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Interacting Octupole Bosons and Its Group-Theory Background

Teoriogrupowe podstawy oddziałujących bozonów oktupolowych

Теориогрупповые основы взаимодействующих октупольных бозонов

INTRODUCTION

Recently the Interacting Boson Approximation Model (iBA) to 
deal with the collective states for even nuclei is rapidly developed 
[1-sJ • However, only quadrupole states can be interpreted within the 

given formalism with the eventual of one-phonon states of the 
higher multipolarity. According to known suggestions [c.sj the impor­

tant role Is played by other collective motions especially by the 
octupole degrees of freedom. Calculations based upon the Bohr- 
-Mottelson geometrical model showed that in some cases almost 

pure two-phonon octupole states ought to appear. The extension of 
theoretical predictions is rather important to suggest experimental 
search for many-phonon states.

The aim of the paper is to extend the IBA formalism as to 

take into account the interaction of octupole bosons.



2 Andrzej Góźdź, Stanisław Szpikowski

G ROUP-THEORY PORICALIÔM

Quadrupole bosons, with the angular momentum quantum num­
ber l>*2 , so far considered, were followed by the 5U (5) standard 

symmetry with five one-spinless boson states for the 5-dimension group 
-space. For octupole bosons the base is of 7-dimcnsions with seven 
one-boson states (1’3 ) which form the base of the fundamental re­
presentation of the SU (?) symmetry. 
Generators of the infinitesimal transformations are

2,-,6 <*>

where ßm|0> js the one-phonon octupole state and

The commutator of two generators reads________ , .
гк at. if; F.K]ш-н) ]•

* Г L '

The operators (1) for odd L (Ł » 1,3,5) form the closed set of ge­
nerators of the 0(7) transformations, too.

Following the traditional way of atomic spectroscopy we 
introduce here also the boson group generated by the operators (1) 
restricted to L - 1,5

The last symmetry, es usual. Is the rotational symmetry with 
unguter momentum operators as generators of 0 (3) transformations

u’-2^o; Le-+2VF(fs7,); o)

In that way the group—symmetry chain for further considerations is
•SU (7)=> 0(7) =>G2 30(3) (4)

To adopt the above symmetry chain means, among others, considera­
tion of the interaction between the octupole bosons only.

Conclusions following this model will be consequently applied 

to such collective states of ato<nlc nuclei which are pure, or almost 
pure, many-octi^>ole phonon states.

Classification of many-octupole phonon states is simplified as 
the considered states are completely symmetrized ones. For such 
states the irreducible representations of the SU (7) symmetry group 
are very restricted and are denoted by one number, namely the number 
of bosons involved: Г №1.
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T. oreover, the irreducible representation of the Sil (7)

group splits into the irreducible representations of the orthogonal group 
0(7) in the simple way

[n] ■£•(»,0,0) <=>
where v»N, N-2,^, 1 or 0 is the boson seniority number and 
(v.0.0) means the fuily symmetrised irreducible representation of the 
:J (7) '.’roup. Each of allov.ee’ representations (v,0,0) appears only 
once in the decomposition (5). Even more simple is the next step 
in the chain (ć) as the irreducible representation (v.0,0) of the 
0 (7) group remains irreducible as the representation of the group. 
The last one is factorized by (v,0).

Nontrivial problem arises, however, in the decomposition of 
the irreducible representations (v,0 ) into the irreducible representa­
tions (L) of the rotational group О (З ). For a given (v O ) the same 

(L) may appear more than once and the additional non-specified ouan- 
ttm numbers X must be introduced to distinguish the same (l) with­
in a given (v,0).

The many-boson states in Lite chain (4) are then 

|NV%LM> (6)

DECOMPOSITION OF THE IRREDUCIBLE REPRESENTATION (v,0) 
OF THE G2 SYMMETRY GROUP INTO THE IRREDUCIBLE

REPRESENTATIONS (l) OF THE О (3) ROTATIONAL GROUP

Tor the effective decomposition we make use of the paper of 
Bhi-.Sheng-L ing £9^ where the formula for the multiplicity of the rep­

resentation (L) in an irreducible representation of the (j2 group was 
given. The results of that work are here extended to a handful fonn 
in applications.

In the two-dimensional root space (Fig. 1) with the same 

angle of 30° between roots, we choose the non-orthogonal base

K-CIO) К *(o,4) (7)

Scalar product of two vectors in this base is

( a| b)« (a, a21 b,ba) • a,b, ♦ o, bj + £ (а«Ьг + а2Ь< ) ( 8 )

and the roots are

£.^*(0,1) (9)
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^a’hi-O.O) А-И,-1)

ft- (2,-1) ft* (4,1 )

with
<$>.£, *"«ßc

The roots and ft are called the prime roots.

Fig.1. Roots for the G, group: - yjj'

• and 4 (ft,ft) = 30e

V/e label as X , the following vectors in the root-

"SpacG л t M7V=(v,0)

(10 )

e-Z+^»(v>3-i)

Let us introduce the operators di

^'^’2(Йч) û-1,2,-,6 (ID

which mean the reflections of the vector £ with respect to the 
straight lines passing through the origin perpendicular to the root 
vectors . If we apply the transformations db several times we
got in addition only si.; further transformations di, b*ł,8, ••••) 42
Those transformations form the WeyPs group with the known property

det<ÿc «-1 

det ii • +1

for Û46 

for i > 6
(12)
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Let us define the vector (• from conditions

(flæ,)-1 (13)

which give

f-(ł;ł) (14)

Then we introduce the c-number 0(1) :

0(T)-(t|f)«3^ (15)

I-Ience

0(ф)*8 (1C)

The multiplicity of a given L in the irreducible representation (v,0) 
of the G2 group is given by the formula £ 9 J

CjML-MLłi (17}

where ML can be calculated from recurrence relation

"L <1S)

0(0 £)-0(♦)-(_

where W is the Weyl* s group and 4 is its identity transtormation.
We can also express the Cu from (1?) and (10) by the 

recurrence formula

Cl'<5l1V-3 + ^L.2v-S*^L,3v-^L,V-8-\,2v-4 .

+ C +C »C »C >c *c (19)
LH “L*2 “HI L’9 IMO LM5

"CU. “CL»e ~CLM -CU« -CL44

with conditions

C3y = 1 and CK = 0 for k>3v
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We have obtained the more compact relation for the multiplicity Cj^ 
in the form

11 2U9(n-v) for k4 3v

C •< n«0
0 (20)

for к ? 3v

where the coefficients 2k-n are independent of seniority v and can 
be obtained from the relation

with the condition 

2И » *ïiB0 l<o

and where

<j(n,v)“ ón0 * ”^n2w»« (22)

In such a way we have completed the decomposition of the fully sym­
metric irreducible representation of the SU (?) group according to 
the chain (4). In the table 1 we give the values of the "р,coefficients

Tab. 1. The coefficients Ki in the multiplicity formula (20)

i 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

ïi 1 1 2 3 5 7 10 13 18 23 30 37 47 57 70 84

up to i - 15 and in the table 2 we have gathered the results of multi­

plicity calculations Cjv-к for k^ 15.

MATRIX ELEMENTS OF THE OCTUPOLE CREATION OPERATOR 
IN THE 0 (3) • SU (1,1) BASIS

We restrict calculations to the states [ Nv% L M > in which the 

additional quantum numbers % are not needed i.e. % take on only 
one value for each (NvL M )• Such states are supposed to be the 
most important physical states.
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3v-2 ; 3v-3 only. We will keep, in what follow*, the order of quantum

number |NvLM^. The construction of states | NvLM> are done in

several steps 
©

where

|vlv13v,3v>-N4(v)(fi)v|0>
|v,v,3v,M> -N1(v,M)(L.)s*’M |v,v,3v,3£>
|v|vlL.M>-Мулф^УЧ.уЧ.Зу-З^

|n.v,L,M> - N«(N,v)sJ<N-v>|v,vlL,ri>

(23)

(24)

is the pair L "
coefficient* N« (v) , N, (v, M )

0 creation operator on the p% 

and Na ( N, v )
level. Normalizing 
are given immedl-

N, iV-3-М)!
(25)

N.(N,v) •
24(w-v)(2v^)I.i H

NfVtSP1-
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Non-trivial case is the calculation of the Nj(v, |_) • first, from the 
matrix element

4
<vH, v*4,3v*3,3v-»-3| fJ3 |v,v)3v,3v>= 477? (26)

we get the reduced matrix element ( ón 0 (3) )

<f*4,v+1,3v*3|| f/|| v,v,3v^-V(v+‘l)(6v*’»)b (27)

and then

^v+ljV+IjSv+SjM’lf^ J v,v,3v,M^-(3v M 3т|зу+3м)Vv-И 1 (28)

Hence

By streightforward calculations we get

Similar method while applied to matrix element calculations gives

3v 3vL;3J N;’(V,D (,0>

The general formula gives six considered here matrix elements which 
are given in the table 3.

Standard quasi-spin calculations have been performed to get 
the double reduced matrix element of the pSm creation operator

in the 0(3) в SU (1,1). The operator fSm has a well defined tensor 
property with respect to the SU (1.1) namely

I®'”' 4 m (31)

where

L-Hf f,..
Hence, by definition
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Fai(3)

о (э) «su и,1)

where

S* 2‘(v+3_) so*t(n+t) (33)

and [SSof tjl S'So J 1® the Clebech-Gordan coefficient for the SU (1,1)

non compact group ГЮ1
The quasi-spin calculation gives

(v*1 ,l’|| F^0)||v l-\(3) eal(4fl’"VfëF <HV*^ II fa II v»v>L>o(3)

(
<v-1,C|| r(‘)(3)||vL>oW.WM ■ (-1)^-’ Wl fî I!

Tab. 3. The complet^ set of the reduced matrix elements of a boson 
creation operator £3 for the states uniquely labelled by N“VtL

L L <v.1 v*1L‘|f;|vvL>,(,;

3v*3 3v Vivi) (6v7)

3v»1 3v
/6(2v.1)(3v.2) '

6v-1

3v*1 3v-2
/3(v-1)(2v*1)(6v*5)

1 6v-1

3v 3»
/(v-1)(2v«1) (6v<1 ) 

'V (3v-’l)(6v-1)

?v 3v 2 2 1
/3 (3v»2) ( 6v-1 ) '
/ (3v-2)(6v-1)

3v 3v-3
(v-2)(3v.1ł(3v.2)(6vir

(3v-2) (3v-1)

Hence we get the full set of one-particle matrix element in the О (з) 
• SU (1»1) reduction restricted to the states NvLM with L’3v,3v-2 

3v~3 » We are now in position to obtain after a simple extension of 
calculations the matrix elements of one-body and two-body physical 
operator-ь under consideration, especially, the energy and transition 
operators.

The results obtained In the paper will be followed by applica­
tions to nuclear calculations in the frame of the Interacting Octupole 
Boson Approximation.
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STRESZCZENIE

W pracy zostały podane podstawy klasyfikacji bozonowych sta­
nów oktupolowych według łańcucha grupowego SU(?)=0(l)=ß>=0(3) mają- 

cego bezpośrednie zastosowanie w modelu oddziałujących bozonów 

(łBA) wzbudzeń kolektywnych jąder atomowych.

P E 3 K M E

В работе представлены основы классификации октупольных 
бозонных состоянии по групповой цепочке SU(ł)=O(’i)=Gł=Op) 
имеющей непосредственное применение в модели взаимодействую­
щих бозонов коллективных возбуждений атомных ядер.

Złożono w Redakcji 5 ХП 1978 roku.


