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Abstract. Let S denote the fornlior clou of functions holomorphic in the unit disk D, 
normalized by : /(0) = f'(0 ~ 1 —■ 0.

Let K C S be the subclass of S consisting of all / such that the image domain /(D) is 
convex.

Let for an arbitrary W € C \ /(D), Fj ss (J Tw o /, where Tw(f) — tDf/(tO — f) and let

U */•
Z6K
Barnard and Schober asked the question to find the properties of K that are inherited by 

K. We prove that the class K shares with K the property of linear invariance in the sense of 
Pornnerenke. We also prove that Bloch-Landau constant within both classes K and K is equal to 
jr/4.

1. Introduction. Let J/(D) stand for the class of functions holomorphic in the 
unit disk D = (r € C : |r| < 1} and for / € JZ (D) let £(/) be the least upper bound 
of p such that /(D) contains a disk of radius p.

Let S denote the familiar subclass of JZ(D) consisting of functions / univalent 
in D and normalized by the condition /(0) = /'(0) — 1 = 0 and let So be a compact 
subclass of S.

Put

(1.1) if(So) = inf {!(/):/€&}.

The exact value of U(So) for So = S is still unknown, however Landau proved 
[12] that U(S) > 0.5625, while Beller and Hummel (5) were able to show that 
CZ(S) < 0.65641. As shown by Robinson (16) there exists F € S such that 
L(F) = U(S).

Let A' C S be the subclass of S consisting of all / such that the image domain 
/(D) is convex.



/
160 J. Wkniurski

If rw(f) = «’</(«’ — f) then with any / € S and any w € C \ /(D) we may 
associate a subclass F/ of S consisting of all rw o /. We define now another subclass 
K oiS as (J Ff.

/eK
Various properties of functions / GK were established by Barnard and Scho 

ber [3], Clunie and Sheil-Small as well as by Hall [9],
The class K has obviously the property of rotational invariance. Barnard and 

Schober (3] asked the question to find further properties of K that are inherited by
K.

In this paper we prove that the class Á' shares with K the property of linear 
invariance in the sense of Pommerenke [15]. We will also show that 
U(K) = U(K) = x/t.

- Moreover, we show that for any compact subclass So of S the g.Lb. (1.1) is 
attained for some fa € So. The constant defined in (1.1) is associated with Bloch
[6]
and Landau[12] and the research initiated by them in 1925-29 was continued by 
e.g. Ahlfors [1], Ahlfors and Grunsky[2], Goodman [8], Heins [10], P> 
mmerenke[13].

2. Linear invariance of K. Let Kn, n € N, denote the subclass of K consisting 
of all / such that /(D) is a polygon, not necessarily bounded, with at most n sides. 
Thus Ki consists of Mobius transformations mapping D onto a half-plane, while 
K? \ Ki consists of functions mapping D on a domain whose boundary consists of 
two parallel lines, or two half-lines with common origin.

Let K„ = (J f). •Any function F = two f 6 Kn maps D on a circular polygon 
Z€K.

whose boundary consists of n arcs on circles intersecting each other at — w. Conversely, 
if all sides of a circular polygon fln with interior angles Ok <■* are situated on circles 
intersecting each other at —w, then the homography f »-* wf/(f + ») maps fl„ onto 
a convex polygon W„. If C € and the inner radius F(0; 0„) = 1, then there exists 
■F € Kn such that f)„ = F(D).

The classes K„, n € N, and K are compact in the usual topology of uniform 
convergence on compact subsets of D and so are kn and K, ci [3].

Theorem 2.1. Suppoee that F € k and <->(») = (» + <*)/(l + a»), a € D. Then 

Fa{z) := [(1 - |a|2)F'(a)]-l(Fo W(r) - F(«)) € K .

« A

Proof. The set |J Kn is dense in and consequently there exists a sequence 
r»l

(F„), Fn € kn, convergent to F uniformly on compact subsets of D. It is sufficient 
to prove that any kn, n 6 N, is linearly invariant. Fbr n € N put

Fm(z) := [(1 - |«|’)F;(a))-’ (Fn o«(,) - F„(«)) .

If F„(D) = fi„ is a circular polygon with at most n sides, then Fna(D) arises from 
0„ under a translation and similarity : f >-» R~l (f — F„(a)). Moreover, Fm(0)=0, 
F'o (0) = 1 and hence FM € kn and we are done.
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S. The existence of an extremal function.

Theorem 8.1. Let So be an arbitrary fixed compact subclass of S. Then there 
exists fo € So such tb~*

U(S0) := inf{£(/):/€ So} = L(/o) •

Proof. Put for short U(S<¡) — Lo- There exists a sequence (/„), fn € So, such 
that L(fn) > Lo and lim L(f„) = Lo- Due to compactness of So we may assume

fl—*0O

that (fn) is convergent to fo G So uniformly on compact subsets of D and (/n(D)) is 
convergent to its kernel /o(D) w.r.t. the origin. Suppose that L(fa) > Lo and take A 
such that LofL(fa) < A < 1. Then for some »o € /o(D) thedo6ed <Úskff(»o, XL(fo)) 
is not contained in /„(D) for sufficiently large n. However, this contradicts /o(D) to 
be the limit ci (/„(D)) in the sense of kernel convergence, cf. [14, p.31, Problem 3].

Since the classes K„, « € N, and are compact, there exist in view of Theorem 
3.1, the functions F„ e Án, Fo € K, such that

(3.1) L(Fn) = inf {1(F): F € Kn} , n>2,
(3.2) L(F0) = U(k) = Urn L(Fn) .

o—*oo

Theorem 3.2. If n > 3 then

L(F„)=inf{i(F):F€K,} .

Proof. Suppose that the gd.b. (3.1) is attained for F mapping D onto a circular 
polygon 0„ with » sides, n > 3, situated on circles intersecting each other at — w. 
There exists a disk Ko C 0„ of radius L(F) tangent to at the points Qk- The 
position of Ko is determined either by two or by three points Qk situated on different 
aides of fl„. The first possibility corresponds to Qk being the end points of a diameter 
of Ko, the second one means that three points Qk can be chosen so as to devide dKo 
into three subarcs each having angular measure less than x. Since n > 3, at least 
one aide L of 0„ does not contain any just chosen Qk and therefore it is possible to 
shift L outside of □„ so that it takes the position ¿i on a circle through — w and 
the resulting circular polygon fi„ will have the inner radius F(0;fl„) > 1, while the 
radii p(Bn), />(□„) of inscribed circles are equal If F maps D conformally onto 0„, 
F„(0) = 0, tnen G = F/2?(0;0„) belongs to Kn and maps D onto fl^, while

L(G) « p(tf„) < L(F) = p(Ó„l = />((!„) = 1(F) 

which is a contradiction.

4. Some lemmas.

Lemma 4.1. Let ^(x) = r'(*)/T(x) where T w the gamma-Euler's function. 
Then

(*->) d(x) = ^(x) + f ctg xf - I log x(l - x)
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m decreasing function in x € (0; 1/2).

Proof. FVom the well known formulae :

(4.2) 0(x) = -7 + 52[(" + 1)“’ - (n + x)-*] ;

+oo
r’(sinxir)"’ = £ (a - *)"’ , (*#*).

n»«—oo

we obtain

(4.3) d'(x) = (f)’ cos-1 x j - 22(» - x)"’ - }(1 - 2x)(x(l - x))"‘
n»l

and therefore it is sufficient to show that for 0 < x < 1/2

(4-4) (|)’eos_’xf < ^(n — x)“J + |(1 — 2x)(x(l — x)J“‘ .
n»l

Let us denote by £(x), P(x) the left and right hand side of (4.4) resp. The functions 
L,P are convex on the interval (0; 1/2) and X (1/2) — P(l/2),
L'(l/2) = y- > 15.5, P*(l/2) < 12.96. Besides, L increases in (0; 1/2) while P 
is decreasing in (b;xo), 0.3 < xq < 0.31 and then increasing in (xo;l/2). Since 
£(0.3) = 3.1079, P(0.3) > 3.7059. inequality (4.4) holds in (0; 0.3).

Let X| = 0.3, xj = 0.4, xj s 0.44, x< = 0.5, It = |x*;x*+i), k = 1,2,3. On each 
interval Ii, it is possible to find a linear function y*(x) such that L(x) < y* (x) < P(x), 
x€ /*, lb s 1,2,3. We omit the details.

Lemma 4.2. The function

l(x) = ? (x) - 0(2x) + x/2 sin xx + j log

decreases on (0; 1/2) and 1(1/3) = 0.

Proof. FYora the well known identity : 0(x) — i»(l - x) = -x ctg xx as well as 
from (4.2) it follows that

(4.5) i(x) = - x ctgxx + x/2sinxx + (1 - 3x)[(2x(l - x)) * +

+ ¿(2x + n)-'(l-x+ »)"*] + | log 2(---£-yj. . 
rwl

x
Hence /(1/3) = 0. Besides,

f(x) = — x3 sin-1 xx — eosxx sin-3 xx — Jx-3 + (1 — x)~3 —
oo

- £ [2(2x + «)-’ + (1 - X + n)-’] - |(1 - 2x)-'(l - x)~* . 
n»l
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Fbr any » € N the function : x t-» 2(2x + n)-, + (l—x + n)“’ is decreasing on (0; 1/2) 
so that

00 oo

2(2x+n)“,+(l—x+n)”’ >2(2x+l)-3 + (2-x)_3 + y2[2(l+n)"í + (Í+n)~í] • 
n«l n«3

oo j
Hence, using the identities : £ ’• = V

r»«I
inequality

J3 4(1 + 2n)~J = ip we obtain
n«l

(4.6) n») <*»(»)-*»(*)

where

AJx) = (y)’cos-’ x j + ^■(sin"’ xx - (xxj-*) - 2(1 +2x)~* ,
Aj(x) = (1 — x)-’ + ¡(1 - 2x)-*(l - x)-* + (2 - x)-’ + 6 ,

6 = (5/6)x1 - 125/18 .

The functions Ai,Aj are increasing on [0; 1/2] and Ai(f*) < Aj(f*_i) on a sequence 
(ft), k = 0,1,...,8, <* = 0; 0.1; 0.15; 0.2; 0.25; 0.3; 0.33; 0.4; 0.5. FYom (4.6) the 
function Z(x) is decreasing on (0; 1/2).

Let G be a simply connected domain of hiperbolic type in C. Let »0 € G and / is 
a conformal mapping of the unit disk D onto G, /(0) = »o- Then f?(®o',G) = |/'(0)|.

Let io € H := {z 6 C : Im z > 0} and let the function A maps the upper 
half-plane H onto G, A(«o) = «o. Then the homography : f •-* (*o “ *of)/(l — f) 
map6 the unit disk D onto H : 0 • z0. Hence

(4.7) A(w0;G) = 2 Im to|A'(zo)|

The function

I
(4.8) A(l) = y.°-l(l--)i-,d«

0

maps conformally the upper half-plane J5T onto the triangle T of internal angles ax, 
8x, fK, a + 8 + i = 1. FYom (4.7), (4.8) we have

(4.9) R(w,T) = 2y/[(x’ + >’)•—((1 - *)’ +

l
where w = A(i), z = x + iy € H. Besides, B(a,8) = / «““‘(I — «)i-* dn is the 

o
beta-Euler’s function, while

(4.10)
sin o y sin 8 y
sin(o + d)| B(a,8)

L
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is the radios of the disk inscribed in the triangle T. We will consider the right hand 
side of (4.10) as a function defined on IJ = (0; 1/2) x (0; 1/2).

Lemma 4.3. Let $(x,y,a, 0) = R(w,T)/p(T) where R(w,T), p(T) are given 
ly (4.9), (4.10) reap. Hence the function Q(x,y,a,f)) doesn't have critical points on 
ffx(I’\(l/3;l/3)).

Proof. Suppose that (x,y,o,d) is a critical point of $. Then it satisfies the 
system of equations:

r r* - (1 - «)>/(*’ + »’) - (i - 0)r/l(i - *)’ + ^1 = 0 
1 -(1 - <*)*/(** + y3) + (1 - 0)G - x)/l(i - X)’ + y’l = 0

,. 121 / ’ l0R^3 + “ I(ct8 - ctg (a + 0)$) - *(“) + ^(» + 0) = 0
J lylog((l-x)J + y’)-f(ctg3|- ctg(a+ji)f)-^(0) + ^(a + 0) = O

where 4>(x) = F*(x)/r(ar).
The only solution of (4.11) is the pair (so,yo) where

(4.13) xo = a/(a + ß) ; yo = \/<*0/ [(a + 0) >/l - a - 0] .

Putting (4.13) into (4.12) we get
(4.14)

Ilo* (tt + ^)(i - *(«) + ^(« + 0) “ T (rt8 °5 - (« + 0) 5) = 0

j lo5 + + 0) ” f (rt8 05 ~ <*g (« + 0) J) = 0 •

Subtracting the both sides of (4.14) we get

(4.15) d(a) - d(ß) = 0

where d is the function of Lemma 4.1. Sinoe d is decreasing (4.15) may has the 
solution only if a = ß. Putting a as ß into one of the equation of (4.14) we obtain 
the equation

(4.16) 1(a) = 0 .

According to Lemma 4.2 equation (4.16) has the only solution a = 1/3 so that the 
pair (1/3; 1/3) is the only solution of (4.14). This implies the conclusion of Lemma 
4.3.

Lemma 4.4. Suppose that P = (f € C : |Im f| < |), r<»(f) = »»(/(»» — t), 
v > x/4, Q = Ti,(P). Then for any r € 0

(4.17) Ä(r;0)<Ä,
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where

(4-18) Pm« = e’ ,1 - y*
and y = y(») it the unique solution of the equation

(4.19) j(y“‘ - y) + tan-1y = v

contained in the interval (0; 1).

Proof. If f(z) = | log then P = /(D), 0 = F(D) with F = r(V o / and 
P(r;0, = (1 - |»|a)|F'(i)|, where r = F(x). Suppose 1 + «» = f € P, |«| < J. Then 
for any r € 0

(4.20) P(r;D)
vacos2» t>ieos2a 

<a + (r - a)J ~ (c - •)’
P(n;0).

Thus for » fixed F(r; 0) attains its maximum at Ti = rt«,(i»).
The function / map6 the unit disk D onto the strip P such that f = it, |a| < jr/4 

corresponds to » = iy, |y | < 1. Hence ç = 1 log = » tan -1y and

(4-21) fi(ri;n)=^4(1_ltan-«y)-’.
1 + y'

The nght hand side of (4.21 ) attains its maximum if y = y(r) is the unique root of 
the equation (4.19) contained in the interval (0;l). Inequality in (4.20) as well as 
(4.21) and (4.19) gives (4.17) and (4.18). The proof is complete.

Lemma 4.5. Suppose that the triangle T — r(<*o,3o) containing the ori
gin, with internal angles cto*. do*. 7o*> a0 + do + To = 1» has its inner radius 
P(O.T) = 1. Let K = K(fo«r) be the disk inscribed inT. Then there exists the triangle 
T' = T’(o,d) with the same disk K inscribed in T' such that A(0,T') > 1.

Proof. The function h given by (4.8) maps the upper half-plane H onto the 
triangle T — T(a,p) similar to T'(o. 3). Let p(T) be the radius of the disk inscribed in 
t. Then for some r0 € T and for some q, |i/| = 1 the mapping: tr w tir(w-w0)/p(f) 
transforms the triangle T onto T' such that r0 •—» 0. Hence,
P(0;T') = rP(w0;T)//>(r) = r4(.r,y,a, d) where 4 is the function of Lemma 4.3.

Case (i) (oo,do) # (1/3,1/3). If R(Q-,T'} < 1 for any admissible triangle T' then 
4 would have a critical point contrary to the conclusion of Lemma 4.3.

Case (ii) oo = do = 1/3. Then it easily fallows that the only critical point of 4 
corresponds to the minimum of 4.

5. Main results.

Tlicorcm 5.1. inf{¿(F): F € A',} = inf {¿(F): F € A',}.

Proof. Suppose that the g-l.b. of ¿(F) is attained for F which maps D onto 
the circular triangle flj with three sides situated on circles intersecting each other at
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the paint — w. There exist« a disk K of radius L(F) tangent to <90j at two or three 
points.

If the position of K is determined by two points situated on two different sides, 
then - similarly like in the proof of Theorem 3.2 we may shift the third free side- 
outside of Oj so that it takes the position on a circle through —w and the resulting 
circular triangle Oj will have the inner radius F(0;Qj) > 1, while p(f)>) = p(Og). 
Consequently, there is a function G G Aj such that L(G) < L(F) contrary to that F 
gives the gJ.b. of L(F), F € Kt.

Suppose now, that the position of K is determined by three points Qt,. This 
means that the circle dK is devided by these Qt onto three subarcs each having 
angular measure less than r. Besides, there exists the function f € Kt which maps 
D onto the triangle T = /(D) and the point w € C \ T, such that F(D) = 08, 
F = rw of.

The disk K is the image of the disk K = (f : |f - ft| < O C T by the 
mapping rw(f) = wf/(w - f) and therefore the radius of the disk K is equal to 
L(F) = r|w|J/(|w — $b|J — r’). From Lemma 4.5 it follows that there exists the 
triangle T' with the same disk K inscribed in T1 and conformal mapping / which 
maps D onto T*, such that /(0) = 0, /'(0) = 12(0; T’) > 1.

Let G = r„ o /. Then L(/) = r and

(5.1) L(G) = L(F).

H /, = ///'(0), F, = r. o /, then /, € K,, F, € ft». Besides, /,(D) C 1* and 
therefore 1(A) < &(&)• Fbom (5.1) fr(A) < £(F). The proof is complete.

FYom the Theorems : 3.1, 5.1 it follows that the g.Lb. of L(F) on K is attained 
by F € Kt- It is very easy to see that the extremal image domain Oj = F(D) can’t 
have an internal angles greater than zero. •

Let

(5.2) F = rwof

where ' /
f = /(z) = , » = « + »+ , H>f.

The homography rw(f) = wf/(w-f) maps then any stright line: ( = x+«’fo, Vo being 
fixed, yo # u onto a circle through —w with the diameter 2r = max |r«(x + ifo) + w|. 

Since the boundary of/(D) consists of two lines : fj s f =» + •}; It : { » * —
—oo < x < +oo, rw(fi U fj) consists of two circles with the diameters
2rt = |®|a/|p — sr/4|, 2rj = |w|*/|v + ir/4| reap. Hence, the radius at the disk inscribed 
in (Is is p(fij) = Jlwp/iu’ — («)’)• Fbr fixed v = Im w,

(5-3) A»«.(n.) = i «’’/(«»’-(f)’) •

Theorem 5.2. inf{L(F),F € Kt} = J.

Proof. Sinoe Kt is lineady invariant we shall consider the g.Lb. of L(G) for all

(5.4) G(z) = (Fo w(z) - r0)/F(r0; 0,) ,
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where w(x) = (x + xo)/(l + 2a*}, *o € D, To = F(x0) while F is given by (5.2).
Fbr any function (5.4) inequality (4.17) of Lemma 4.4gjvesL(<7) > ptnln(nj)//?m»x 

where Pmin(flj), Fmax are given by (5.3), (4.18) reap. Hence, we will have to show 
that

(5.5) AjjIh (fij)/Fm*x > J -

Taking into account (4.19) as well as (5.3) we obtain inequality

(5.6) (l - y*+2y tan _ly)3 < 1 - y4+y*(j)’ , 0<y<l.

An elementary real analysis technique shows the truth of (5.6).
The left hand side of (5.5) can be as dose to x/4 as we want, so that x/4 is 

indeed the g.l.b. of L(F), F € Aj.
The extremal function F = rw o / corresponds to to = oo so that F a f 6 K and 

therefore L(K} = LKt} = L(K).
Hence /(x) = | log and its rotations are the only extremal functions.

6. Univalence criteria. The Bloch-Landau constant within the class K is 
connected with some geometric aspect of univalence criteria introduced by Krzyż 
[11]. A domain 0 in the finite plane C is called a univalence domain (for short : a 
¡/-domain) if the inclusion : (logy'(x) : x € D) C 0 for g € X(D) and some branch 
of log / implies the univalence of y in D. Each U-domain corresponds to a particular 
criterion of uni valence. Fbr example, the strip (f : jlm f| < x/2) corresponds to 
Noshiro-Warshawski univalence criterion [7, p.47].

We will use the following results in further considerations

Theorem B [4). Suppose that g € K(D), y*(0) ± 0. If

(6.1) (,€D),

then g i* univalent in D.

Theorem K [11]. Suppose <p € lf(D, and the value* of ip are contained in a 
domain fl po**e**ing a generalized Green’* function. Then for any z € D

(6.2) (iH*I’)Ip'WI£*M*)!0/
The *ign of eguahty at tome point x0 € D hold* only for the univalent function <p and 
for a »imply connected domain 0 ■> ^(D)

Theorem 6.1. Suppose F € ft, L(F) = p|, 1 p < oo. Let moreover for 
0 < A < p~*, / := AF and 

(6.8) n = /(D).

Then

(6.4) £(«¡0)^1 (w€fl).

t
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Proof. Suppose, contrary to (6.4) that 7?(wo;0) > 1 for particular wo € 0. 
Then G(r) = (Fow(i) - wo)/-R(»o;7(D)) € K, where w(s) = (« + *o)/(l + io«), 
«o € D, 7(10) = »0- Hence

1(G) = L(F)/7(w0;7(D)) = I(/)/£(w0;O) < tr/4 

which gives a contradiction.

Inequality (6.4) as well as Theorem K allow us to apply Theorem B to the function 
g € (D) such that (log j'(i): s € D) C 0.

Hence we get

Theorem 0.3. The domain 0 = /(D) given by (6.3) it a U-domain.

In particular, if /(«) = j log and F — nvo f then 

I(7) = p(nJ)=ir’/(e’-(Jr/4)’).

If we take 0 < A < 1 — (ir/4r)1 then / = XF yields a 11 -domain fl = /(D). Moreover, 
if |»| > 3r/4 then 0 is not contained in the strip of width r so that Theorem 6.2 
gives a criterion of univalence which does not follow from the Noshiro-Warshawski 
Theorem.
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STRESZCZENIE

Niech S oznacza klasy funkcji holomorficznych i jednolistnych w kole jednostkowym D — {z €
C : |z| < 1} i talach, że /(O) = /’(O) — 1 = 0.

Niech KcS bydrie podklasa tych funkcji / € S, dla których zbiór /(D) jest wypuldy.

Dla dowolnej liczby W € Ć \ /(D) niech Fj — [J Tw o f, gdzie Tw (f) = *f/(w “ f) , oraz
w
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