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Wiasnoéci operatorow caltkowych zwigzanych
z réwnaniami rézniczkowymi zwyczajnymi w przestrzeniach Banacha

Abstract. Using Darbo’s fixed point theorem, it is shown that initial value problems for
ordinary differential equations in Banach spaces have a solution provided the right hand side of the
equation is a sum of a J-Lipschiz and disspative function.

Let E be a Banach space vithnorm |- |, T > 0, and f : [0,T]x E —+ E a
continuous function with sup{|f(t,z)| : 0 <t < T, X € E} < M. We denote by
C([0,T), E) the Banach space of continuous functions z : [0,T] — E provided with
the norm ||z|| = max{|z(t)] : 0 < t < T}. The existence of solutions of the initial
value problem

(%) z(0)=a, z'=f(t,z) (0<t<T)

can be proved by finding a fixed point of the operator ¢ : C((0, T}, E) —+ C([0,T], E)
defined by

2=+ [ fre(r)dr (z€C0,LE), 0<t<T).
0

A function f is called f-Lipsichitz, if it satisfies

B(f[0,T) x A)) < X B(A) (A C E bounded) .
B denotes the Hausdorf measure of noncompactness (for definition and properties see
(2], [8]): A compact function f is 3-Lipschitz with A = 0. If the function f is Lipschitz
with constant ), i.e.

Ifit,r) = f(ty)| <Az -yl (0<t<T; ryyek),

then it is A Lipschitz with constant ' The following results are known.
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Theorem 1.
(i) f ts compact => @ is compact and ®(C[0,T),E) C L.
(i) f is Lipschitz with constant A => & s Lipschitz with constant \T.

(iii) f ss B-Lipschitz with constant A\ —> & : L — L 1s 3 Lipschitz with constant
AT [10].

Here L denotes the convex, closed and bounded subset {z € C([0,T), E) : z(0) = aq,
|z(t) — zs)| < M|t —s|, 0 < t,s < T} of C([0,T], E). In case (i) the fixed point
theorem of Schauder gives a fixed point of ®. If AT < 1 we obtain a fixed point of
& by means of the fixed point theorems of Banach (case (iii) and of Darbo [3] case

(ii)).
Martin [6] used approximate solutions to show that the initial value problem
(*) has a unique solution, if f is disspative, i.e.
[#,v, f(t,2) - f(t,y)}- S Az —-y| (0<t<T; z,y€eE),
where [z,y]- = limyo 4 (|z| — |z — hyl).

We do not know, if this case can also be treated by a fixed point theorem. As
generalization of Theorem 1 we will prove

Theorem 2. Let g,k :[0,T] x E — E be continuous functions with
(1) sup{|g(t,z)|:0<t<T, z€ E}+sup{|k(t,z)|:0<t<T,z€eE}<M

such that g is disspative with constant A (> 0) and k 1s B-Lipschitz with constant k.
Define ¥ : C([0,T),E) = C([0,T),E) by ¥(z) = y where y is the unique solution of

y(0)=a, y' =g(t,y)+kt,z(t)) (0<t<T).

Then ¥ 1is continuous, ¥(C[0,T), E) C L and ¥ : L — L is B-Lipschitz with constant
q=%§(T-1).

We will use the following lemmata.

Lemma 1 [1]. Let A be a bounded and equicontinuous subset of C([0, T), E)
and A= {z(t):z €A 0<t<T}. Then

B(A) = B(A) .

Lemma 2 [9]. Letk : [0,T] x E — E be a continuous, bounded and -
Lipschitz function with constant k and A C E bounded. Then to each € > 0 there
ezists o finite dimensional subspace Y of E and a continuous and bounded function
$:[0,T) x E — Y with the property

(2) |k(t,z) — s(t,z)| < xPB(A)+e (0<t<T, z€A).
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Proof of Theorem 2. We define I' : C([0,T], E) — C([0,T}], E) by I'(z) = y+=z,

where y is the unique solution of
y(0)=a-=z(0), ¥ =glt,y+z(t)) (0<t<T),

or equivalently I'(z) = z, where z is the unique solution of

(3) Z(f)=a+ﬁ; g(r,2(r))dr +z(t) (0<t<T).

If K:C([0,T],E) = C([0,T), E) denotes the Nemytskii operator Kz(t) = k(t,z(t))
(zr € C([0,T),E), 0<t<T)and I: C([0, T}, E) = C([0,T), E) the Integral operator
Iz(t) = f(; z(r)dr (z € C([0,T], E), 0 <t < T), we claim

(i))ToloK=1¥, (4)
( i1) T is continuous,
( iii) T o I is Lipschitz with constant }(e*T - 1). > (5)

Equation (4) eesily follows from (3) and the definition of ¥. Since the propo-
sitions (ii) and (iii) can be proved by analogous arguments, we only show (ii). Let
z,u € C([0,T),E) and I'(z) =z +y, ['(v) = u + v. Then y,v: [0,T|x E = E
are differentiable functions and, with the properties of [-,-]- (see Lemma II 5.6 and
Lemma VI 4.1 in [7]), we get for ¢t > 0

ly(y) — v(t)I= = [y(t) = v(t),¥'(t) = v'(1)]-
= [y(t) = v(t), 9(t, 2(t) + y(t) — g(t, u(t) + v(t)))-
< [y(t — v(t), ot  u(t + y(t) — g(t, u(t) + v(t))]- + |w(t)|
< Aly(t) — v()] + |w(t)

where w(t) = g(t, z(t)+y(t))—g(t, u(t)+y(t)) (0 < t < T). From the above inequality
and [y(0) — v(0)| = |z(0) — u(0)] we deduce by means of well-known theorems on
differential inequalities (see Walter [12])

iy = vll = Pz = Tu — (= = ) £ T12(0) = u(©)] + 3(*7 ~ lfu] -

This and the continuity of g gives the continuity of T', and with (4) we obtain the
continuity of ¥. Furthermore (1), (3), (4) implies ¥(C([0,T], E)) € L. Now we will
prove that & : L — L is Lipschitz. Let Abe a subsetof L and A = {z(t): z€ A4 0 <
t <T}. Then by Lemma 1,

(8) B(A) = B(A) -

We choose ¢ > 0. By Lemma 2 there exist a finite dimensional subspace Y of E
and a continuous and bounded functions s : [0,T] x E — Y with property (1). If
S :C([0,T), E) — C([0,T), E) denotes the Nemytskii operator of s, the Arcela-Ascoli
theorem shows the relative compactness of IoS(C([0, T], E)) and therefore the relative
compactness of I' o I o S(C([0, T), E)). From (2), (5), (6) we deduce for z € A

ITo I(Kz) =T oI(Sz)|| < ~(e*T = 1)(kB(A) +¢) .

>e|
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This implies
B({ToloK(z)-ToloS(z):z€ A}) < IT(e*T —1)(xB(A) + ¢) .

Since B(I' o I 0 S(A)) = 0 and € > 0 is arbitrary, we conclude F(¥(A)) = (Fo I o
K(A) < ¢B(A).

Corollary . Under the assumptions of Theorem £ the initial value problem (*)
with f = g+ h has a solution z € C([0,T), E).

Proof. We first choose to € (0, T} such that 5(e*** —1) < 1. Then from Theorem
2 and the fixed point theorem of Darbo we obtain a solution z : [0,25] — E of (*).
This solution can be continued to the whole interval [0, T).

This corollary answers the question in [4], [11] and is proved without use of
a fixed point theorem in [9]. For completness we refer to a result of Lemmert
[5], who proves the monotonicity of an operator ¥ corresponding to an initial value
problem in ordered Banach spaces, where the right hand side is assumed to satisfy
some monotonicity conditions.
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STRESZCZENIE

Stosujac twierdzenie Darbo o punkcie stalym wykazano, ze zadanie poczatkowe dla rownania
rozniczkowego zwyczajnego w przestrzéni Banacha ina rozwiazanie, o ile tylko prawa strona réwnania

jest suma funkcji - Lipschitzowskiej i dyssypatywnej.






