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A Note on Sibley Type Metrics

Uwaga o metrykach typu Sibley'a

Abstract. J. W. Thompson [3] has shown in what way the Levy's distance changes under
the scale changing. We modify thase inequalities such that they are satisfied for Sibley's and Sibley-
Prokhorov's metrics.

 Introduction. Let L be the Lévy distance and let Fo, a > 0, denote the
fanction defined by F, (z) = F(z/a), where F denotes a distribution function.
The following inequalities were given by Thompson (3] :
aL(F,,G,) S L(F0.Go) S L(F1,G1)y a<1,
L(icl)SL(IFO!GG)SGL(F“G‘)' a>1.
A similar result holds for the Prokhorov distance Il :
) oll(P, Q) € M(Ps,Qa) €T(Py, Q1) , a<
A, Q\) S N(Pa,Qa) S oell(P,Q1), a>1,
where P,(A) = P(a~'A) , a > 0, and P is a probability measure.
It has been proved that these inequalities are not satisfied for the Sibley and the

Sibley-Prokhorov distances (cf. [2]). This note shows that, under some appropriate
modifications, (1) and (2) hold for the Sibley and Sibley-Prokhorov distances.

(1)

3. Generalization of the Sibley and the Prokhorov distances. Let 7
be the family of functions F : R — [0, 1] nondecreasing and left continuous. By the
generulized Sibley function we mean the function LY : ¥ x ¥ — [0, (V25sin6)~?)] ,
0 < # < x/2, such that

L!(F,G) =inf{h > 0: F(z — VZhcosf) — V2hsin 8 < G(2) <
< F(z + V2hcos8) + V2hsin 0 ,G(z — V2h cos8) - V2hsind  F(2) <.
G(z + V2hcos) + V2hsind , |z] < 1/h} .
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If 6 = x/4 we get the Sibley metric L,.

Let X be a normed linear space with the norm || || and By — o—field of subsets
of X. Denote by P the space of all probability measures on (X,B8r) together with
defective probability measures i.e. P € P iff P(X) £ 1. Let K(r) stand for the ball
K(r)={z€ X :|z|| <r}.

By the generalized Sibley—Prokhorov function we mean the fanction 1 : Px P —
[0, (V21in6)~?}, 0 < 0 < x/2, such that

NY(P,Q) =inf{h > 0 :P(4) S Q(AYI*<***) 4 /oA sins
Q(A) S P(AV¥he%) 4 \/Bhdnd , A€ By, AC KO/},
where A" = {z € X :dist(z,4) < r}.
This function reduces to the Sibley-Prokhorov distance Il,, when # = x /4.
It is not difficult to prove (cf. [2]) the following results :

Theorem 1.

(3) (V2cos6)~'L,(F,G) S Li(F,G) S (V2sin0)""L,(F,G), 0<0<x/4,
(4) (V25in0)~1L,(F,G) € Li(F,G) & (V2cos0)~L,(F.G), =/t<b<x/2.

Theorem 2.

(8) (VZeos0)T'I,(P,Q) ST!(P,Q) S (V24ind)'IL(P,Q), 0<d<sx/d,
(6) (V24in0)~'N,(P,Q) SNY(P,Q) S (V2e0s#)'N,(P.Q), x/b<t<x/2.

To abbreviate the notation we shall write
{(A>0:F(z=h)~A<G(z) SF(z+A)+ A, I(F = G), |2| < 1/A}
instead of

(Ah>0:F(z=A)—hSG(z) SF(z+h) +h, G(z—h)—ASF(s) SG(z+A)+h ,
2] < 1/A) ,

i.e. I(F < G) denotes the preceding inequality with F replaced by G and vice
versa.

3. Results.
Theorem 8. Leta>0. Ifa <1, then _

) oL,(F1,G1) € Ly(Fa,Go) € (av3sinarctana)~'L,(F1,G)) |

ifa2 1, then

(8) (av2dnarctana)~'L,(F1,G1) € Ly(Fo,Ga) € aL,(F1,G)) .
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Proof. Let tanf = o. By the Definition of L, we have
Lo(F2,Ga) =inf{A > 0: Fo(z — A) = A € Go(z) € Falz+h) +A,
J(Fa <> G,), |2| < 1/R} =
=inf{A > 0: Fy(z/a~ h/a) - h £ Gi(z/a) £ Fi(z/a+h/a)+h,
IF, = G), |z < 1/A) =
=infA>0: Fi(y—A/a)-h <SG (y) SFi(y+h/a)+h,
I(Fy = G), |5| < 1/(ah)},
where y = z/a. Putting a =sinf/cosa and A = V2h'sin 8, we get
(9) Lo(Fo,Go) =inf{VZh'sin 0> 0: F;(y — v2h' cos8) — /2h'sin 6 <
<Gi(y) € Fily+ VA cosb) + V2h'sind, I(F, = G)),
ls| < 1/(av2A’ sind)} =
= V2ein0inf(A’> 0: Fy(y — vV2h'cos0) — V2h'sin b <
< Gi(y) € Fi(y+ V2h' cosb) + V2h'sin 0, I(F; <= G,),
] < 1/(av2A snb)} .
HOo<a<],then 0 <0 < x/4 and 1/A’ < 1/(av/2h'sin §). Therefore,
(10) (V24in0)~'L,(Fo,Gs) 2 inf{A' > 0: F,(y— VZh' cos¥) ~ V2A'sin 0 <
< Gyi(y) S Fi(y+ V2h' cost) + V2h'sind, I(Fi < G1), ly| <1/h'} =
= L{(F,G1) .
Thus by (9) and (10) we have
Visn0LY(F1,Gy) € Ly(Fay,Ga) -
Usirg the inequality (3) we obtain
aL,(F\,G,) S V25in0L!(F;,G1) € Ly(FaiGoa) ,

which proves the left hand side of the inequality (7).
Now, taking into account that ay/2sin @ < 1, and next puttingh’ = h"/[m/ian].
we have

(11) (V260 0)~'L,(Fa,Ga) = inf{A’ > 0: Fi(y — V2A' c0s0) — VZ\'sin 0 <

< Gi(y) € Fi(y + V2A' cosf) + V2N’ siné,
I(F, = G)), ly| <1/(aV2h'sin6)} < |

Sinf{A'> 01 Fy(y — V2av/2sin 0A cos8) — /2a/25in0A sin ¥ £
< Gy (y) € Fi(y + V2ay/2sin 0K’ cos 8) + v2a /2 sin 04’ sin ),
I(F, = G1), ly| < 1/(aV2N'sin0)} =

=(av2sn0)~"inf{A" > 0: Fi(y — V2A" cos9) — V2A" 5in0 <
< Gi(y) S Fi(y + V2A" cos6) + V2h" sin,
I(Fy <=> G,), |y| <1/A"} =

=(av2dn0)~'L!(F,G)) .
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Using (9) and (11) we get
\ L,(Fs,Go) € ”'Li(F1,Gy) .
By (3) we obtain
L,(Fa,Ga) S a~'LI(F1,G1) S (eV2sind)~'L,(F1,G)) .
But tané = a, then
L,(Fa,Ga) € (aV2sinarctana)~'L,(F,G)) ,

which proves the right hand side of the inequality (7).

The proof of the inequality (8) is similar after using (4).

Theorem 4. Leta>0. Ifa< 1, then
(12) all,(Py,@1) € Ty(Pa,Qa) € (eV2sinarctana) 7' IL(P1,Q))
ifa2 1, then

(13) (aﬁﬁnmtma)-ln,(Pl,Q,) < no(Pm Qa) < Onn(Pth) .

Proof. Let tand = a. By definition of I1,, we have

Mo(PayQo) =inf{h > 0: Pa(4) € Qa(A?) + A, I(Pa = Q.), A K(1/h)} =
=inf{h>0:Py(a”'A) S Qi(a™'A*) + A, I(P, = Q,), AC K(1/h)} =
=inf(h > 0: Py (a™'4) S Qi ((e~"A)*") + b, I(P, == Q)), AC K(1/h)} =

as {(z:z2€a" 14} = {(2: z € (a~14)*/).

Puttinga~'4 = B, a = sin§/ cosd, and A'= V/2h' sin 8, we obtain
N,(P2,Qo) =inf{h > 0: P,(B) S Q:(B°) + A, I(P, = Q,), B < K(1/ah)} =
=inf{v2h'sin 0 > 0: Py (B) € @1 (B <°**) + V2h' sin 6,
I(P, = Qi )y Bc K(1/|aV3h'sin 0))) =
=v2sinfinf{h' > 0: P, (B) < Q,(BY™ %) 4 /2h'sin,
I(P, <= Q,), Bc K(1/[aV2h'sin))} .

HO0<a<],then0< 8 < x/¢and 1/h' < 1/(ay/2h sin ). Therefore,

(V25in 6)~', (Pa, Qo) 2 inf{h’' > 0: P;(B) € Q:(BY™ °**) 4 /2 sin0.
I(P, <= Q,), BC K(1/0')}) =T!(P,,Q)) .
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Thus, we have
V2sin 0115 (Py, Q1) € M,(Pa, Qa) -

Using (5), we get

ann(Pth) < ﬁdnan:(Pl;Ql) < nn(Pa|Qa) )

which proves the left hand side of the inequality (12).
Similar considerations lead us to the right hand side of inequality (12). The
estimates (13) can be done in the same way after using (6).

REFERENCES

[1) Sibley , D.A. , A metric for weah convergence of disiribution functions , Rocky Mountain
J. Math. 1 (1871), 427-430.

[2) Startek , M. ,Ssynal,D. , On properties of the Lévy, Prokhorov and Sibley type metrics,
Ann. Univ. Manae Curie-Sklodowska Sect. A , Vol. XLI, 18 (1987), 143-151.

[3] Thompson ,J. W. , A nofe on the Lévy distance , J. Appl. Probab. 12 (1975), 412-414.

STRESZCZENIE

J.W. Thompson (3] polmzal jak zmienia sig odleglodé Lévy'ego miedzy dystrybuantami przy
=mianie slali. W niniejsaej pracy mmodyfikowano te nieréwnodci w ten spoedb, aby byly one stuszne
dla metryk Sibley’a i Sibley’a~Prochorowa.






