1

[Jwe|

[|wellox =0, ¢ < T(a, )

which implies
wy =0, t<T(ax ap)
as an element of Ko+ and being the zero vector, also of KCy,. Therefore u = v which

finishes the proof.
O

Assume that the inital state pg of our system is sub-Poissonian. Then we may
consider its correlation function kg as the initial state of equation (2.23). Theorem
3.2 guarantees the existence and uniqueness of solution k; of this equation for some
finite time horizon. The question arises, whether this evolution may be related to the
evolution of states. That is, whether k; is a correlation function for a unique measure
Ht € Pexp- The next statement gives an answer to this question.

THEOREM 3.3. Suppose that kg is the correlation function of the initial state ug €
Pexp- Then for any o, > o, ki discussed in Theorem 3.2 is again a correlation
function of a unique state py € Pexp fort < T = %T(a*,ao), where T, ap) s
defined as in Theorem 3.2.

This result gives us a weak solution y; to the Fokker-Planck equation (2.19) for a
finite time horizon T in the sense that

G [Fomtan = [Be)@w@), t<1, 0 L),
I T

see (2.21) and (2.16).

4. Proof of Theorem 3.3

This section is devoted to the proof of Theorem 3.3, which can be found in [23] in
almost the same form. First, note that given a correlation function kg of the initial sub-
Poissonian state pg we know, recall Definition 2.17, that ko(f)) = 1 and that there exists
ag € R such that kg € Ky,. Therefore, by Theorem 3.2 we obtain for ¢ < T" a classical
solution k; of equation (2.23) in K,,, where o, > a. Note that L = L2 + L5 given
by (3.3) and (3.4) guarantees that for any k we have L2k(0)) = 0. It means that k:(()
is constantly equal to 1. Because ki € K., , there exists a constant C' = e+t llkllo.
such that k;(n) < CI"l. In view of Proposition 2.19, to show that k; is a correlation
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function of a unique measure ji; € Peyp it remains to prove that the positivity property
holds:
g Gk, dX >0 for all G € By,. (4.1)
0
In order to do that, we take several steps. First, in Subsection 4.1 we introduce an
auxiliary model with parameter o with altered action of L (changed operator will be
denoted L7?). For this new case, we obtain evolution in the scale of Ky spaces similarly
as previously for the original model. Then we show convergence in a weak sense of
the auxiliary model solution to the original one (Subsection 4.3). For this purpose
we use the predual evolution (Subsection 4.2). To show that the required positivity
property holds for the auxiliary evolution, first we need to consider the local evolution
(Subsection 4.4), so that we can link our problem with the evolution of so-called local
correlation functions (see (4.26)), for which it is easy to show required positivity. Then,
in Subsection 4.4.6 we pass to the limit with parameters describing locality, obtaining
the desired result.

4.1. Auxiliary model. The auxiliary model will be introduced by the alteration
of operator L in (3.1). For given parameter o > 0 define ¢, (z) = e 1", 2 € RY.

Obviously ¥, (x) € [0,1] and
—olz|? _ (7 d/2
/e dr = ( ) .

]Rd
Introduce

F = Y [eaate ) (PO uz) - F))ds

{z.y}CY Ra

+3 /% ealws g ) (F(1\e Uy) = F(y) ) dy. (4.2)

2:6'7

Similarly as before, we pass its action to the operator acting on functions k : I'g —
R and split it into parts L& = L& + L2 with

Dk = 5 [ S e@erle b0z fay)dody

(Rd)? =<

S / Vo (z ch x,y; 2)k(nUy)dydz

xen
_1 / 0o(2) Y er(@,y; 2)k(n U z)dad:

(Rd yen

/wa D alw,y;2)dz k(n)
{zy}Cn
Lf’”k(n)=/2( k) (n\y U 2)e (y)ea(zsy) [ e ?@

Rd YEN u€n\y

= [@m o) X eatwi) TT ey,

Rd Ten uen\z
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recall (3.5) The respective summands of Lf"a we denote as LHU, LlAQU, Lféa, L i and
LQA‘IU, LA 7 in the case of LA’U Additionally, we denote

A7k() /% > a2 k),
{zy}cn
B° ::lyﬁp'__[4a.
By 9, < 1 we obtain estimates in Ky spaces identical to (3.7). It allows us to

show, just as in Theorem 3.2, the existence and uniqueness of classical solution k7 =
g . (t)ko on interval [0, T (ax, ap)) in the space Ko, , ax > ag of problem

Qo
d
dt

4.2. Pre-dual evolution. In this subsection we consider the pre-dual evolution.
It is derived by the duality

/ Go(n)ke(m)A(dn) = / Gy (ko () M(d).
To 1)

In order to study the evolution of functions G}, we need to establish a proper context
of Banach spaces, which is here L'-type Gy (f € R) with the norm

Glo = [ 1G] (). (4.4

o

Obviously for 8’ > 6 we have Gy C Gy.
Notice that G € By lies in Gy with any 6 € R. Indeed, let M be upper bound of

G, N maximum number of particles of the support and A its spatial bound (recall the
definition 2.15 of Bps). Then we have

1
/|G )|efl = Z Gn/G Tl ..., Tp)dry ... .dr, < MeMe” < oo (4.5)

— k7 =LAk, kL = kS € Kay. (4.3)

Slmﬂarly t0 Qaga. (t) acting between K,, and K,,, . > ap, we can construct
pre-dual analogue Hy,q,(t) from G,, to G,, satisfying for G € G, and k € Ky,

/G(H)ana*(t)k(n))\(dﬁ) = /Ha*ao(t)G(n)k(n))‘(dn)' (4.6)
r Lo

In order to do that, introduce L given by the duality equation

/ G(LAk)d / (LG)kdn.

It can be shown, see Lemma 5.5, that it is of the form
L=1Li+Ly (4.7)
with

L6 = [ Y alen)(Gn ey} uz) - Gy - Gona) - G) da

Rd {Z¥}Cn

LQG /ZCQ x;y) (5 Uy) — G Ux) Z H <6—¢(y—U) _ 1) dy,

Rd TEN ECn\ﬂc (CE uen\§\zu¢
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where, as usual, each summand is denoted by i}ij with adequate ¢ and j. Denote
AG(n) = L1G(n) = =¥ (n)G(n),
BG(n) = LG(n) — AG(n).

Now we repeat construction similar to one used in the proof of Theorem 3.2. In the
(n)
place of maga, (£, t1, ..., t,) we take

Wttt ) = Saya (t — 1) Bagay Sagas (t1 — t2) Bayas - - -
i Sa2n71a2n72 (tn*l - tn)BC’Qnaanl Sa2n+1a2n (tn)

Note that Sy acting from Gy to Gy, 6’ > 6 is continuous. Indeed,

|Ser0(t)G — Spr9(0)Glg = /(1 — e YY)|G(n) €M\ (dn) <

o
<t [ WGmINn) <t 1l o
To
Next, define
n t i1 lk—1
H, () = Saaq(t) + // / W (b1, e ty)dtrdty . dty (4.8)
k=10 0

and the rest follows just as in the mentioned proof of Theorem 3.2. Indeed, ||L1]]a, a0,
|Lallavao, ||L14]lasae — OPerator norms of operators acting between Gy spaces — un-
dergo the same estimates as, respectively, ||L1||aga. > [|L2]lagans || L14]|aga, fOr operators
acting between Ky spaces with interchanged indices. Therefore we may construct for
t < T(ow, ap) alimit Hy,q,(t) of (4.8) which produces the unique local classical solu-
tion Gy = Hg,a,(t)Go in Gy, of the problem

d ~
%Gt = LGy, Gi=o = Go € Ga, - (4.9)
Additionally, an analogue of (3.12) holds true, i.e.
(a*7 040)
He,o S o a1 4.10
10O < 70 (110)

for t < T'(a, ).
In order to obtain (4.6), we show that for each n € N, G € G,, and k € K,, the
equation

/G ) Qb (k) M) = /Hé?ao )k(m)A(dn), (4.11)

holds, which in the limit gives desired result.
We have

t
+Z//... / /G(n)wgg)a*(t,tl,...,tk)k(n)/\(dn)dtldtg...dtk
0 0 0 TIg
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and

/G aoa* t tl,...,tk))\(dn) =

= /G(n)sazka2k+1 (t - tl)Bazk—1a2k Sa2k—2a2k—1(t1 - tz)BGQk—IGQk s

a2a3 (tk 1= tk)Ba1a25a0a1 (tk)k‘(ﬁ))\(dn) =

/Salao agal Sagaz (tl - t2)3a4a3 cee

- Sagk_yazk_» (th—1 — tk)BCQkanflSanJrlazk (te)G(n)k(n)A(dn) =

- / WP (t 1, )G () (m) M)

o

which results in (4.11) and therefore in (4.6).

4.3. Limit o0 — 0. In this subsection we show for our initial ky € Ky, the con-
vergence of Q7(t)ko = k7 to Q(t)ko = ki with ¢ — 0 in the weak sense, i.e. for any
G € By,

lim [ G0)[Q(t) — Q% (#)]ko(1n)A(dn) = 0. (4.12)
To

The above result will be shown for t < 1T'(a.ap), where both Q(t) and Q7 (t) act from
Koy to Ky, . First, notice that for arbitrarily chosen o and ag satisfying ap < a3 <
g < (i We can write

Q) — Q7 (D)oo ko = / d

75 (@t = 5)Q%(8)ao o kods =

- / QU — asa (A — A”)arask” ()ds + / QU — 9)aser (B — B )aragh (5)ds,
0 0
(4.13)

as far, as t < min(7T' (a1, ap), T (o, a2)) — we have k7(s) = [Q7(5)]agas ko € Ka,, recall
(4.3).
For the first summand we have

/G /Qts YA — A%)KT (n)dsA(dn) =

/ / Gr / 1= 0,(2) Y erla, i 2)dzkd ()M (dn)ds

{zy}Cn

Because G € By, it lies in Gy with any 6, see (4.5), in particular with 6§ = «.
Next, by (4.9) we have Gi_s € G,, for t — s < T(aw, ). This gives us by (3.12) and
(4.10) estimates

T'(a1, )
kS oy < WW“OHam s <T(a1,a0),
T
Gl < (@02) Gl 15 < T(a, a9). (4.14)

T(a,c0) — (t—s)
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Denote
1
C(z,n) = W Z c1(z,y; 2)dz
2 {=,y}Cn
g(z) = esssupC(z,n)
nelo
We have then
/g(z)dz < ™

Rd
Using above, we write

<

[t [ va) 3 s 2)dak (aan)
o

Rd {zyicn

< [0 @i [ (1 n "”“”"”) Goa () ()| A ().

2
R4 To
Notice that

/ <1 i '”‘“”"”) G a(m)kS () M) <

2
o
1
/60‘2|77||Gts(77)| <1 + ’77‘(’”2’)) e(a1—a2)|n\||kg\|a1)\(dn) <
o
< (14 57— ) I8l G
- e?(ag — aq)? s Hlerimslen
2
<|(14+——"— ) D(t
_< +62(6%2—611)2) )
where
T(« , & T a, &
D(t) = (a1, ap) (a, 2) Cole (4.15)

_~\FLR0) e o\ *2)
T(ay, ) — tH OHQOT(Q, ag) —t

and the last estimate was performed by means of (4.14) for s < ¢ < min(7' (a1, ), T (o, a2)).
Finally by means of above estimates we obtain for t < min(7(a1, o), T(c, a2))

<

| [emt [a-va) & etwpiztzmaands
To

R4 {xvy}cn

2 max
< <1 + M) LD(1) /(1 b (2))g(2)dz < LD(E)E < o

R4

and by means of Lebesgue’s dominated convergence theorem

lim
o—0

<

| e [a=vo) ¥ atwu st mams
To

Rd {zy}cn

2 , B
< (1 ; M) D) [ (1 = o (2Dg(e)z =0,

R4
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that is

lim, /0 / Gr—o(n)(A — A7)KZ () (d)ds = 0 (4.16)

Now let us move on to the second summand of (4.3). Just like for the first one, we
write

/G /Qt—s )(B — B%)k2 (n)ds\(dn) = //Gt s(n)(B — B)kZ(n)\(dn)ds =
- / / Grs() (LY — LAT)KS (n)A(dn)ds + / / Gros(n) (L3 — L) (A (dn)ds
To o
w [ [ s - e nsonands + [ [ G - 150 s
To T'o
v [ Gty - AR N s (4.17)
T'o

and we deal with the convergence of each summand separately. By the Minlos lemma
in the form (2.21) and (2.22) we have

/ Gos () (LA — L7 )kS (A (dn)| <

2 zen

<3 / Gl / (1 = o2))e (s 2) 12 ()= U oy dody () =
(ue

— [ [ 3 16\ U1 bol2)er (o i el () M) <

Iy e {Z¥}Cn

<[5 o /(1 - %(2))/ Y 1Ges\z,y} U z)lea(w, y; 2)e N (d)dz.

Rd Iy {zwicn

Therefore, we obtain

0 / Goo(m) (I8 — L7 VKE (A (dn)ds| < / (1 — ()9 (2)d2

R4

with

// [1~S o |Gees(n\{z,y} U 2)ler (@, y; 2)e™ A (dn)ds

{w y}Cn
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Notice that, again by (2.21), (2.22) and (4.14) for s < t < min(7T (a1, ag), T (o, a2))
we obtain

/ 2)dz = / Kllos [ [ 3 G} U len (o i 20 ) dads =

Rd I'g {Ivy}cn

1 t
—em/ Hk;’Hal/ea”'\Gt n)felea—o2)lm / (2, y; 2)dadyA(dn)ds <
0
1)

*N(Ray2

1 t
< 01 o az|n| 3 —
<e <c1>*2(a2_a1)6 [l [ i anas
To

1
/ ||k0”a1|Gt slapds < e {c1)

=eM <Cl> 72(0&2 — 041)6

—_— tD(t

where D(t) is as in (4.15). By the Lebesgue’s theorem, we have

o—0 og—0
R4 R4

lim [ (1 —1vs(2))g(z)dz = / lim (1 — 94 (2))g(z)dz = 0.

One can show by the direct repetition of above steps the required convergence of
the next two summands of (4.17). Let us move on to the fourth one, which we will
approach with the similar method. Again using Minlos lemma we obtain

/0 / Grs(n)(LE} — Lyy7)kS (m)A(dn)ds| <

/1_% //Zwyyatsn\wyn

Rd xrEN
/|kf’ 1ol [1 (1—e (1= A(de)\(dn)dsdy.
uel
Denote
/ /ZCQ z;y)|Gi—s(n\z Uy) ]/]k" nuUg) ]H( e*‘z’(y*“)) A(d&)A(dn)ds
zEN uel
We have by (3.10) and (2.21) for s <t < min(T (a1, ), T, 2))

/g(y)dygexp e“) / 152 ||y / et G,_ o ( |Z /02 x;y)dzA(dn)ds <

R4 YEN Rd

< exp((@)e™){ca) tD(t) < o0

(g — al)e

with D(t) given by (4.15). Again, by dominated convergence theorem

t
i | [ [ G (I3 = 570k A an)as| =
To
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The last summand of (4.17) can be dealt by the same method, which finally yields

lim/ /Gt s(0)(B — B°)k? (n)X\(dn)ds = 0

o—0

and together with (4.16) proves (4.12) for t < min(7 (a1, ap), T(ax, a2)). Now take
o] = % and oy = % + eB(ax) with £ > 0 small enough — such that ae < a.
Then T'(c1, c9) > 3T (cw, ) and T'( vy, ) = T(ev, ag) — €, which in the limit € — 0
gives us the result for t < %T(a*, ap).

4.4. The local evolution. In this subsection we deal with the evolution described
by LA¢ but with the localized initial condition kzéx ’N, which is precised below by
(4.19). The dynamics will be considered in spaces Ky, recall Definition 2.23 and in
gfac introduced in Subsection 4.4.1, where the positivity property (4.1) is easy to show,
as the evolution there is related to the evolution of densities of local states, see (4.26).
In order to connect these two cases, we introduce Uy, a subset of both IC@ and gfac

(with appropriate €', see Subsection 4.4.1, in particular (4.24)) such that ko € Uug,.
By showing the existence and uniqueness of the solutions in each of the above spaces
with the same initial condition, we deduce that they describe the same evolution and
therefore obtain required positivity property for solution in Iy, see Subsection 4.4.5.
To finish the proof of Theorem 3.3 it suffices to show that our solutions with increasing
A and N converge to k7Y, which is performed in Subsection 4.4.6.

Recall that initial condition kg is the correlation function of sub-Poissonian state
to- Consider its projection u{)\ on I'y for bounded borel A C RY, see (2.12). It is
absolutely continuous with respect to Lebesgue-Poisson measure A. Denote by Ré\ its
density. Then by (2.17) for n € I'y we have

- [ RsmueN. ners. (4.18)
Ta

Localized initial condition ké\ N is defined as

BV = [ RN mUorde, ne . (4.19)
1N
where
Ri(n) ifn| <N
RO (p) ={ 770 =0 4.20
0 (77) {O otherwise. ( )

Note that ké\ N < ko (both being positive) so that ké\ N e Koo- Therefore by repeating

the procedure used in Theorem 3.2, kAN = Q50 (t )k‘g’N € Kq, with o > ap and
t < T'(au, ap) is the unique classical solutlon of the problem

d
@kA N = gAY € Ky (4.21)

4.4.1. Spaces gg and Ug . Before proceeding with the proof, let us introduce two
more spaces used therein and look closer at the dependencies mentioned at the begin-
ning of Subsection 4.4. The space gfac is L'-type space similar to Gy, recall 4.4, but
with the norm given by

Gt = / Gl nliA(dn).
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Obviously, for 6 > 6 we have Gi¢ C Gle.
The space Ug is L°°-type space with the norm

maul
HUHU,Q = esssup M,
nero  €(Vosn)

where e(¥o;n) = [] e °1*". We have an analogue of (2.24)
xrEN
[u(n)] < "Me(osn)lullo- (4.22)

Notice that by 1, < 1 we immediately obtain U C K. Additionally we have for
u €Uy

T / (W) @+ |, o A(dry) =

To
e i >0 / v d/2 "
=5 (e [vat@ar ) ulloa =30 (< (1)) Nullao
n=0 Rd n=0
and therefore J
Ui c gl 0 < —0- (Inm—Inc). (4.23)
Notice that ké\ N IS ugo, and therefore it belongs also to ggaoc with
Bo < —ap — g(lnﬂ' —Ino). (4.24)
Indeed, by (4.19) we get
[ R e S < TR
ess sup n eV ap < 00.
nely ! 0 6(%;”) potieo
0

4.4.2. Evolution in spaces U§. By (4.22) and (2.21) together with (2.22) we may
estimate for 6/ > 6

. 679/‘7” 1
128 ullaar < esssup 0[S e 2lul U o, o) ldody <
n€ly 6(7%777) 2 Z€EM
(R4)?
/ 1

< esssup e =0l 760Hu| o,0 / Z c1(z,y; 2)¢q (2)¢e (y)dady <

nelo 2 ZEN
(]Rd)2

e’(c1)

< -\

— 26(9, _ 9) HUHUVO

and therefore, when considering Lﬁ"’ s Uy — UG, we have

0

Ao e’(c1)
Loy < —_—
I8 oo < 5755
which is the same as the corresponding part of (3.7). Analogously, one can obtain
the same for the other components of L2, which allows us to use the scheme of
Theorem 3.2 again and obtain the existence and uniqueness of the classical solution of

the problem
d
yri LA%u,  w = ug € UY, (4.25)

for t € [0,T(ax, ag)) in UT, where o > .
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4.4.3. Ewvolution of densities R(n). As mentioned before, recall (2.17), correla-
tion functions in the case of the local system are connected with respective measure
densities. We cannot claim that our initial state is finite, actually we want to deal
with infinite states. In order to use the mentioned dependence, we introduce the local
correlation functions,

M) = / RMN(UENdE), >0, (4.26)
1)

where Rf’N is the solution to the problem

d
aRAN LRy N RN = RN (4.27)

with LT satisfying duality condition

/ (L7 F)(n)R(m)M(dn) = / F(n) (L1 R) () A(dn).
o

o
By (4.2), (2.21) and (2.22), one obtains
1
erm =33 [ watr)RmU o)) dedy+
2677(]1{4)2

+3 [volwestas) T[ 0 ROU\p)dz - B () R()

YENRa uen\y

with

E°(p)= ) /w()cwy, dz+2/wa )E2 (3 y3m)dy.

{z.y}Cn Ra zen o

Note that Rg N e gfac for any 8 € R, as

|facg = Zean/RO (T1,...,zp)dxy ... dz, < 00.
A7L
We show the existence and uniqueness of solution of (4.27) in anc using Thieme-Voigt
perturbation theorem, see Theorem 2.7 in [36] or Proposition 3.2 in [20] for its usage

in a similar context. ~
Denote X = L!(I'p, \) and X = Gf** C X. Introduce functionals

J(R) = / R()A(dn), F(R) = / [nlte R(n)A(dr),
To

o

which have property f(R) = ||R||x for positive R € X and respectively f(R) = || R|| ¢
for positive R € X. Notice that X < X, that is X is continuously embedded in X.
In order to prove that, we show that there exists C' > 0 such that ||R||3 > C||R||x
for all R € X. Indeed,

IRl = [ 1RO ) > min {2t} 1R .
To

on

The minimum above exists, as €’"n! — co. Denote

Lt = Al + Bt
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where (A} R)(n) = —E° (n)R(n) is multiplication operator and —A}7 is positive. The
remaining part B7 is also positive and will be treated as perturbation of A(TJ’U. Define
the natural domain

DT = (Re X [ (Al R < o)
o

and note that B : D(A”) — X as by Minlos lemma

/ (BYR) ()| A(dn) < / B ()| R(m)|A(dn) < o0
o o

it Re D(Ag’g). Therefore we can endow both Ag’g and BT (and also LT7) with the
same domain D(A}) acting into X.
For the space X we define
DA ={Re DA ) NX : Al"R e X}
with which also B : 75(143’”) - X.

Notice that both semigroups (S (t)R)(n) = e E7 ! R(n) generated by (Al7, D(AL7))
and one generated by (A(T)’U,ﬁ(A(T)’U)) are Cy-semigroups by the means of inequality
l—e <z

In order to show inequality f ((Ag’a + B")R) < 0 observe that

f((A§7 + BY)R) = /1(?7)(LT’”R)(77)A(d77) = /(L"l)(n)R(n)A(dn) =0.

Fo 1—‘O

as (L71(-)) (1) = 0.
To fulfill all of the required conditions, we need to show existence of positive con-
stants ¢ and ¢ such that for positive R € D(Ag)’g) the following inequality holds:

FI(AF” + BY)R) < c||R| 5 — || A} Rl|x. (4.28)
First, notice that
P+ Bo)R) = [@ B mEm)
o
with Fy(n) = |n|!e?l"l. We also have
(L7 Fy)(n) = EF (1) ((In] — 1)1e?W=1 — p1efinly

as Fy depends only on the number of elements in configuration being its argument.
In order to show inequality (4.28), we prove for positive R

F((AL + BY)R) — c||R||5 + €| | A} R x =

- / 7 ) ((nl = 11?0770 — pjteflnl) — el |t 4 B2 (n) | R(m)A(dm) < 0
1)
for which it is enough to find positive ¢ and € such that
¢ > heg(n) (4.29)

where
e*9|fi\ o _ o
heoln) = i (BT (il = 1100 M) + 7).



37

In order to do that, notice
E%(n) = E{ (n) + B3 (1) < 2™ + [nl{c2),
choose arbitrary & > 0 and consider two cases. First, assume that |n| < e~?. Then
(In = 1)te?Im=1 — |1l >

and therefore

ha,@ (77) <mi

mi; = max

e—@n [
neNyn<e=? n!

n2cr1nax <(n — 1)!69("_1) — n!e'gn) + e (n20r1nax + n<02>)} .

In the second case, when |f| > e™# we have

hs,@ (77) <mgy

with
—0n

ge 9
my = max — (n*"™ + n{cz))

which exists as my — 0 as n — 0.
Therefore we choose ¢ = max (my, mg) proving (4.29) so that (4.28) holds.

We have shown that all of the conditions of the Thieme-Voigt theorem hold, so
that the closure of (A%’U + Bt D(A(T)’J)) in X is a generator of substochastic (in our
case even stochastic) semigroup Sto in X that leaves X invariant. Therefore equation
(4.27) posess the unique solution in X = ggac for any 8 € R and all £ > 0.

4.4.4. FEvolution in spaces anc. Notice that the definition of localized initial con-
dition ké\ N given by (4.19) coincides with the definition (4.26) of local correlation
function qf N with ¢ = 0. Consider equation

d
Eqé\vN _ LA,crqéMN’ q(/)\,N _ k(/)\,N' (4.30)

It posess the unique classical solution in space gg;c for all t > 0 with 5y satisfying

(4.24). Indeed, recall that ké\’N lies in gg%c. Next, we show that qé\’N given by (4.26) is
a solution to our problem (4.30). First, R?’N € Qf%c implies qé\ N e ggaoc as by Minlos
lemma (2.20)

§Cn

1 s = /Ré\’N(n) S Elje () = (4.31)
1)

In]

AN n|! =B AN

= [ R Y e A < ¢ R s
To k=0
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Next, observe that for arbitrary G € Bys, again using Minlos lemma, we have

[ G @G -
To

= [ [Eer mucmaaonan = [ LR ) 3 6o -

To To To £Cn
/ (L KGR WA = [(KEG) RN (A (dn) =
o
-/ / (LG R 0 U NN = [ (£76) () ()M () =
T'g I'g Ty

_ / G(n) (L2 g™ () M),

where L7 = K~'L°K (recall Definition 2.16) satisfies

/ Er GOk = | GLA7km)Adn)

o

and is given by (cf. (4.7) and [30]) L7 = LI + Lg with

FGm = [ 3 dalee.yi2) (GO a0} U2) - Gly) - Go\o) - G

Rd {zy}Cn
LGG /Zwa co(z;y) Z [ (EUy)—G(EUu) g; Z H (eﬂﬁ(yfu) _ 1) dy.
Re TEM ECn\z CCE uen\e\zUC

Because Bys is a measure defining class on (I'g, B(I'g), it implies that qf NV is indeed a
solution to 4.30.

To prove that this solution is unique, follow the procedure used in Theorem 3.2.
Note that for any 8 < o by (2.21), (2.22) and (3.1) we have for L7 gg;c — gfac

3 max -6 2e€
B8 < 2ET 2 e
(Bo — B)e

2Cmax

(Bo — B)2e?

1A% | 505 <
where L27 = A2 4+ BAY and
A2y / bolz) S enlw,y;2)dz k().

{w,y}Cn

By repeating steps taken in the proof of Theorem 3.2, one obtains uniqueness of the
solution for ¢t < To(f3, Bp) with

T8, 00) = g, fo— B

B+ 2exple ) {ca)

But by (4.31) we know that qé\ ’ actually lies in gfac so we may repeat our procedure
taking in equation (4.30) as initial condition k7 Wlth T = %TQ(ﬁ,ﬁO) and obtaining
uniqueness of our solution for longer interval. By this method we may prolong unique-
ness for all ¢ > 0.
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4.4.5. Positivity property. We have shown that equations (4.21), (4.25) and (4.30)
with the same initial condition k(/; N have unique classical solutions for ¢ < T'(au, ap)
in spaces, respectively, Ko, , U7, and gfac with any [y satisfying (4.24). Taking 3y such
that (4.23) holds with " = “and 0 = ., for which obviously (4.24) also holds, we

have U3 C Ko, and U5, C gfac Therefore k:A N = ué\ N and q%/\’N = Uy AN which leads
to

kA,N - qA,N
By this equality, (4.26) and (2.20) we may write for G' € Bj,
/G Ve (n /R G(£)Mdn) > 0,
SCn

which is desired positivity property, recall (4.1), for k{\ N

4.4.6. Convergence with respect to A and N. To finish the proof of Theorem 3.3 it
suffices to show that for increasing sequence {A,, },en of bounded, measurable subsets
of R? which is cofinal (that is V,cga3nen : @ € Ap) and G € By for t < T(aw, o) the
following holds

lim i An,N 4.32
Jim lm G )k A(dn) = /G VK7 (m)A(dn). (4.32)
1)

We prove it in the similar manner, as it is done in the proof of (3.54) in appendix of
[7]. By (4.6) we have

lim lim [ Gk (n)A(dn) = lim lim [ Ho.ao(£)G(0)ko™" (m)\(dn)

n— 00 N—>oo n—o00 N—o00
To

and

/ G(n)kS (m)\(dn) = / oo ()G () (m)A ().
Io
Next, denoting Gt Hy, o (t)G,

/ Galn) (ko) = kg™ () Atd) = I+ T2

with

= /Gt(n)ko(n) (1 - IFAn (77)) >\(d77)7

= / Geln) (Ro(m T, (n) = ™ (o)) A,

Take an arbitrary € > 0.
We have

Bs |_Zk| / G (@, )k (@, 2 ZIAc (z1)dz1 . .. dak
k=1 (R

(k)

Because ko € Ky, and G} i k(()k) are symmetric for all k£, we may write

] |< ||k0|\aozk'eo‘°k/ / |G (x1,...,x)|dzy ... dxg.

del



40

Recall that Gy € By implies Gy € Gy for any 8 € R. In principle, we can take
6 = Bo > a,. Then for f, € (ag,ay) for t < T(Bo, Bx) we have G; € Gg,, recall (4.9).
With such S, we estimate
IIkoHao - ()
\J |_ T ao)e Z |G (21, ..., k) |dxy - .. dog,.
k=1 Ag (R4)k-1

Taking into account that by G; € Gg, we have

o0

1
— Pk / ]ng)(acl, ooy xp)|day . dag = |Gy

By < 00,

we can pick an integer M such that

[[Follag

1 €
_IPao B* (k €
(B. — ag)e / |Gy (21, . xg)|dey .o dxy, < T

k‘:M+1

as it is a tail of convergent series. Next, as Gg et ((R%)¥) and A, is cofinal, there
exists nq such that for n > ny

|[kolla (k) £
a 70[[;) Zk' / / |Gt (xl,...,xk)]dxl...d:ck<1.
A (Rd)kfl

Therefore .
JW| < =,

By (4.18), (4.19), (4.20) and (2.20), denoting
1 if|n| <N,
In(n) = { =

0 otherwise,

we have
1% = [ et [ R oo, 0 (1= vt ue) Nag)] A =
o Ca,
= [Gitn) [ R U1, (106 (1 - Inr L) NN =
Ty To
/ZGt &R () (1 — I (m) Adn) =
An £Cn
o | An - k)
= Z — / R, ({xl,,xm})z Gy (@iyy .y )dey ... dzp,.
m=N+1 m'(An)m k=0 {i1,...ix}C{1l,...m}

Note that equation (4.18) may be rewritten for n = {y1,...,ys} € I'p in the form

ko({yrs - ys}) = Ry ({y1, - ys}) +Zk|/R0 W1s -y o1y ap)d - dy,
k=1
Ak

which implies
Ry ({1, +5ys}) < ko({yr, -, ys}) < e®°[[koag
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as ko € Kqpy. Then, denoting by I(A,,) the Lebesgue’s measure of set A,,, we have

2 - 1 apm - k
B < Mhollag D e / S W ag) i di, <
m=N+1 m k=0 {i1,...i}C{1,..m}
(An)
ecom m—k
< [lkollag mZNH e Z R(m ||G HLl( Rty ) [L(A)]" 0

For sufficiently big N we may estimate

J, N| < 5
as above is a tail of convergent series
aop(m—k)
Molloo 3232 S 1689 1 gy A =
m=0 k=0
0 eaok *) 0 ecom .
= 1lEollaw > G s (agey S S lHA™ =
k=0 m=0

= ||k0l|ag|Gt|ao €xP <e°‘°l(An)> < 00.

Finally, because fy > a, and f. € (ap,as) are arbitrarily chosen (so we can pick
B« as close to o as we want and the same with 5y and o), we obtain (4.32) for
t < T(o, ap).

5. Mesoscopic dynamics

In this section we consider the case of the system with initial state pg being a
Poisson measure with density pg € L>°(R?). It means that its correlation function is

of the product form
o(m) = ] po(x)

ren

In such case, instead of the precise dynamics of the system given with the use of
operator L, recall (3.1), or L, recall (4.2), one can consider an approximated scheme in
which the Poissonity of the state is preserved. We will call it the mesoscopic dynamics,
as its description is less precise than in the case of the original microscopic case (higher-
level correlations are neglected) but it is still not a macroscopic level at which the
detailed spatial structure of the system would be ignored. The idea here is to obtain
a description of the system by the means of densities of the corresponding Poisson
measures.

A slightly more general case can also be treated by the approach presented within
this section, where the initial state ug is not necessarily Poissonian, but sub-Poissonian
with its correlation function kg € K,. We then assume being given a scale of functions
go.c € Ko, with € € [0,1] such that

qo,1 = ko, q0,0(n) = HPO(@
xreN

and the dependence on ¢ is continuous, i.e.
/
HqO,E - (Io,a’Hao — 07 g —¢g,

where || - ||q, is the norm in Ky, space, recall Definition 2.23.
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REMARK 5.1. Note that the mentioned scale of functions always exists, one can
take any Poisson measure with its correlation function

o = Hpo(w) S ICao
xre-

and consider
qoe = eko + (1 — 8)7“0

The mesoscopic dynamics is given with the use of a Vlasov operator V, see (5.3)
below, which preserves the product form of the argument. It is obtained by a scaling
procedure described within this section, cf. e.g. Section 1.3 of [14] or Section 4 in
[5], see also [2], where multi-scale models are discussed. The performed scaling is
closely related to so-called moment closure, see e.g. [27]. Instead of the dynamics of
the functions from Ky spaces, one can consider evolution of L*-type factors p;, that
correspond to the densities of Poisson states. This evolution will be given by a kinetic
equation (5.5).

The mesoscopic description of the system, while being only an approximation of
the actual evolution, is worth investigating. One of its advantages is that it allows
one to employ numerical methods for finding approximated solution which are not
applicable at the microscopic level. An example of such approach is given in Section 6.

5.1. Vlasov Scaling. For the scale parameter ¢ € (0, 1] we define operator L2
as L® with ¢; substituted by ec; and ¢ by €¢. That is, we can express it in the form
L2 = Loy, + Loy + Log + Loy, + Loy + L2y, with

Lewik(n) > eci(a,y; 2)k(n\z U {z, y})dzdy,
(Rd)? =<
LAHk( / 2501 x,y; 2)k(nUy)dydz,
(Rd)2 e
13k( / 2601 z,y; 2)k(nUx)dedz,
(]Rd)z yen
L§14k(77): - / Z eci(x,y; 2)dz k(n)
Rd {zy}Cn
and
L1k (n /202 viy) [[ e (Q5k)(n\y Ux)de
Rd yen uen\y
Loh(n) == [ S eatasy) T[ =0 @R
Rd TEM uen\z
where

(Q5k) (1) = / k() [T (=40~ — 1)Ade),

o u€eg

cf. (3.5).
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The performed alteration can be interpreted as weakening the interactions between
particles in the system. Then the renormed operator that corresponds to the e-rescaled
evolution L." given by formula

Lk (n) = e LE (e k(n)) (5.1)
consists of the following six summands

ren _ 1A ren _ 1A ren A ren _ A
La,ll = Ly, L5,12 = L3, Ls,13 =Ly, L] 14k(77) =eliy,

LI k(o / S ea(wy) T =00 (Qrenk) (\y Ua)da

Rd yeN uen\y
re2n2k, /262 T y H e P(y—u) Qerenk)( )dy,
Rd TEN uen\x

where

@) = [ ko T e =0~ 1agag)
o ueg
This altered action can be interpreted as follows. First, the density of the system
is increased (with e~11), then the weakened action of L? is performed (with L2) and
finally the system’s density is decreased back with el”l.
As e <1, LI®" undergoes the same norm estimation (3.7) as LA. Therefore, by
direct repetition of arguments used in Theorem 3.2, we can show the existence and

uniqueness of the solution ¢z = S, ., (t)q0,c € Ka, of equation

{ e (5.2)

Qtelt=0 = q0,e € Icao

In the scaling limit € — 0, the corresponding Vlasov operator V = liH(l) L7™ can be
E—

expressed as

V=LY + L%+ LY 4 Vay + Vay (5.3)
with
Vakn) = [ Y ealasy / (n\y U Ua) [T (~6(y — u))A(de)da
Rd YEN u€f
and
Vak(o) = — [ 3 eatasy / (U &) [T (~o(y — u)A(de)dy
Rd TEN ueé

Treating V' as an operator acting between K¢ and Koy with 8’ > 6 one can estimate
its operator norm

2(c2) exp((¢)e”) + 3¢%(c1)

(0" —0)e ’
Indeed, the second summand of nominator comes from the similar estimation for L?
(Lemma 3.1) and the first summand comes from the following calculations.

e\ Varo()] < e~ @O 1]y 3 / / (2:9) [T (6(y — u))A(de)da
uef

yeﬁ]Rd To

{c >exp(<¢>60)

[V lger <
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as e~ (-0 < (9, By for all x > 0 and

JTL 6ty ~ n@) = expl(9)e”)

Ty uel

The estimation for ||Vaz||ger is analogical.
Therefore, using a method as in Theorem 3.2, one can show the existence and
uniqueness of the solution to the problem

at =V 5.4
{ Tet=0 = 70 € Kag (5:4)

with r, = SO (#)r9 € Kq, for t < T(ov, o).

QoOx
For ri(n) = [] pe(z) we can write, e.g. for Vi,
ren
1
Vire(n) = 5 / > e,y 2)ri(n\z U {z, y})dady
2 2€7

(&)
7,2 / (o) [T e ()dedy =" T viiloe )

(Rd) uEn\x zEN uen\z

with
o) =5 [ alvapnEdd:
()

In a similar way, one can rewrite the other summands of V' as

Vzgrt Z H Uzy Pt, T

TEN ueEn\z

N

where

via(px) = — / e1(2, 5 2)pr () o) dydz

2
(m)
v1s(p, ) :_% / c1(y, z; 2)pi(x) e (y) dydz
(m)
i) = [eawr)en (= [ oo - uhptud) o)y
R4 R4
enon) = = [ ealasy)exp (= [ oy~ worlw)du)(a)dy
Rd Rd

It allows us to consider the following problem — kinetic equation — for p; instead
of (5.4) for ry:

{ %pt(x) = U(pt"r) (5 5)
piimo(@) = po(a)s  po € LX(RY), |
where v = v11 + v12 + v13 + v21 + v922. One can show the existence and uniqueness of
the classical solution for a finite time horizon to this problem. It is done in a more
general case in Theorem 5.9.
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While equation (5.5) is complicated in general, it drastically simplifies in the spa-
tially homogeneous case, i.e. when po(z) = po € R for all € RY. In this case, having
in mind (3.1) we can rewrite (5.5) as

W en)et.
This can be easily solved leading to
_ Po
pe = 1+ <Cl>p0t.

In the preceding part, we analysed the problem for ¢, (which is equal to k; for
e = 1) with the scale parameter ¢ € (0,1] and the case in limit ¢ — 0 for r,. We
discussed the existence and uniqueness of the corresponding problems (5.2) and (5.4),
but we treated each e separately. Let us look closer at the dependence on ¢ - it
appears that the scaling procedure described above is continuous w.r.t . This result
is described more precisely in Theorem 5.4. Let us start with two technical lemmas.

LEMMA 5.2. Suppose that 0 < 0" and k € Ky. Then (LL" — V )k € Ky and
ILZ" = Vg — 0, e—0.

PROOF. L™ — V acting on k € Ky has the following form:

(L™ = V)k(n) = —¢ Z c1(z,y; 2)dz k(n)

Rd {zy}Cn
//Zk’ ’I?\yUny C2(IE y)[H 1( —ep(y—u) _ 1) H e—6¢(y—u)
Rd Ty yen u€e wen\y
- [T(-6y - w)]Ade)de
uel
/ / nug) Cz(x;y){H 1(6*“’(‘”’“) —1) JJ e
R4 T'o zEn (=3 c uen\z
- [T(-o(y — )| Ade)dy
uel

Denote the above three summands as (LL¢" — V'); with ¢ = 1,2,3. Then for k£ € Ky
and 6’ > 6 we have

2
2 /
(L = Vb)) < e ™ o < oy 2 e

(0" — 6)2e2
Next,
[(L" = V)2k(n)] < //ZHI{:H@@’ (D ey (25 y ‘H (e=¢—w) _ 1) H o cP(y—u)
Rd g Y€" uen\y
- Tty — w)|A@g)da
uel

Observe that

’ H ( —ep(y—u) _ 1) H efsqﬁ(yfu) _ H(_Qg(y _ u))’

uee © uen\y uee

‘ 112 (1 _ ety ) ] - ‘ (1 “ 11 e—e¢(y—u>) 11 é(l _ e—w(yfu))

uea u€g uen\y u€es
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By the means of inequality H b; — H a; < Z bl — H b; for b; > a; > 0, cf. [7] p. 30
i=1 i=1 i=1

or [5] p. 27, we may further estimate the first summand of the above with

Z[¢<y—u>—g(1—e*¢y NI o)

u€el vef\u

and the second one with

3 (1 _ e—w(y—u)) 11 %(1 _ e—w(y—u))'

u€n\y u€g
As for the first one, notice that
1 —u)—1 e(y—u)
¢(y _ U) _ = (1 o 6—6¢(y—u)) — 5¢2(y o U) 5¢(y U) + e

2Py ) ¢*(y —u),

<

| ™

% for x > 0. Therefore
- €
\H (1) —[Tor—w| < 53— ] ély—v).
uef u€eé vel\u
In the second summand, we use 1 — e~ * < x, which gives us estimation

<1*H —eh(y— u)>H ( o—(y— u>><52¢ —u) [ty —v)

u€EN\yY u€g uen\y vEE

Coming back to |(LL" — V)2k(n)|, we have, recall assumptions (3.1)

Skl et )5 3" 6w - ) [T oty - v)Nde)da

R Ty YEN u€g veg\u
C
—c <22>69(|n|+1)|,k||0 3 / > *ly—u) [] oy —v)Ade)
yen p,  u€f ve&\u

Next, observe that by Lemma 2.21 and again by (3.1)

[ - T oo = [ [ - u ] oty - o)dura)

o u€g vef\u Ty R vEE
<16lt6) [ TTe"o(u — ]r(@) = [ol@) exp ((6)e")
Ty ve
which allows us to estimate the first part of |(LL*" — V')2k(n)| by
{e2)

e nle" M g|(9) exp ((6)”) 1Ko

and for ' > 6 by

S g o) exp ((@)e!)e ]

The second part of |(LL" — V')2k(n)| we can estimate by

/ / S Il es () 3 oy — w) [] 'oly — v)M(de)de

R4 To yen u€n\y veE
and this by
e(ca)|dl exp (e () e ||k ||g
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which, for 8’ > 6 is less than or equal to

el exp (¢'16)) Gr—grazae” Ikl

@
Summing up, we obtained for # > 6 and k € Ky
0
4 /
ren _ < 0 € <¢> 0’ |n| kllao.
(L2 = V)akin)] < slealélexp (10) |55~ 5y + r—gyren) " Iello

By similar calculations one can obtain exactly the same estimate for |(LL¢" —V)3k(n)],
which together with the estimate obtained for |(LL¢"—V')1k(n)| and the one just shown,
gives us finally

(Vo] < <[ 2 elol e (460) (55 Pt )|l
From the above, the statement of the lemma directly follows. O
LEMMA 5.3. Suppose that @ < 0" and k € Ky. Then (L1 — L")k € Ko and
||LZ2" = L log — O, e—0.

PRrOOF. By (5.1) we have
LI — L™ = (e — &) Ly}

+ / Z@(x;y)[ I e =™ @ mk)(m\yuz) — [ e (QZ/’re”k)(n\wa)}dw

R yen ueN\y uen\y
=[S et T e @remmem — T[ =0 @; ] dy.
R ren uen\z ueEN\x

Denote the above three summands of (L°" — LZf") as (LL®" — L)1, (LI — Ler)2
and (L°" — LI7")3 respectively. For the first one we have

I(LE™ = L™ lgor < | — el |1L5illoor-

For the next one, assuming that ¢’ > ¢, we may write

@z = 2kl < [ [ S Ikl Mea(as )" [ T fyrafe) TT e

R To yen u€eg ven\y
Lt IT o ataya
u€g ven\y

where .
— 21— 0=
fole) = < (1= e7=0).
Notice that both ¢ and € are non-negative, so that
fa(e) < (). (5.6)

Moreover, for ¢’ > ¢, by the means of inequality (¢/)" —e™ < (n+ 1)(¢’ —¢) (both e
and ¢’ are from (0, 1]) we have

) 00 ¢”+1(x) o .
pule) = 1) < 3 [ =]

< (¢~ o) [ 22 1 3 P < (@ yg(aer (57)
n=2 '
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By inequality H b — H a; < Z bl — H b; for b; > a; > 0 we may estimate further
i=1 i=1 ‘

(L2 = L™)2k(n)| by

[ e st )9 Y [1yte

R To yen u€eg
_fy u H e~ E E y ’U:| H fy w
ven\y wef\u
= [ ]S Il Meatass)e® Y [fym(e) = -l
R4 To yeN uel
+fy u (1_ H e~ (e'—e)p(y— v))} H fy w
ven\y wel\u
< [ ]S Il eatai )" 3 [f-u) = )
Ré T'o YEN uel
=) fyal@) D fyole =2)| [T FowlA@)de
ven\y web\u

Now, using (5.6) and (5.7) we obtain

’(Lren Lren Qk | < //Z|k||069|77|c2 T y 9|§|Z |: 5 _5 u)e¢(y—u)

R Ty YEN u€g

+(& oty —u) Y oly—v)| [ fi-wl@Ad)d

ven\y wef\u

By Lemma 2.21 and model assumptions (3.1) we can estimate furtlher by

(' = &)lIklloe? (e2)e™ (el 4 (|n] — 1)]o]) /Z/¢> —uHe¢y w)du(dg).

Ty Y&Ra

Finally, by (3.8) and (3.9) we obtain

(L™ = LE™)2k(n)] < (¢ = €)|[K[ge” (cz) e’ (I??Ie";SI + |77!2|¢>!)<¢> exp (¢(¢))

eldl 4|¢|
0 —0)e (0= 9)2e2>

< (&' = &) lkllge” e (e} () exp (¢ (6)) (

so that

(™ = LEYallon < (¢ — ) {ea) (@) exp (¢ (6)) (

eldl N 4|¢| )
0" —0)e (0 —0)2e2
Analogical calculations lead to the same norm estimate for the third part of LL°" —
L7 ie.
15 b

clél
L™ = L)l < (&= 2)e(e20) exp (0)) (=52 + f‘?‘pea)-

Therefore
HLgen — LgmHgg/ — 0, 6/ — E.
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THEOREM 5.4. For ag < ae and t < T'(cu, %) the scaling is continuous, i.e.
/
HQt,a - Qt,a’Ha* — 0, g — €.

and
”qt,E_TtHOé* _>O7 5_>05

where 14 is solution to equation (5.4) and qic,q o to equations (5.2).

ProOOF. For ¢,¢’ € (0,1] we have

Gte — Q1o = Sidoe — 5§ qoe = S5 (qoe — qoer) + (Sf — 8§ ) Qo,e'-

Estimating the norm of the above in Iy, , the first summand either zeroes out if the
initial state is Poisson measure, so that go. = qo for all € € [0, 1], or

HStE (QO,E - QO,E’) ‘

Lﬂ())t and HqO,s - qO,E'HQO —0ase —e.

/
a. — 0, e —e.

It comes from the fact that ||.S7||aga. < Tlox 00)=

The second summand can be rewritten as
t
€ ren ren g’
/ 85 (L2 — L) S5 o ords
0

so that

t
T (o, ao T(aq, ag
. S / T ( *9 ) . ( Y ) dS HLgen _Lg/enHalaQ ||q075/”a0

H(Sf B Stel) Qe (s, 2) —s T(ag,a0) — (t—9)

0
T(Oé*, OQ) . T(Oél,Oé())
T T(ax,a2)—t T(ag,0) —

ren ren
f ||L€ — Ly Hmaz ||CJO,8/Hao

for ap < a1 < ag < .
By Lemma 5.3 it means that

(s - 57)

for ¢t < min(T' (o, a2), T(a1, ap)). In particular, we can choose o and g in such a

— 0, e —e.

[eTsYe ™

way, that the above convergence holds true for t < T'(av, 2052=).
Therefore for ¢ < T'(cv, 225%=) we have
||Qt,€ - (]t,e’||a* — 07 g — 07

i.e. the first statement of the theorem holds true. Now, let us investigate the case
e — 0.

t
Gre — 11 = (qre — S5ro) + (Siro — SPro) = S5 (q0.e — r0) + / SS(LI™ — V)ri—gds,
0

so that by the means of Lemma 5.2 below and ||go.c — r0||ay — 0 as € — 0 (recall the
assumptions given at the beginning of this section), we obtain

lgte = rilla. =0, =0

for t < T'(au, 205%). O
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2. Repulsive coalescence. The analog of kinetic equation (5.5) can be ob-
tained using the same scaling technique for a more general model, where coalescence
is also repulsive. As the microscopic theory for this model is not developed, the conti-
nuity of the scale is not discussed. In Theorem 5.9, the main result of this section, we
show that obtained kinetic equation (5.14) has the unique classical solution for some
finite time horizon. The results presented in this section were published in [30]. Within
this more general model, the operator L, cf. (3.1), has the form

LFe) = Y [atyan(FoMauz) - FO))ds

{z.y}CY Ra
+) /62 3 'y F(y\zUy) - (v))dy,
xe’y
where ¢; is as previously (w1th ¢ denoted by ¢2 now)

Ga(w;y;7) = ealasy) [ e 0
uey\z

and ¢; is defined similarly as
G yizy) =aleyz) [[ e e,
ue\{z,y}

where c1, c2, ¢1, P2 are non-negative real functions that satisfy, analogously as in the
original model,

Cl(xaya Z) - Cl(yax Z)
/ 1(z1, x9; x3)dzidr; = (1) < oo, 4,5 =1,2,3, i # j,
(R4)?
[ etz = [ =) <o,
]Rd

Rd
[o@ar= (o) <. [ e =0 <.
R4 Ré

Let
aw,y;29) = (KCh ) (W\{z,9}),
Eoxsy57) = (KC2,) (v\w) (5.8)
for some C} ;e and C’g;y.
Suppose that FF = KG, where G : 'y — R. Then, by writing KLG = LF, we
define R
L=K'LK. (5.9)
By the properties of the K-transform we derive an explicit formula for L.

LEMMA 5.5. L defined as above has the following form

o) = [ X [Chyer ] on (oo

Ra {xvy}cn

/Z o * H } (n\z)dy,

Rd xren
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where
Hy,.n) = GnuUz)—Gnuz)—GnUy) —Gnu{z,y}),
HZ,(n) = Ghuy)—Gnuz). (5.10)

PROOF. First let us rewrite the operator L in a more convenient form. Using (5.8)
and taking into account that any configuration treated as a subset of R? is Lebesgue
measure-zero, cf. (2.15), we have

LiF(y)= > /(KCiyz()[KG('Uz)

{x,y}C'y ]Rd\,y

- KG(-U{z, y})D (\{z, y})d=
Observe that for any £ € T', z,y, z ¢ £ we have

KGEUz)= > Go= Y |G +Gmuz)| = K|G()+G(u2)|@©

nCCéUz nCcé
and analogously

KG(U{z,y}) = K |G() + G(-Ua) + G(- Uy) + G(- U {z,y}) | (€).
Using linearity of the K-transform and above observations, we obtain

LiF(y)= )Y /(KC;W() [G(-Uz)—G(.U:I:)

{zy}Cy Rja

= GEUY) - GCU )] O) O\

Considering the second part of the operator, we have

LoF (v /K v(7\2) KG(’Y\UCUZJ) KG(W)}CZZ/

- / (2,0 [6un) - 6t a6 ) \a)dy
Using notion (5.10) and property (2.6) of the product of K-transforms, we derive

LPO) = 3 [ K[Chx ] 0\ )

{zy}Cy Ra
LyF(y) =Y / K|C2, HE, | (1\e)dy
JJE’Y
Therefore

LFe) = Y [ K[Che ] 0\e))ds

{x,y}C'y R4
+ Z /K Cz;y*Hiy} (v\z)dy
me’y

Recalling the definition (5.9) of the operator L and denoting
LiG() = K LiF(n),  LxG(y) = K~ LaF(n)
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we obtain

LiG) =30 S [ K[Ch,x L, €\ (o)

S OOY In\{%y}\ﬁ\K[C *H;yz}(f)dz

Rre {zy}Cn €Cn\{z.y}

> KTK[Chyx HY | 0\, y)dz

Rd {Z¥}Cn
— [ 3 [l Bl ] oMo )
Rd {x»y}cﬁ
and analogously

LGln) = 3 (-1 Y [ K€, 12| @iy

§Cn z€l R4

/Z S ok, « 2] €y

R4 zEN ECn\z

/ZK 'K C2 *H2 ](n\x)dy

R xren
~ [ X [ez, 12, ] onaray
Rd ren
Therefore
L6t = [ 3 [Chyr il oneobdz+ [ 3 [C2, H2 0\
Re {z¥}Cn Rd TEN

g

The next step is to pass with the action of the operator L to the correlation
functions, i.e. to obtain L?, cf. (3.3) and (3.4). The latter can be derived from the
equation [ (LG)k(n)A(dn) = [ G(L2k)(n)A(dn).

FO 1—‘0

LEMMA 5.6. Operator L® for the repulsive coalescence model is of the form
L% =Lt + L,
where

L8k(y) = / / S 1,3 2)h(\= U € U o, y}e(t) — 1,)e(tD), n\2)A(dg)dady

(W Fo =<7

/chxy, k(U E Ug)e(tD) — 1,6)e(t, n\e)A(dE)dyd=
(Rd)? ry *€N

5 | ek ug U)ol - Lo, my)dg)dsd:

Rd)Q r, Y&
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[ [ X alsarmuue - 1, 0ed (s Az

Rd Ty {mw}Cn

and

L8k(n) = [ [ 32 kg g Uaentas et — 1, eltf? L) \(dE)ds

Re To yen
— [ [ K09 S ot TL et — 1.9e(e?) — 1\ 0)r(de)dy
Ré T'o TEN ueé

with
t(y) = e~ 017w, t§2) (u) = e~ P2,

see (2.5) for definition of e(f,n).
Proor. Using Lemmas 2.22 and 5.5 we get

J@ormrmaan = [ [ 3 [0l i o0 h =

To Iy re {zy}Cn

=3 [ [ G x i kU N sy,

Rd3r‘0

Recalling the definition (2.7) of the convolution x and using Lemma 2.20 twice, we
obtain

/ (E4G) () k() A (d)

1)

/ SO, (©) ST HL,(1\E U QK U L, y ) A(dn)dadyds

(]Rd)B Iy §Cn ey
/ / / 1O S HL, (U Ok UEU {a, y})A(dn)A(dE) dudyds
]Rd)B I'o To CC§

/ / / / L, (€UQOHD . (1UOKmUEUCU [z, y})AdmMdE)A(dC) dedydz.

]Rd)3 To I'p T'o
Using again Lemma 2.20, but in the opposite direction, we have
/ (EAG)(m)k(m)A(dn)
1)
[ 30 UOHL (kU € oy AAn)A(de) dodyd

(Rd)S Iy Ty SC7

// 2 ( / (nug Ui, y}z xyzfUC)/\(df)})\(dn)dxdydz.

]Rd)s To ¢Cn
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Let us rewrite above using the notion (5.10) of H} w2 (1)-

/<i1G>< / / (nU2) — GyUz) — Gy Uy) — Gl U {z,y})
To Rd3F0

[ / (UEL {2.4)) 3 O (€ U OAE) | M) dadyd

To ¢Cn

Using Lemas 2.21 and 2.22 we can rewrite RHS of the above as

/G //Zk MeUEU{m ) S CL (€ UONdE)dudy

Rd 21, €7 (Cn\z
[ knuguy) Y Oy €U 0Ny
(Rd)z Oy TEN ¢Cn\z
/Zk nU&Uz) > Ch (§UQNdE)dadz
(]Rd)z Oy Y& ¢Cn\y
> kMU Y Cha(EUQAdE)dz| Adn).
Rd T {Z¥}Cn ¢Cn\{z,y}

Employing the same technique to the second part of the operator f), we derive

/ (L2G) (n)k(n)A(dn)

To
> C2(EUQHE, (mk(nUEUx)A(dn)A\(dE)dady

(R9)2 T T ¢Cn

/G [//an\yUﬁUx > C2(EUQAdE)da

Rd Ty Y& ¢Cn\y
// nueY 3 €2, U df)dy}A(dn)
€N (Cn\z

R4 I'o
Therefore, we obtain

) =5 [ [ H\UeU L)) 3 Ol UONd)dndy

(Rd)z Iy 2€1 ¢Cn\z

[ knuguy) Y Oy €U 0Ny

(]Rd)Q To zEN ¢Cn\z
/Zk nuéuz) »  Ch, (EUQNdE)dadz
(Rd)Q To yen ¢Cn\y
Y kug) D Gy (EUQA(dE)dz
Rd To {z:9}Cn ¢Cn\{=y}

//an\yugu:g D 2 (EUONdE)da

Rd Tp YEN ¢Cn\y
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//Z]“?Uf Y CR(EUQN(d)dy. (5.11)

Rd T TEN (Cn\z

Note that so far we have not used any assumption about coefficients ¢; and ¢é» apart
from that they can be written as results of action of the K-transform on corresponding
functions C},.. and CZ,,. Let us calculate explicit forms of these functions. Recall
that

61(:57313 zZ3 ’7) = Cl(:E,y; z) H e—¢1(Z—u)’

uey\{z,y}
Ga(w;y37) = calwiy) [ e 0.
ueY\z
We have
Kci,y;z =1 ($, Y; Z)e(tgl)? ')7
that is
Calz,y;z:K_lcl('xay;z)e(l_‘_tgl) _17 ) _Cl z,Y;z 12 1 _1 f
= c1(z, g 2) K ' Ke(t) = 1,7) = ey (2, y; 2)e(t) — 1,
Therefore
Ch () = c1 (@, y; 2)e(t) — 1,m). (5.12)
Analogously we can derive
C:%;y( ) - 02(:[: y) ( ( ) — 1 77) (513)

We use the above to rewrite the operator L2. For convenience let us denote as
previously for the original model: part corresponding to the coalescence, that is the
first four terms of (5.11), as LIA and the part corresponding to the jumps, that is the
last two terms of (5.11), as L5. Substituting (5.12) we derive

LYk(n / /Zk (mM\zuéud{z,y}) Z c1(z,y; 2)
Rd 21, SN ¢Cn\z

e(t) — 1,6 U Q)N(dE)dxdy

—% / /Zk(nUSUy) > ez g 2)e(tt) — 1,6 UQA(dE)dydz
(R1)2 T €1 (Cn\z
5 [ [T rueun) ¥ ety - Leu @ dsd:
(R9)2 Tg yen ¢Cn\y
Yo kug) Y alm e = 1,6 UQA(dE)dz
Rd [y {Z¥ICn ¢Cn\{zy}

and analogously using (5.13) we obtain

gkt = [ [ S ha\yugus) Y ael? - LEUOAE

Rd Ty Y€1 ¢Cn\y

[ [K0u9 Y S calwinelt?) — 1.6U0N Ay

R To zEN (Cn\x
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Consider the first component L{} of L%, i.e.

ik =3 [ [ S rmeveu
(W)2 o €1
> iz y;2)e(t) — 1,6 U QA(dE)dady.

¢Cn\z

For a given n let us introduce C(n) = {{ € Ty : €N n # 0}. Then, because any
configuration treated as a measurable subset of R is of Lebesgue measure 0 and the
empty configuration does not belong to C(n) for any n € I'y, we have A(C(n)) = 0 for
every n € I'g. Indeed, using the Definition 2.18 of the Lebesgue-Poisson integral, we
obtain

NC) = [ Lo (©Ade) = 1] +§j o R -

Ty ]Rd)n

First, notice that [ (CO()n) = 0, as empty configuration is disjoint with any configuration.
Then, because
1 1 1
IO (@1, ey n) < TG0 (1) + 180 (2) + oo+ TG (20),

we have for every n € IN

/ Ig&)(xl,...,J:n)dxl...d:zn <n / [/Ig())( )dﬁ}dl‘l---dﬂfn—l-

(Rd)n (]Rd)nfl Rd

Taking into account that

/ 150, (@)da = / Iy(z)dz = 1(n) =0,

R4 R4
where [ denotes the Lebesgue measure, one can clearly see that A(C'(n)) = 0.
Therefore, when integrating over I'g\C(7n) instead of I'g, the result is the same.
However, all subconfigurations ¢ of n are disjoint with any £ € I'o0\C(n), which allows
us to separate the product taken over £ U ( into one taken over £ and another taken
over (. Thus we can write

Bk =5 [ [Tk usuie

<1Rd>2 Lo *<7
e(tt) —1,6) Y e(t) — 1, Q)\(d€)dudy.
¢Cn\z
Recalling the Definition 2.16 of the K-transform and its property (2.8) we have
et =1,0) = K(e(t) — 1,-)) (n\2) = e(t), n\2).
¢Cn\z

Therefore, we can rewrite the action of L4 in the form

ik = | /Zy k(M2 UEU {z,5})

(]Rd)2 To
e(t) —1,8)e(tM, n\2)\(d€)dxdy.
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Applying the same method for the rest of the L{ and for the L5, we obtain the

result. O

Using the same scaling technique, as described for the original model (L% obtained
by substitutions ¢; — e¢1, ¢1 — €¢1 and ¢o — £¢2), we obtain V = hH(l) L7" of the
e—

form

Vi() = + / / S ex(, g 2)k(n\e UE U {,5}) [T (61 (2 — w))A(d€) dardy

2
(Rd)Z Iy 2€1 u€g

[ kg U TL-éx( - u)a@)dyd:

(]Rd)z Iy €N u€g

-5 | [ Zatuakmueun [[-o: - w)ddsd:

(R4)2 To yen u€eg

[ 3 kiU Unieatasy) T[(-only — wAde)ds

R Do yen u€eé
~ [ [ K093 eatwi [T (-6aly — w)Ade)dy
Rd To zEn u€eg
The corresponding kinetic equation can be written as
d
S@) = Ralpn2) + Ralpinv), pioolt) = po(w) € IX(RY)  (5.14)
where
1
Ra(pinz) = —5@) [ (er(e,:0) + ealy ) pely)dyds — i) [ eatos )iy
(]Rd)2 R4
= —pi(x)h(pt, z)
with
1
o) =5 [ (exewia) + a.:2) m)dyds + (e
(R)2
and
1
sona) = [ atuaa)en ([ o - uplu)dn) po)()dyds
Rd)Q R4
1 .
5 Cl xr,Y;z —|—01(y,:r,z))
Rd)z
1= exp (= [ ére = wp()du) | pu(o)pu(u)dydz

Rd

+ [awnen (- [ o - pde)p)dy

R4 R4

+ /02(w;y) [1 — exp ( - /qbz(y - U)Pt(u)du)}f)t(m)d?%
R4

R4
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Kinetic equation (5.14) can be written in the equivalent form of the integral equa-
tion
t ¢ ¢
pe(z) = po(x) exp ( — /h(ps,a:)ds> + /Rg(ps,x) exp ( — /h(pg,x)da>ds. (5.15)
0 0 s

Now we will move to the main result of this section, the existence and uniqueness
of the local classical solution to equation (5.14). Before that, let us introduce some
additional notions and prove two technical lemmas: Lemma 5.7 and Lemma 5.8.

Consider X7 = C([0,T] — L¥(R%)), T > 0 with the norm

lpllrey = sup e |py]| .

)

Denote
Bro(r) = {p € Xr+ lpllze <7, pe >0Vt € [0,T]},
Br (1, p0) = {¥ € Bry(r) : %0 = po},
where pg € L%(R%), po > 0, r > ||po||re and T,y > 0.

LEMMA 5.7. Given r > 0, there exist v,T > 0 such that F defined by the RHS of
(5.15) with the domain By« ~(r) C X1+ acts again to the Brp« (1) for any T* € [0,T].

Proof of Lemma 5.7. Take arbitrary T,y > 0 and p € By (7). Note that
hpr, ) = {ca),
3
Ra(pt,x) < Slpel[Zoe (e1) + 2llpel [ L (c2),

pe(x) < [lpel Lo < €| pl|75. (5.16)
It is obvious that F' preserves positiveness of p. Furthermore, using above estimates
and the definition of By, (r), we derive
¢ ¢ ¢
(F®) @) = mix)exp (= [ hipu)ds) + [ Ralpesa)exp (= [ hipr.a)io)ds
0

0 s
t

< [|pol|peee ™) +/Rz(Ps,x)e(s_t)<02>ds

0
t

3
<t ol + [ (Glee® D ol + 2ea)e D gl ) s
0
Therefore we obtain

() = )

(27 + 1){ca) N1 (e(wl)@t - 1)] :

v+1
Thus
()], <r s ).

te[0,T)
where

_ 3(cy)r 2
f _ (v+1){c2)t NS o2y 1) (et (v+1){e2)t _
(8) =e [1 2(2v 4+ 1){c2) (e 1) v+1 (6 1)}
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Note that f(0) = 1. Additionally
_ 3{c1)r
"(4) = — 1 (r+1)(e2)t | (2y+1){e2)t _ 1
£t = (1 + Diea)e 14 s (e )

b 2 ) (et _1)] 4 et [3<01>T€(2v+1)(62>t + 2{ca)elr+D]
v+1 2

and hence

£0) =~y + Dlea) + (S lea)r + 20e2)).

Choosing v > 1+ 32<2:(:12>>r we have f/(0) < 0, which guarantees existence of T such that

sup f(t) = 1. Taking T = T* for T* € [0,T] yields
te[0,1)

IE ()7 <7

Therefore F'(p) € By« (r) for p € By« (r). O
LEMMA 5.8. Let pg € L®°(R%), pg > 0 and r > ||po||p~. Let T~ satisfy lemma 5.7

for this r. We can choose T* € [0,T] in such a way that for any p, 1 in By« (r, po)
the inequality ||F(p) — F(¥)||7+» < Cllp — ¥||1+~ holds for some constant C' < 1.

PROOF. We have

(ﬂm—FWDCw—m@Nm(—/M%wMQ
0

¢ ¢ t
+ [ Ra(ps,x) — | h(po,x)do )ds — h(vs, x)
0/ 2(ps, T exp( S/ p a) s — po(x exp 0/
¢ ¢
— [ Ro(abs, ) — [ h(Wy,2)do )ds = D1 + | Dads, (5.17)
0/ 2 x exp( S/ x a) s 1 0/ ods
where
¢ ¢
Dy =po(z)|exp | — [ h(ps,z)ds) —exp | — )
1 pox[ep< 0/ Psy T s) ep< O/h(w :cds)]
and

t

/t Ro(ps, x exp(—/h(po,w)d0>
0

— Ro(ths, ) exp ( - /h(wg,x)da)}ds.

Take an arbitrary T* € [0, T]. We have

t
D1l < lpollz={e1) / [lps = WsllLeds < rer)te? " ||p — |

T (5.18)
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In order to estimate | D3|, consider two cases. First, suppose that
¢

/ (h(pg,x) — h(l/ng’))dO' > 0.

S

Then

1D2] < [Ra(p)exp [ = [ (hlpora) b)) do]

t

~Ra(bu)exp |~ [ (hlpor2) = b)) do]|

s
t

HRatvs ) e [ = [ (hloor) = b)) do] ~ Ra(we,)]

t

< |Ra(pus) = ol )| + ol ) {1 = exp [ = [ (lprs) = W) do] }.

s

¢
In the other case, when [ (h(pg, x) — h(g, x))da < 0, we have analogously

S

t

1D2] < [Ra(pus) = Rafthns)| + Ralpesa) {1 exp [ = [ (n(wi) = hipn ) ) o }.

S

Note that both Ra(ps,x) and Ra(1)s,x), as both belong to Br« ,(r), satisfy the same
estimate (cf (5.2))

w

Ro(ps, @), Ra(hs, ) < (e1)e?V (2502 4 2(ep)er(e2)op,

\V)

which allows us to write

3
D] < |Ralpas2) = Ralips, )| + (G len)e® 202 + 2(e)ere2)r )

t

{1—exp[—/‘ (Vo 2) — h(po, @ ‘da}} (5.19)

S

We have

t
1—exp{ /‘h(l/}a, h(po,x )da /‘h Vo, z) — h(po, x ‘do’

s

—_

—5 1 | (a6 +eawa2) (polo) — vatw))dydz]do

t

t
= /<01>Hpa — Yollpeedo < /<Cl>€7<CQ>JHP = Pll75do

S S

< (en)e? Nt = 8)llp = Pllre s
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which yields
t

1—exp | - / [1(0,2) = hlpg, 2)|do] < (et @ llp—ullry.  (5:20)
Let us estimate s
[Ralp ) — Rofip, )| < ;/q(yzx) exp /m: u)ps(u)du) ps (y)ps (2
(R9)2
—exp /¢1 x —u)p Ys(z ‘dydz

1
+2/(01(:pyz)+clyxz 1 exp /¢1Z u)p

(R4)?

—1—exp —/gf)lz—u Suu Ys(x) Sy‘dydz

—l—/cz(yx) exp /¢29€ u)p ()du) s(y)

R4

—exp (- / ol — u)s(u)du )iy 1)y

+/02(x Y) Hl exp /¢2 y —u)ps(u )duﬂ s()

R4 R4

— [1 - exp - /qbg(y — u)ws(u)duﬂ @Z)S(:c)‘dy
R

Denote by I; the i-th component of the RHS of the above inequality for ¢ = 1,2, 3, 4.
Then estimating analogously as above we derive

I Iy < {e2) (7 o 7€) Jp —us]|
Moreover, noting that

s )p(2) = ulw)in(2)|

< 5 (952 + 0520 o) = )] + 5 (00) + 05(®) [o02) = 05(2)]

we obtain

I < 1(C1> (2@27(02)37“ + 63’Y<C2>5<¢>1>T2) ’ ‘p - 1#‘ ‘T* J

2
L< (1) (262v<cz>sr + 637(62>S<¢1)r2) ‘ ‘,o - 1,!)‘ )T* .,
Therefore |

Rolps, ) — Ra(bs, )‘ < [;)<cl>e'y< 25 (2676310 4 e85 (4)r2)

+2(cg)er e (e'y 23 ( by 7“—{—1)]Hp @DH (5.21)
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Substituting (5.20) and (5.2) into (5.2) and using it together with (5.18), we obtain
(cf 5.2)

(Flo) = F@)) ()] < 5t

t

where
£(8) =t [5r2 e (e + (91)
+mﬂ@%qu@ﬁ+3@g+2@g@g)+x@ﬁ.
Therefore

|F(o) - Fw)

< sup f(t)
T .
Y te[0,7%]

Note that f(t) is continuous, increasing function of ¢ and f ( ) = 0. Thus, there
exists T** > 0 such that f(7™*) < 1 and f(¢) € [0, f(T™)] for t € [0,7**]. Choosing
T* = min(7T**,T'), we obtain

Fo)-F@)|| . <c|lo-v|

[P = F@)|,. <ollo—w]|,.
with O = f(T*) < f(T*) < 1. 0

THEOREM 5.9. Problem (5.14) with the initial condition py € L>®(R%)),
po > 0 has the unique local classical solution.

PROOF. Choose r > ||po||re and take corresponding +, T from lemma 5.7. Take T* as
in lemma 5.8. Define the sequence of Picard iterations (p{™),en, in the following way

P’ = po ¥t € [0,T7),
p™ = F(p™ 1), ne. (5.22)

Obviously, p(® € Br+ ,(r). Therefore, by lemma 5.7, p € By« (r) for all n € N and
from lemma 5.8 we obtain

Cn

(n+k) _ o~
"¢

Tﬂw§:<7”4]’<!wa)—p(”
=1

[lp Pl < [1pM = p©
where C' < 1 is a positive constant. Therefore (p("))n €No defined by (5.2) is a Cauchy
sequence. As Br« (r) is a closed subset of a Banach space, there exists

lim p™ = p & Byp-,(r).

n—0o0

Clearly F(p) = p and therefore p; satisfies the integral equation (5.15) for t € [0,T™].
Thus it is a local classical solution of (5.14).

Now suppose there is another local classical solution of this equation, say 1. Then
1o = po and for r,v,T* as above, there exists T' < T such that ¢» € By, (r). However,
from lemma 5.8 we have

o =Pl = [1F(p) = FW)llry < Cllp = ¥l
for C' < 1, which means that

lp = ¥llry =0

and thus p is the unique local classical solution. O
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6. Numerical simulations

This section is devoted to the numerical simulations of the studied system by
finding approximated solution to kinetic equation (5.5). Here, we consider only one-
dimensional system, i.e. d = 1. Most of the presented results were published in [22]
and [29]. Contents of this section are based mainly on the latter article, with some
editorial changes, additional examples coming from the other article and finally some
unpublished results.

First, we make additional assumptions regarding intensity coalescence c¢; and jump
kernel cy. Namely, let

ci(z,y,2) = b(x —y)d((z +y)/2 - 2) (6.1)
and
e (2, y) = alz —y),

where a and b are non-negative, even functions and § stands for the Dirac §-function.
It means that both jumps and coalescence intensities depend on the distance between
involved particles and the target point. Moreover, the resulting point of the coalescence
of two particles in z and y is at the middle z = (x 4 y)/2 of their locations.

The d-function was used to simplify the calculations as it allows us to lower di-
mensionality of the integration. Indeed, integrating over z to eliminate J-function, the
kinetic equation (5.5) transforms to

apgix) S /Oo a(x — y) exp (- /OO ey — U)Pt(u)d“> pe(z)dy

—0o0 —00

+ /°° a(z —y) exp (_ /Oo #le = u)pt(u)du> )y

—00 — 00

oo
2 [ e - y)onle) — b2Aa — p)uC2e — ) i)y (62
— 0o

where the assumed properties of the kernels have been taken into account. Imposing an
initial condition po(z),z € R, (6.2) leads to a complicated partial integro-differential
equation. Because of the presence of spatial integrals and nonlinearity, we doubt it
can be solved analytically in general. That is why we develop a numerical approach
for solving this equation.

6.1. Numerical algorithm. In order to solve numerically the kinetic equation,
it is necessary, first of all, to perform its discretization in coordinate space. Let x; be
the grid points uniformly distributed over R with mesh h. Then the discrete analog of
(6.2) is

dCZi =h Z (aifj exp [ — hz @i—knk] nj — Qj—j €Xp [ —h Z gpj_knk} nz)
j k .

—2h Z bi,jnmj + 2h Z bgi,gjnjn%,j, (6.3)

J J

where n; = n(x;,t) and n(x;,0) = po(x;) with a;—; = a(z; — x;) = a((i — j)h),
bi—j = b(x; — xj) = b((i — j)h), vi—r = ¢(x; —xk) = @((i — k)h), and the infinite
sums over j and k correspond to the spatial integrals. It is obvious that in the limit
h — 0, the discretized kinetic equation (6.3) coincides with its original continuous
version (6.2). Replacing i — j by j, taking into account that the summation is carried
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out over the infinite number of terms, and introducing the auxiliary quantities

A = exp { —h Z goi,knk}, (6.4)
k
one can rewrite (6.3) as
dni
dt = hzj: <aj(/\mi_j — /\i_jni) — ijnmi_j + 2szni_jni+j> (6.5)

where a; = a(jh), bj = b(jh), and by; = b(2jh).

In computer simulations we cannot operate with infinite-size samples leading to
the infinite summation over j in (6.3), (6.4), and (6.5). Because of this, we consider a
finite number N of grid points z; uniformly distributed over the area [—L/2, L/2] with
spacing h = L /N, where i = 1,2, ..., N. The finite length L should be sufficiently big
and the number N of grid points must be large enough to minimize the discretization
noise. Then A will be sufficiently small to provide a high accuracy of the spatial inte-
gration. The finite-size effects can be reduced by applying the corresponding boundary
conditions (BC) when mapping infinite range (—oo, 00) by finite area [—L/2, L/2]. In
view of the aforesaid, (6.5) represents a coupled system of N autonomous equations,
where ¢ = 1,2,..., N and summation over j is performed according to BC.

We consider three types of BC: Dirichlet (DBC), periodic (PBC), and asymptotic
(ABC) boundary conditions. The choice depends on initial function pg(z) and expected
properties of solution p(x). For example, if pg(z) takes nonzero values only within a
narrow interval [—{/2,1/2] with [ < L, we can apply the DBC by letting n; = 0 for all
|zj| > L/2. This means that during the finite simulation time 0 <t < T', the non-zero
values of n;(t) do not approach the boundaries xp = +(L/2 — max o), where max o is
the maximal radius of the kernels (see Section 6.2). In numerical calculations this can
be expressed by the condition n(zp,t) < € max, n(x,t), where 0 < ¢ < 1is the relative
tolerable level (a negligibly small quantity slightly exceeding machine zero). When the
propagation front becomes too close to the boundaries, i.e., n(zp,t) > ¢ max, n(z,t),
we should enlarge L (e.g. gradually doubling it) until to satisfy the required first
condition, use DBC again, and continue the simulation for ¢ > T. We also consider a
case (see Section 6.2.3) in which members of infinite configuration are initially absent
in one half-space. This requires a modified BC that combines DBC and ABC with an
addition of adjustable system-size approach.

If po and, thus, n(-,t) are periodic functions, it is necessary to apply PBC. Accord-
ing to PBC, the summation in (6.5) for each i = 1,2,..., N is performed not only over
all j = 1,2,..., N but also over all infinite number of images j’ of j. The images are
obtained by repeating the basic interval [—L/2, L /2] by the infinite number of times to
the left and to the right of it, so that xy = x; = KL, where K = 1,2,... and nj = n;.
This reproduces the periodicity n(x + KL,0) = n(z,0), where x € [-L/2,L/2]. The
solution n(x + K'L,t) = n(z,t) will also be periodic for any time ¢t > 0 with the same
(finite) period L. In such a way the infinite system can be handled by a finite-size
sample. Because the kernel values a; and b; decrease to zero with increasing the inter-
particle distance, the summation over j in (6.5) can be actually truncated to a finite
number of terms. The truncation radiuses R,; are chosen to satisfy the conditions
a(|z|) = 0 and b(|z|) = 0 for |x| > R, and |z| > R}, respectively.

In the spatially homogeneous case when n(x,t) = n(t), we should apply ABC,
ie. ny = n(t) for all 2y < —L/2 and njs = n(t) for all z;; > L/2. For this case,
PBC and ABC lead to the same results. The ABC can also be used for spatially
inhomogeneous solutions n(x,t) which are flat for + < —L/2 and > L/2 at a given
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t where they take non-zero constant values. Then nj = n(—L/2,t) for all z;; < —L/2
while nj; = n(L/2,t) for all xj > L/2. If in the course of time the flatness is violated
at a current L, the basic length should be enlarged using the automatically adjustable
system-size approach mentioned above.

The uniform knot distribution over [—L/2, L/2] can be chosen in the form x; =
—L/24 (i—1/2)h, where i =1,2,..., N with even N. This provides the symmetricity
of knot positions with respect to x = 0. Then according to PBC the calculations of
n;+; should be performed as

S N j+ N, 1—g <1 S Nitj—N i+j5>N
”"J{nu, 1<i—j<N ”Z*J{mﬂ- 1<i—j<n - (60
The application of DBC result in
|0, i—j<1 ] i+j>N
””_{m_j, 1<i—j<N - ”Zﬂ‘{mﬂ- 1<i—j<n - (67
and and ABC in

R 1—j<1 o i+j>N
”"J‘{nu, 1<i—j<N ”Z*J‘{n@-ﬂ- 1<i—j<n - (68
respectively.

In order to solve the problem (6.5), we use Runge-Kutta scheme of the fourth order
(RK4) to calculate the values of n;(x,t) for increasing ¢.

6.2. Results of the performed simulations. In order to apply the algorithm
described in the preceeding section and numerically solve equation (5.5), we need to
precise initial population density and exact form of parameter functions involved. The
jump a(x), coalescence b(x), and repulsion ¢(x) kernels were modelled by Gaussian

Gr(w) = — \,/% exp (-2”?‘22) (6.9)

or rectangle
£ |z| <o
— 207 - 1
Cho(@) { 0, z| > o (6.10)
functions, where p = piq, pp, p, are the intensities and o = o4, 03, 0, the ranges of
the corresponding interactions. A symmetrical pair of shifted Gaussian or rectangle
functions was involved as well,

Foos() = %(FW,(:U )+ Bl +35)). (6.11)

where F' stands for G or C and s is the shifting interval.

In order to consistently analyze the influence of parameter functions on the dy-
namics, the following four situations were considered: (i) pure free jumps; (ii) repulsive
jumps; (iii) pure coalescence; and (iv) repulsive jumps with coalescence. The initial
conditions were chosen in the form of Gaussians (6.9), rectangles (6.10), trigonometric
or step functions.

6.2.1. Rectangle initial density. The first example relates to the initial condition in
the form of periodic rectangle function. The infinite system is reproduced by repeating
the single rectangle segment C ; (z) at « € [—L/2, L/2] with a period of L and applying
PBC (6.6). The jump a(z) = G, 0, (), repulsion p(x) = G, - (), and coalescence
b(z) = G0, () kernels are modelled by the Gaussians.

First, let us consider the case of free jumps (i.e. b =0, ¢ = 0) with jump kernel
a = G1,1. The discontinuity of initial density quickly dissipates, transforming the
initial density into a function resembling periodic Gaussian. With increasing time, the
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FIGURE 1. Free jumps without coalescence. Approximated density pr
on [—10, 10] for periodic C 1-type initial condition with period L = 40.
On the left: evolution in time with G711 jump kernel. On the right:
comparison at T' = 20 with different choices of jump kernel. [22]

system tends to homogeneity, see left plot in Figure 1. Increase of the strength (1)
or range (0,) parameter, as well as the shift of the jump kernel result in acceleration
of this process, see right plot in Figure 1.

Next, we consider addition of repulsion and/or coalescence. We consider corre-
sponding intensities to be either zero or p, = 1, p, = 20, and p;, = 1. Three sets of
kernel ranges were taken into account, o4 = 0, = 0, = 1, 04 < 0, < 0y With o, = 0.5,
o, = 1, o, = 2 and vice versa, 0, > 0, > o with 0y = 2, 0, = 1, 05, = 0.5. The
corresponding time evolution of spatial structure n(z,t) is presented in Fig. 2 for the
cases of pure free jumps, repulsive jumps, pure coalescence, and repulsive jumps with
coalescence with o, = 0, = 0y, = 1, parts (a), (b), (c), and (d), respectively, as well,
with o, < 0, < 0y and 0, > 0, > 03 for coalescing repulsive jumps, parts (e) and (f).

In Fig. 2(a) we see the dynamics similar to one observed previously in Figure 1.
In the limit ¢t — co we expect absolutely flat density lim;_,o pt(x) = p1o/L. In (b) we
see that addition of relatively strong repulsion to jumps results in the slowing down of
the process of homogenization. Additionally, we observe the emergence of two addi-
tional local maxima in the ranges x ~ +2 due to the repulsion between particles. We
believe that all the maxima disappear at t — oo with the same asymptotic behaviour
limy_, o0 pt(x) = 1/L as for the free jumps. In contrast, for free coalescence, see part
(c), we expect decay of p;(z) to zero at t — co. Moreover, here the particles remain
to be located exclusively within the initial intervals [—1,1] + kL, k € Z and they are
absent outside of it at any t.

When the repulsive jumps are carried out in the presence of coalescence at equal
interaction ranges o, = 0, = 03, = 1, see part (d) of Figure 2, the pattern is somewhat
similar to that of part (b). However, the three-maximum structure dissipates now
much faster. For short-ranged jumps, where o, = 0.5, 0, = 1,05 = 2, the central
peaks at x = 0 become sharper, while the secondary side maxima at x ~ +2 do not
seem to appear, see part (e) and compare it with (d). In the case of short-ranged
coalescence when o, = 2,0, = 1,04 = 0.5, the central peaks transform into a more
complicated structure with one central minimum at x = 0 and two side maxima at
x ~ 0.5, see part (f). The secondary maxima at x ~ £2 become more visible with
respect to those for equal-range interactions, cf. part (d). Thus, the influence of jumps
on the dynamics increases not only with increasing their intensity but range as well.
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FiGURE 2. Time evolution of population density at several moments
of time ¢ for periodic C 1-type initial condition (with period L = 20)
in the cases: (a) pure free jumps; (b) repulsive jumps; and (c) pure
coalescence; as well as repulsive jumps with coalescence for (d) equal
interaction ranges; (e) short-ranged jumps; and (f) short-ranged coa-
lescence. [29]

The same concerns the coalescence. Note also that the density profiles in Figures 2
(a)—(f) are symmetric, i.e., p(—x) = p(x), like the initial condition, po(—z) = po(z).
This follows from the symmetry of the kinetic equation.

As another example, consider asymmetric initial condition in the form of Ny shifted
single rectangle functions C, 4, (z + si) with intensities v;, and ranges oy, namely,

No
po(@) = 3 Copo @+ 51) (6.12)

k=1
where s, = —L/2 + (k — 1/2)L/Ny are shifting parameters. Repeating (6.12) with
period L, we should apply PBC to deal with the infinite system. We used a particular
case of (6.12) with My = 3 and L = 20 as well as three different amplitudes vy 23
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FiGURE 3. Time evolution of density for asymmetric initial condition
in the form of three rectangle functions with different amplitudes. [29]

generated at random in the interval (0, 1). The corresponding result is shown in Figure
3.

Looking at Figure 3 and comparing it with Figure 2 we see that the evolution of
density for short time interval can be approximately presented as a sum of independent
separate solutions obtained for single rectangle initial densities C, o, (z + si). With
time increment, it ceases to be the case. Again, in the absence of coalescence, see
parts (a) and (b), the density seems to tend with ¢ — oo to the nonzero constant
(v1 + v2 + v3)/L. For pup > 0, the density seems to take its zeroth asymptotics at
t — oo, see parts (¢)—(f), except special cases, see below. For populations with periodic
initial densities po(x + kL) = po(z) with € [-L/2,L/2] and k € Z, the solution p,
will also be periodic for any time ¢ > 0 with the same period L. We can observe this
in particular for —L/2 and L/2. Investigations show that the increase of the strength
u and range o of the jump and coalescence kernels accelerates the speed of density
evolution.
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FiGURE 4. Evolution of initial density in the form of two rectangle
functions C1,152 in the cases: (a) pure coalescence and (b) coalescence
with free jumps. The interactions are modelled by shifted pair rectangle
coalescence C 1 g and Gaussian jump Go2,1 kernels. [29]

As visualized in Figures 2 and 3, the presence of coalescence seems to lead to the
zeroth asymptotic provided the kernels are single rectangle functions with positive
values around zero (the same concerns simple Gaussians). However, the coalescence
kernel can be chosen in the form b = C), 5 s of a pair of shifted rectangle functions, recall
(6.11), with appropriate shifting parameter s to avoid the zeroth density limit. The
initial inhomogeneous density should also be chosen correspondingly. For instance, we
can consider pg to be Cf 1 52-type periodic function with period L = 20, recall (6.12).
In the absence of jumps and with coalescence intensity b = C7 g the evolution of
density is depicted in Figure 4(a). We see that the initial rectangles soon transform
into triangle-shaped peaks centered at x = £(5+kL). Additionally, new peaks appear
exactly in the middle of them at x = 0 + kL. At long times the modification of the
density profile slows down to a level suggesting that the system approaches a non-trivial
stationary state.

Allowing particles to jump changes the situation radically, as is demonstrated in
Figure 4(b) for Gaussian jump kernel G2 1(z). Even for relatively small jump intensity
e = 0.2 and range o, = 1, the density quickly decreases to zero everywhere, after
initial period of time, when new peaks are formed. It is interesting to remark that the
monotonic decrease of main maxima in x + 5 is accompanied by nonmonotonic change
of the magnitude of the newly formed peaks in z = 0 (and £kL). This magnitude first
increases (cf. densities at t = 1 and ¢ = 4) and then decreases.

6.2.2. Trigonometric initial density. Next example is the initial density in the form
of a trigonometric function

Tno,uo,k(fc) = no (1 + o COS(271']€:1:/L))7

where 0 < ug < 11is the coefficient of the modulation and k& > 1 defines the period L/k.
Then PBC should be used to reproduce the infinite system. The obtained solutions for
po(x) =T 13(x) with ng =1, o = 1, k = 3, and L = 20 are plotted in Figure 5 when
jump, repulsion, and coalescence kernels are Gaussians a(z) = G11(z), ¢(z) = Gs1(x),
and b(x) = Go.5,1(x), respectively.

From Figure 5(a) we see that pure free jumps do not change the form of density
profile which remains to be of the trigonometric shape with the same periodicity. In
particular, the density continues to oscillate around the same level ny(1419)/2 = 1 for
any t. However, the amplitude of these oscillations decreases with increasing ¢, leading
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FicUure 5. Evolution of density with trigonometric initial condition
T1,1,3(x). The jump (J), repulsion (R), and coalescence (C) kernels are
Gaussians G11(x), Ggi(x), and Go.as,1(z), as indicated above plots.
[29]

to homogeneity in long term. The addition of repulsion alters the simple trigonometric
form. Additional local maxima and minima emerge, see Figure 5(b). Moreover, the
homogeneity is being achieved here much slower than in the case of free jumps (compare
density at ¢ = 5000 in Figure 5(b) versus for ¢ = 10 in part (a)). This is caused by the
strong intensity of repulsion potential u, = 8.

For pure coalescence in Figure 5(c), the density decreases to zero at t — co. The
inclusion of jumps, see Figure 5(d), changes the behaviour of solution. It approaches
spatial homogeneity faster, as near minima density initially grows, contrary to the case
of pure coalescence, where these minima remain to be zero for all .

An interesting case is a system with strongly repulsive jumps where kernels are
shifted (recall (6.11)). When repulsion is strong enough, with appropriate shift it
seems to lead to appearance of non-trivial stationary states. It is presented in Figure
6, where jump kernel was taken as G 12 and repulsion intensity in the form of Gg 1 25.
When the shift of kernels get reduced, the repulsion is no longer able to counteract the
process of homogenization. It makes it considerably slower though. In the Figure 7
similar forms of kernels as previously were utilized, but with reduced shift parameters.
For the jump kernel this parameter was changed from 2 to 0 and for repulsion intensity
from 2.5 to 1.5. When comparing Figure 6 with Figure 7, one can see that the alteration
of shift parameters changes drastically the behaviour of the system. In the first case,
where the range of repulsion is longer, initial peaks becomes higher and thinner and
the regions of small density between them get wider. When the repulsion range is
shorter, the amplitude of the initial trigonometric function gets smaller with time and
the system clearly tends to the spatial homogeneity.
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6.2.3. Step initial density. Another interesting case to study is the initial condition
in the form of the Heaviside step function

no, <0
@ ={ " 15

Here, the density is not periodic, so a different approach should be used. The size of
the initial interval [—L/2,L/2] on which the simulations are performed is gradually
increased with increasing t, according to the automatically adjusted system-size ap-
proach. Additionally, a modified BC should be applied by combination of DBC and
ABC. The DBC (recall (6.7)) is used from the right, where lim, ,~ p:(x) = 0 for all
t. From the left, we must employ ABC (recall (6.8)). When nonzero values approach
the right boundary, the system size L is enlarged and the simulations are continued.
From the left, we measure the difference between the actual values of n(z,t) near
boundary and their homogeneous counterpart n}}‘%K(t). When this difference exceeds
the predefined level e max, n(z,t), the system is enlarged. n'.-(¢) is obtained by solv-
ing numerically the kinetic equation for the spatially homogeneous initial condition
po = ng in parallel to our spatially inhomogeneous case.

Time evolution of density for step initial condition pg(z) = Hi(x) is presented in
Figure 8. Gaussian jump G, o, , repulsion Gy, »,, and coalescence G, 5, kernels were
employed. Respective intensities were set to p, = 1, p1, = 8, and j, = 0.1. All range
parameters were set to equal value 0 = 1 in parts (a)—(d). In part (e) coalescence
range was increased and jump range descreased, namely o, = 0.5, 0, = 1, and op, = 2
and in part (f) vice-versa with o, =2, 0, =1, and o3, = 0.5.

As can be seen in Figure 8(a) for pure free jumps, the discontinuous step function
po(z) = Hi(z) with the flow of time transforms into a continuous S-shaped curve. The
density for negative x decrease and for positive increase. After obtaining continuous
shape, it remains unchanged in z = 0 and symmetric with respect to point (0,0.5),
the value 0.5 being the arithmetic mean of two initial values — 1 to the left and 0 to
the right. The slope of these curves becomes smaller with increasing time and seem to
tend to the mid-value everywhere.

In part (b) of Figure 8, the repulsion effect is added. Here, density at = = 0 also
remains constant after initial discontinuity disappears, but it is lower than in the case
of free jumps. Additionally, the shape is more complicated, including the appearance of
local maximum for positive x, which becomes more and more flat with the flow of time
and eventually vanishes. In the long term, the density seems to approach homogeneity
as in (a), but this process is slower.

For pure coalescence we can observe in Figure 8(c) that the initial step function
H; changes to a more complicated shape with a small peak to the left of the initial
discontinuity at x = 0. The density for positive x remains unchanged at zero level
and for negative arguments it tends to zero as well. Moreover, the initial discontinuity
does not vanish even for relatively long times.

The inclusion of repulsive jumps, see Figure 8(d—f), reduces the peak appearing to
the left from = = 0, making the density profile more homogeneous around initial dis-
continuity, when compared to (c). When jumps are stronger (longer range) compared
to coalescence, this effect is more visible (see Figure 8(f) and (d) vs (e)). Addition-
ally, in contrast to the case presented in (c), the density obtains positive values also
for x > 0 due to the jumps. Repulsion causes another peak to the right of the ini-
tial discontinuity point to appear, similarly as in case (b). Stronger jumps make it
more visible, compare Figure 8(f) to (d) and (e), where this peak is barely visible.
Ultimately, the system approaches zero everywhere like in (c).
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Ficure 8. Time evolution of density for initial condition H;. The
jump, repulsion, and coalescence kernels are Gaussians with different
intensities and ranges (see the legends inside). Initially, the system is
considered on the finite interval [—10, 10] and further its size gradually
increases according to the automatically adjusted approach. [29]

Note that for the inverse initial step function po(z) = Hp,(—x), the results n(z,t)
presented in Fig. 8 should be inversed to obtain solutions without resolving the kinetic
equation, i.e. n(x,t) = n*(—x,t), where n* is obtained approximated solution in the
case of po = H;. This statement is quite general and remains in force not only for
step functions, but for any other asymmetric initial condition. This follows from the
structure of kinetic equation (6.2) and the symmetry of kernel functions.

A very interesting case is the dynamics of the initial step distribution H; in the
presence of strongly repulsive jumps, when shifted Gaussian kernels are employed. In
Figure 9(a) the results of simulations are presented with shifting parameter s = 2 for
jump kernel in the form of G112 and s = 4 for repulsion intensity Gig1,4. It leads
to the emergence of self-propagating spatial inhomogeneity in the form of thin peaks.
They propagate to the left with increasing amplitude and to the right in the form
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FiGURE 9. Dynamics of the system starting from unit step function
H; in the cases of pure repulsive jumps (a,c,d) and repulsive jumps
with presence of coalescence (b). The interactions are described by the
shifted Gaussian jump G1,1,s, repulsion G111 ¢ and coalescence Go.05,1,2
kernels with different kernel shifts: (a) s = 2, s = 4; (b) s = 2,
s =4(c)s=1 ¢ =2;and (d) s =4, s = 8. Initially the system
is considered on the interval [—20,20] and further its size gradually
increases according to the automatically adjusted system-size approach.

[29]

of damped oscillation. The inclusion of coalescence even with a slight intensity of
wp = 0.05 drastically changes the situation, see Fig. 9(b). Here, the oscillations are
much weaker, almost imperceptible for positive x and visibly reduced for negative x.
The spatial inhomogeneity persists until the density of the system gets reduced to a
very low level.

This case is presented in more details in Figure 10. Notice how the density drawn
for small times (T=0, T = 8) is truncated at x = —20 and © = —40 respectively. It
shows how the system size was gradually being enlarged. It should be understood that
the density for smaller x is equal to its value on the truncation. The oscillations are
getting visibly damped for longer times (compare T'= 192 vs T' = 256 and T' = 320).

When shifting parameters are decreased, the process of inhomogeneity emergence is
much slower with amplitudes of peaks and distance between them reduced, see Figure
9(c). In contrast, in the presence of increased shift parameters, the density propagation
is accelerated, with high amplitude of the oscillations and the distance between peaks,
see Figure 9(d).

6.2.4. Preservation of mass. In this section we consider another form of coalescence
intensity c¢;. Recall that previously it was defined as (6.1), which guaranteed that the
result of two merging particles lies exactly in the middle between them. Here, we take
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instead

in the process of coalescence the mass of the two merging entities is preserved.

c1(z,y,2) = bz — y)o(In(e” + e) — 2).
This modification can be interesting from the point of view of applications. It can
correspond to a system in which the coordinates of points are not related to their
spatial location, but with the logarithm of mass of the corresponding entities. It means
that element x has mass of ¢*. Then, the proposed form of the intensity ensures that

(6.13)

In Figure 11 an example of behaviour of the system with coalescence in the form
(6.13) is presented. One can see that even in the absence of jumps an interesting
inhomogeneous spatial structure can emerge, which propagates to the right. Due to
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the coalescence the density seems to tend to zero for every z, which may indicate
dishonesty of the system.

Addition of jumps prevents persistence of the observed irregular structure and
allows density for negative arguments to grow. Jumps can be interpreted here as
random fluctuation of mass of the described entities.
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