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Lista probleméw

Mepevein npoGnext

W. HENGARTNER Departement de Mathematigues, Universite
Laval, GQuepec, Canada

Let D o¢ a dowsin of C and let & be u given analylic
function of D such tuat |a(z)] {1 for all x€D . .¢ suy
that a wapping £ : ECD=%C ie in h(&) 4if tnerc is & neigh-
bbornood V; of E such thut f satisfies the P,D.L.

ETL“‘, = a(z)i‘z(z) ]

For E, CE ,'we denote by H(& 53- tne upiforu closure of nf(u)
on B1 .

L]
a) Chara_c':terize the coupact sels K of D suca tuat
RO = Ck)Aank®) .
b) Cnaracterize the coupact sets K of D suca tnat

BE)E = ck)n n(k®) .

J.G. KRZYZ (Lublin, Poland)

1, et £ denote tne fumiliar class of noruulized univa=—

lent functions and put for n &N

n
[/ 1] =2 ndplar 2+ 0Py 22 4 L.

bovwa Ly g. G. Lr2y2 [Jmn. Univ. weriae Curie-sklouwoweka

sects. A 24(13c0), ‘z‘)-—:,ﬂ we nave ror euny fixed né€R



310 List of Problems

WHTG 1 = 1,25e..,ne1 I PEE BAdT Riz)E2 (1 4 2)7°

(1) Given n€N , find tae best possidle w, such that (x)
bholds for all 1£m\(mn .

(Ooviously n + 1§mn\(2n i my = 3). _

(ii) Find snarp estiuwates of b‘gn)(f) for m)mn y Or possib-

1y for u>/2n .

2s wct £ e locally univalent in-tne unit disk D , If the
valutcs of log £ are situated in a horizontal strip of width
9C uucn obviously f is univalent -in D . Does this statewent
rewain true under a weakor assumption: The intersection of every
vortical straight line with the set {log f'(z) g zéD} nas

linear measurs at most 9 ?

n .
R. KUHNAU (dalle, GDR)

Zur (geschlossenen) Jordankurve C auf der Zahlenkugel
seien X (ait O£KC£1) der reziproke Iredholusche Eigen-
wert (vgl. z.B. [’I], [3]) und qg (mit - O$qc 51) der
“Spiegelungskoeffizient" von C . Dabei sei ¢ = (I+qg )/(1-qc)
das Infiumum der Dilatationsschranken, die fUr quasikonforme
Spiegelungen an C  wmbglich sind. Es ist )(C <1 bzw, qc (1
genau fir C = qua-sikonformer Kreis, ferne? xC = qg '= 0

Kreis oéer Gerade. FlUr witere Zusamuenh¥nge und

genau fUr C
Literatur vgl. man [2_].
1.) B8 gilt

(1) A Lo €A

Ler linke [eil dieser Ungleichung (Anlfors) ist scuarf, wagbrsche-

inlich stets nicnt der recnte Teil. Man verbessere deumentsprechend
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die Ungleicaung qg 4 3€c bzw. sucize die zugenlrige scharfe
Ungleicoung der Fora qg é f(H ) !

2.) wvie mu wan aie Aussage " C sei nane einem sreis"
(in eipem wYglichst schwachen Sinne) prHzisieren, dawit (vowlg-
lich-uit einer expliziten Ungleichung) nieraus folgt, da@ b &%
und Q¢ nahezu = 0 sind ?

3.) Nach [2] silt vei CPoa fur Ky £ 1/2 , daB C

in einem konzentrischen Kreisring mit dem RadienverhUltais (1)

(172 = Re)
(2) T[:‘(ﬁ:—_xcjc— -1 (IM = bulersche Gamwatunktion)

liegt, ferner flUr .qg < ain[(ﬁ‘- 1)51'/2] = 0,605... , daB® C

in einem konzentrischen Kreisring mit dem Radienverh¥ltnis
(3) [2 - 45t ™2arc coazqc] /[2 - (1+21[_1a.rc ain cha]

liegt. Diese Gr8 en (2), (3) lassen sich wanrscheinlich stai‘k
verkleinern. Lan verbessere deamentsprechend (2), (3) !
4.) MNach Schiffer (vgl. z.B. [1], s.36) gilt

. 2
) X € AR -,

. #R .

falls es eine schlichte konforue Abbildung des Ringes r{|z|{k
0dr{1{rR{+00) gibt, bei der [z =1 in C HUbergeht.
Gilt (4) auch bei kirsetzung von A durch- qc ? iine entspre-
chende Frage enistecht bei Verallgemeinerungen von (4) - vgl. r'.].
Selbst die GrenzfBlle r = O und k = +00 von (4) sind
ungeklirt,

5.) Ist d der transfinite Durcnuesser von C $0o , R
der Radius der gr8Bten von C uwschlungen sreisscueibe, dann

gilt die (sicner unscharfe) Absch¥tzung [2]

(5) ('1>/) a/d), €Xp {2K +.6log2 + .«’.*Lz}f-arc cosqg ) + 'Jt'{?c}

Jabei pezeicuvet K = 0,577... ule sulersche aonstante und
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¥ = f"/[’ dic culersche Psifuunktion. wan vervbessere (5) bLaw,
osstimue gar die zupehBrige scnarfe Ungleicauung !

o.) FUr die regullren Polysoue C 1ist die abglicnst
wonforwe Spierelung nicht eindeutig bestimut [?]. Gilt dies fur

jede vordankurve C , die ein Polygonzug ist ?

~chriftua

[1] Caier, L., Lonstruktive wethoden der konformen Abbildung,
Berlin-GY¥ttingen-tieidelberg, Spr;nger, 1964.

I?] AUihnau, R,, wBglicnst konforuwe Spiegelung an einer Jordankur-
ve, Janresber, LuV,

[5] schooer, G., sstimates for Fredholm eigenvalues based on

quasiconforual wapping, Lect. Nocés wath, 55}(1975), 211-217.

R.J. LIBERA, B.J. ZLOUKIEJICZ (Newark, UsA ; Lublin,Poland)

1) Suppope f(z) 1is univalent and convex in A and its
inverse is T(w) = w + ]’2l2 + 7315 * eacld
Because there are convex functions for which the series for f(w)
converges only in |w|<% + E , toe Cauchy - dadamard formula

shows . sup 'rkl canoot be bounded.
X .

However the following is known:

(a) I &A™ . F22,3) wieB s

Severgl autaors have given_this bound for n=2,3,4 . References
are givbn in "carly coefficients of the inverse of a regular
coavex fuaction'", R.J. Libera and b.J. Ziotkiewicz, Proc. A.u,S,
85(1982), 225-230, woere proof is given for n=2,3,4,5,6,7 .
I.T.P. Cawpschroer, "Coefficients of the inverse of a coavex

function", Nov. 1382, vept. of .uiath., Catholic Univ, of NYmegen,
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{he lietuerlands, uas giveu a proof for n=8.

(b) sup |rn, 15 " for 0=10".

Inis was suown by W.S., airwan and G. Schober, "Inverse coeffi-
cients for functions of bounded ‘ooundary rotation", J. u'analysr
dath. 36(1979), 167-178,

Consequently, tuese problemé can be posed:
(1) 1Is supla'gl é‘l ?
(11) Find sup rrn| »  0=10,11,12,¢¢. .

2) 3Suppose F(z) = Ay 2+ Ay z% 3 ndz e F@@) =0 ,
Fla)=a , 0{a{1 , and |Fz)] {B , BD>1.

In the manuscript "Bounded univalent functious with two
fixed values" (to appear, Complex Variables) R.J. Libera and

E.,J. Ztotkiewicz nave shown

(a) (=2 )% { Ingl £ (22 B)°
and

i IA | 2 B(l+a c 2 (Bl -B))#
) ol {2Bfleedy” g (el

(a) is sharp, nowever (b) is not likely to be snarp for all
a and B ., Little else appears to be known about otuer coeffi-

cients. Hence, we suggest finding sup IAKI y kD2,

T.,H., @AC GKEGOK (Albany, USA)

Throughout let U denote the set of functioas tnat are
analytic end univalent in 4 = {z t lz| (1} and let S uenote
the subset of U given by the- normalizations £(0) = O and
£°(0) = ‘
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1. 4 sequence {F } of families of analytic functions is
defined in the following way. Let b‘ = 5% deooto the subset
o' S for wauich T(/\) is starlike with respect to the origin.
Inductlively, fEFn provided that £ 1s analytic in O _ana

there is a real nuuber o eud gE€¥, _, such that

gle

close-to-convex fuuctions.

A% v
lte & E zi (#) S0 for (2} {1 . Nove tnat ¥, is thne set of
T 1

(a) Find a geouetric and an intrinsic characterization of ans
for n>,2 . \

(b) lnd tne closed convex null of ¥, for n}2. ’

(¢) 1ls 8 contained 1n the closed convex hull of F (for

sou¢ n ) or of U F ?
n=1

2, Let F dcnote the set of functions navhng the represen-

tation ‘(' .
- !
£(z) = ———— dm(x) for | 1
o Ix1=1 (1-x2)° a . “ <

woore g is a coumplex valued Borel measure on #A , It is
known tnat each spirallike function and each cl@gse-to-convex
function velonys to F , but it is not true tnat UCF [Indiana
Univ. iuaeh. J., to appear]. - .

(a) Arc tnhere other interesting subsets of S which are contained

in ¥ ?

(b) Characterize UNF .
(c) If feUnTF what can be sald about inf l/L" ?

(d) wuUoes esch function in S have the representation

1 2
- m(xty)
£(z) = J—z—z————z—)—;— d/u(x,y) for |z|<1 »y where M
J2

is @ couplex valued korel messurc on L = 0ff x 94 2
{e) Characterize tnose functionu ansalytic in ﬂ which aigo
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oelong to F .,

3, Find the linear span of U . [I‘.n. wacGregor and

G. ocihober, J. aath. Appl., to appear}.

4, Characterize pairs ot sequences {zn} ] {wn} sucn
that there is a function f€ S (or U) for which r(zk) = w
for k=1,2y.ee o

k

ieC i
5. Let 1z, =e k v W =@ (sk (k=1,2,¢00,0)

o, {...{ot L 428 aud Pl BoCee P LB*2T .
hen there is a polynomial p such that p 1is univalent in X ’
plz ) = w, for k=1,2,...,0 and [ptz)] {1 for Izl {1

and z # 7, « [J. Math. aal. Appl. 111(1985), 559-570] . kiow can

the swallest degree of such polynomials p be descriced in

waere

terms of N:k and [Bk ?

A 21
6. Let I = ff'[ IfthLreig)ll do woere 0{r{1 ,
0

AD0, 0=0,1,... sad £ is analytic in A .

(a) Find the waximum of I wanere £ satisfies Re f(z)> 0
for 12041 and £(0) = 1 . Yhis probleu nas been solved
for )\)1 [Linear Problems and Convexity lecnniques in
Geometric Function Theory, Pitman, Boston 1984, see p. ?9] .
Iv is open for 0& A1 and =1 .

(b) ¥ind the maximum of I waere J£(z)| {1 for i1 .
Tais problem has been solved for 0 <& A (2 [_'Ann. Univ.

M, Curie-Sklodowska Sect. A 36/37 (1382/83), 101-111;
Cowplex Variaules 3(19&4), 135-167]. It is open for A D 2
and n)1 .
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O alsR1I0  (JyvMskylY, rinland)

1. Iv is possivle to find a set #CKR and a quasisymuetric

function ‘rl : R—~%»R suci taat for some oL , N €D,1)
3
H(x) =0
1
n L-rlt».JJ £0
wre € dernotou iHausdorif measure.
2w Let P : [0,00)—-) [0,00) be a houweomorphiam, DCRn i

)< ond £t D=9k , wien I is P -quasisywmotric if

l }t:} = %}Tlé pLt) ,  whenever l—Hl \< t .

pProblen: Is there u bounded domain DCR® and a p—quasi-

syauetric fupction £ : D ~—>it"" guch taat

.

el ¢y o), gda .

.

5t, AUsCunJeYH (wlrzburg, Yest Geraany)

1. Let S be tho ugual sot of normalized univalent

functions in tuo unit disk D . for f€ S write
]
-9 s K
W7 ) Z 8,2
© k=0

snd nax o, ] o k€l . Lt nas Lecn snhown [nuscuewe‘yn, Liath,
S

hnud 238(1578), 247-229] “taew K £ of , 421,2,3, , if oD

are the coofficicotin of W/f(; | fo the ocbe fuaction., On the

oloer nund GOIe exiels t w20 [1 uschxe~-Heuncuiid,
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Powuerenke, J. reinc sugew. wath.,367(1980), 172-1&6] waicn

proves that
oL o
A #0k) o= 0.0642 .

Deternine the correct growth of the sequence A k —»0

k ’
2., let neN ., Then there exist constauts mn< 1 with
tne following property: if a polyhowial p(z) = z + ... + a 2"

n
satisfies

win )| D
1z1€ Ip z'?mn

then p is univalent in D . It is known (huschewecyh, Thapa:
to appear) that

n+1

mn=(c05g£—1- /coa%z)

is a possibly choice. what are the vest vslues for a, ?

3., Let TCHN and let Ap be the set of functions

£(2) = 1+ 2 akzk
KkeT

which are analytic i.n D and satisfy f£(z) # 0, 2z€D , The
following was conjectured [Ruac'neweyh, wirths, preprin{l:

Ap is couwpact if and onl; if Ap does not contain non-constant
entire functions which do not vanish im C . This is xnown to be

true in tne following cases:

i) z 1k £ o |Ru-alf, d
e & [u a] an

ii) T contains only finitely wany evea numbers [_kuscne'.veyh,

. Salinas, preprint] » where A, turns out to be coupact.

2 2

4, Letv f£(z2) = z + a,z el B N ez =2y by2® + ... De

in colS) , the closed convex hull of & . Is it true that
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. oQ
f a b
@ e)e) = 2 g e Ty v

)

;aub 1T one replaces S by the class of close~to-convex

functions ?

5. TOPPILA (Helsinki, Finland)

J. vawrynowicz and 5. Toppila proved:
r 2 is en entire and transcendelltal function then

lim sup & Zgl;ff T AL RS

I =>eo

*Upen questiont Does thero exist an absolute constant

iuca that

lim sup %#(‘%'-If—)-)- >,"l
’

I = 00

or suy transcendental meromorphic function £ ?

e
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