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An Extension of a Sufficient Condition for |p| — valence
of Analytic Functions

O rozszerzeniu warunku dostatecznego |p]|-listnodéd funkgji analitycznych

Abstract. In this paper & sufficient condition for |p|-valence (p being an integer) of functions
J analytic in the punctursd unit disk E\ {0} and satisfying }iﬂ 37Pf(5) = 1 has been established
(Theorem 1).

Using this condition we show that for a positive integer p the function F(z) = p f P (f(e))™ de
0
ia pwlent in E, if |a] < p/(6p — 2).

1. Introduction. Let E = {s: |3| < 1} and let ] denote the dass of analytic
fanctions w such that : w(0) =0, |w(s)| < 1 fors €E.

We denote by S the class of functions f of the form : f(z) = s + @32 + .-
analytic and univalent in E and by P the class of analytic functions A in E such
that : ReA(s) >0 for s €E, h(0) = 1.

Let £, F be analytic functions in E and f(0) = F(0). We say that the function
/ is subordinate to the fanction F in E if there exists a function w in 0} such that
J(s) = F(w(s)) in E. This relation shall be denoted f < F.

Definition (8). Let J = [0,00). A family of fanctions f(s,t), s € E,t € [ is
called a p-subordination chain on [ if
(1.1) Isz.t) is analytic in E for each fixed t € /
(1.2)  f™(0,6)=0,k=1,...,p=1,2nd /P(0,0) # 0,
(13)  f(s,0) < f(s,8) ,0St,00€I,3€E.
The p-subordinaton chain is said to be normalized if £(0,¢) = 0 and
7 (0,¢) = ple®* for each t € I.
Folowing Pommerenke [5], Hallenbeck and Livingston (3] proved :

Lemuma 1. Let f(s,t) = ¢**s”+:-- be analytic in E for eacht € I. Then f(s,0)
is a normalized p-subordination chain on I if and only if f(3,t) is locally adsolutely
continuous in I, locally uniformly in E and there exists a function h(3,t) measuradle
in § and analytic in 3 usth Re A(s,t) > 0, A(0,¢) = 1 such that for cach : € E and
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almost allt € I

(1.4) f0=:(50)h(zt), (F=5.r=%)

Lemma 2. Let 0 < r < 1 and f(z,t) = ap(t)z? + gf: an(t)z?, ap(t) # 0
n=p+1

Jor each t € I be analytic in E, = {3 : |z| < r} and locally absolutely cotinuous in I,
locally uniformly in E,. For almost allt € I suppose

f(‘-‘) = zf'(z,t) h(z,t) , z€E,

where A(z,t) is analytic in E and satisfies Re h(z,¢) > 0 forz € E.
I

(1.5) lim_|an(s)] ]“_»(%%! =

then for eacht € I, f(z,t) is the p-th power of a univalent function.
2. |p| — velence criterion.

Theorem 1. Let f(z) = 2P + aps12°F! +--. , p is an integer, be an analytic
function different from zero in E \ {0}, and lin})z”’f(z) = 1. Moreover, let s be
F S d

any complex number such that Re s = o > 0. If there ezists an analytic function g,
g(z) # 0 in E satisfying the inequality

|9 g(0 )-zf'(z) c+l [t+1|
(25 7@ T P e SP e
and such that

II r’(ul ‘f‘(‘) +(1_|‘|¢)('! ('] ’9’(3)) n +

22) oz fo) 1 T o)
st ep, ool

holds, then f is the p—th power of a univalent function in E.

Proof. We consider two cases
1°. p is a positive integer.

We put

fz) = f(ze"')[l + (c!%'l o g{z:;)“)] =M +.

zeE, tel, I'=1,

(2.3)

where g is the function which satisfies in E the assumptions of theorem for some t € I.
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For each t in I f(s,t) is an analytic function for |z| < €@, @ = Re o. It follows
from Lemma 1 that f(s,t) is a normalized p—subordination chain on [/ if and only if

/(z.0) 1+ w(z,t)
19 Y I P T o
where
it:——:::g =h(s,t), 36E, foreach fixedt€l,

is & well-known relationship between the functions w and A of the class O and P,
respectively.
From (2.4) and (2.3) after long but simple calculations we obtain :

w(z =j("')_‘f'("‘)_ s+1 v
(2.5) (240) j(,,t)-{-,!:(,") o R T’—L:'
where

ze” " f'(ze™") ze"f'(ze”")

, P deSl e NS \aleBa L) —bt — —b (
(2.6) . flze="g(ze=") ° el oy f(ze=t)
| . -t z -0t
+o ‘—g(z’c—(_,‘,-)—l) -p, b-'tlr-

It follows from Lemma 1 and Lemma 2 that f(z) = f(s,0) is the p—th power of
univalent function if

f(‘t ‘)
Re {700

thus for each ¢t € I the function w given by (2.5) will satisfy in E (E is the closure of
E) the inequality : |w(z,¢)] S 1.

The inequality (2.2) implies that for z € E w(z,t) given by (2.5) satisfies the
inequality |w(z,¢)] € 1 because it is enough to put 2¢=** = ¢ in (2.6), ¢~ = |¢|*/ =
= [¢]° for |s| = 1, a = Re ¢ and apply the inequality (2.2) exchanging z for ¢ there.

}>0, t€E, tel,

2°. The proof of thearem for p being a negative integer is analogous. It is enough
to consider the chain

J(z.0) =f(ze=")]! [l + (ctsl Pt 1)%;)“)]-' =P ry...

~

The prodf is complete.
Covollary 1. If we put ¢ = 1 in the Theorem 1, and g(z) = k(;)%'
Rek(z) 2 }, 2 € E, k(0) =1 and '

#(z) | ="(2)

(2.7) Jlst (2 - 1)+ 0 - 1) (55 * )-p+1|< bl
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then the function f is the |p|-th power of a univalent function in E.

This result for p = 1 and a suitably chosen k was obtained by the present anthors
in [4). The assumption k(0) = 1 can be dropped (see [5] Corcllary 3).

Corollary 2. If in Corollary 1 we put additionally lfﬂ' -1 = ¢ = oonst.,
le=p+1| < |p| and

(29) b+ 1= ey 2 - p 1] < 1

then the function f is the p-th power of a  univalent function in E.

Putting ¢ = p — 1 in the inequality (2.8) we obtain Theorem 21, 4, 1° given by
Avkhadiev [2].

For p = 1 the condition (2.8) is a well-known sufficient condition of univalence
given by Ahlfors [1).

A simple corallary of Theorem 1 is :

Theorem 2. Let f(z) = 5+ a33® +--- e an dnalytic function in E and o be
any complez number such that Re ¢ = a > 0. If there exists an analytic function g
and g(2) # 0 in E satisfying the ineguality

9(0) 2f'(s) o+1y _ |oe+1]
i) = B

and such that for a fized, positive integer p
it 22 L) 4 o gy S5 44 2268y 24

(2.10) 9z) T2 ) T 40) T
Sr"—,—?-l, s€F, -==':;‘. a=Res,

holds, then f is a univalent function in E.

Proof. Let A(s) = [f(s)]?, s € E. It is easy to see that A(s) satisfies the
assumption of Theorem 1 i / satisfies the assumption of this theorem. Thus f is
univalent function in E becanse A in view of Theorem 1 is the p—th power of a
univalent fanction.

3. An application.

Theovrem 8. [ f € S and a is any complez number such that |of ";1,
where p is a positive integer, then the function

(3.1) F(s)=p / VPO L, s€E
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is p-valent in E.
Proof. In the proof we use Corollary 2 and a well-known Bieberbach transfor-
mation preserving the class of univalent functions S

+
Hisa) —1(x0)
e o)
39 is a fixed paint of the disk E.
From (3.2) the value of the functional =P {58} ohtainedufrons (3.1) at the

(3:2) 9(z) =

F'(~z2)
point —zp = z is equal to:
2 ) zf"(z ) 2|z|? + 28,2
P I 7 Bk Atk v o

where §; is the second coefficent of the function g € S in Maclaurin’s expansion.
Putting ¢ = p~ 1 — 2a in (2.8, and using the above equality we have

tp= 1 = 20) P + 1 = o) ) — 41| =

=t - 1 20l + - o BT — e =

=3la] [baz(l + |2 + - + PC) + 2P+ |52 + - + |5 D) | <
S 2al(Sp-1).

In view of the assumption |a| € gy and the Corollary 2 we obtain the assertion
A the theorem

Remark. Using the criterion of p—valence stated in [2] for the fanction F(s)
given by (3.1) we conclude that this function is p~valent if |a] < L.
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STRESZCZENIE

W pracy podano warunek dostatecsny lpl—listno‘d (p licsba catkowita) funkcji analitycenych
J(s)wE\ {0}, .limnlx__'[(x)] = 1 (Twierdsenie 1).
Stosujec ten warunek pokasano, #e dla dodatniego i calkowitego p funkcje

F@=p [ U0y &

sy p-listne w kole jednostkowym jedli || £ "":’-



