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Problemy ekstremalne w pewnych klasach miar (III)
Funkcje o dodatniej czeéci rzeczywistej

Abstract. In this paper, being a continuation of [15,16], we consider the sets of extreme and
support points for compact convex classes of holomorphic functions with ranges in a given strip or
else with the fixed part of their Taylor expansions. It appears that these extremal sets can be dense
subsets. By means of suitable affine homeomorphisms we reduce the extremal problems to some sets

of Borel measures.

1. Introduction. This paper is a continuation of our previous works [15,16].
Let A, = {z : |z] < r}, A = A), and let H(A) denote the class of all complex
functions holomorphic in A. Next let a;j(f) = f)(0)/5! for f € H(A), 7 = 0,1,... .
Endowed with the topology of uniform convergence on compacta, the linear space
H(A) is metrizable locally convex [4,9,20] and its dual

(1.1) HAY = (Y bja;() : Tmg/ib| < 1} = HA)

§=0

see the Teoplitz theorem [4, 9, 20].
In the present paper we shall be working within the class

(1.2) P={fe HA): f(0)>0, Ref(z)>0forze A}

of all Carathéodory functions. The class (1.2) has been of interest to a number of
mathematicians and its basic properties are well known [4,7,8,9,18,20,23]. We recall
only the useful Riesz-Herglotz integral representation. Namely, let B consist of all
Borel subsets of the unit circle 3A and let M be the family of all finite nonnegative
measures on the o-algebra B. Then

(1.3) P={f, :veM},
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where
(1.4) f.(2) = { q(z,z)dv(z) and ¢(z,z)=(1+z2)/(1 —zz).
Joa

Furthermore, assuming the weak-star (metrizable) topology in M, the map M 3 v —
f, is an affine homeomorphism from M onto P, see [1,9]. Hence for each f € P the
equation f, = f has the unique solution v = vy € M. Moreover, any measure vy
is the weak-star limit of a sequence (vy, ), whenever f, fi, f5,... € P and f, — f
uniformly on compact subsets of A. For instance, if f € P, fn(2) = f((1 — n~1)2),
then

(1.5) v (A)=(27)"" [ Re f(1-n"")z)dargz, A€B,
A
a.ndv,niou,asn—ooo.
In the paper we shall consider such compact convex subclasses of P to which the

methods from [15,16] are especially successful and complete. Namely, let 0 < ¢ < L
and let

(1.6) P(L)={fe H(A): f(0)>0,0< Ref(z)<Lforze A}, L>0,
(1.7) P(L,c)={f € P(L): f(0) =c} .

Next consider

(1.8) P(n;g) = {f € P:a;n(f) = aja(g) for j =0,1,2,...}
(1.9) Pln;g) ={f € P: Reaja(f-g)=0forj=0,1,2,...}

for an arbitrarily chosen positive integer n and g € P.

Clearly, P(L,c) = {f € H(A): f < F.in A}, P(L) = UO(c(L P(L,c), where

nc

‘f .

sm]a ol 2

(1.10) F(z)_c+ — log1 c+2c z

However, it seems to the authors that the classical arguments on subordination are
not always useful in solving extremal problems for the classes (1.6), (1.7).
Let n be a positive integer and let

oo n-1
fy(2) = Y ajn(f)2" = Y f(e*2)/n, e =exp(2ni/n),
j=0 k=0
fim(2) = ) ( Re aja(£))2" = (fimy(2) + fim)(2)) /2
Jj=0

Ray={z+ f(z"): fEP} , Rm={z=(fz")+fE")/2: f€P}.

Then the mapping f — f(n) (resp. f + fin)) is a projection of P onto Ry, (resp. of
P onto Ay)). The equivalence relation:

f~gifandonly if fin) =g(n) (resp. iff fin] = g[n))
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decomposes P into compact convex equivalence classes (1.8) (resp. (1.9)) with ¢
ranging over P. This way

P= |J Pnig)= |J Plnigl.

9EP ) 9€Rn)

The classes defined in (1.6)-(1.9) have many interesting properties, some of them
are curious enough. Namely, every considered class has extreme points of a convenient
form and hence maxima of convex continuous functionals over such a class can be
found. Furthermore, the classes (1.6), (1.7) and many of (1.8), (1.9) are strongly
convex ( = H(A)*-rotund), and hence their extreme points form dense subsets.

In a few places we shall use the symbols S, S*,KX,Y and T for the subsets of H(A)
consisting of these usual normalized functions that are univalent, starlike, convex,
circulary symmetric and typically real, respectively. We recall only that K ¢ S* C S
and

1°Y={fe HA): f(0) = f(0)=1=0, Im(zf'(2)f(z)) Imz>0 for z €
A},

2° for f € Y and 0 < r < 1 the function ¢t +— |f(re")| decreases in [0, 7] and
increases in [r, 2n| (strictly if f(z) # 2),

3° for f € Y we have max{|f(z)| : |z| < r} = f(r) and the function £|(0,1)
strictly increases, '

4°YyNs=)ynT,
see [13]. Moreover, .

5° f €Y, fi(z) # 0 for all z € A if and only if f € H(A), f/(0) = 1 and the
function z — (z/(1 + 2)?)(2f'(z)/ f(2)) belongs to the T,

6° f € YN S* if and only if f € H(A), f(0) = 1 and the function z ++
(z/(1 + 2)*)(2f'(2)/ f(2))? belongs to the T, see [21].

2. Simple results.

Proposition 2.1. Let f € P(L,c) and |z| =r < 1. Then

(i) 0 < F.(-r) £ Re f(z) < Fi(r) S L, see (1.10)

(i) | Tm £(2)| < (E/m)log[(y/( — )2 + 42 sin® a + 2reina)/(1 - )
< (L/7)log((1 4+ r)/(1 = 1)) = Im Fypo(ir),

where a = nc/L.
In particular, for c = L/2 we have the following sharp estimation:

| Re f(z) — L/2| < (2L/7)arctanr .

Proposition 2.32.
(i) max{|a;(f)|: f € P(L,c)} = ai(F) = (2L/n)sin(xc/L) < 2L/=,j =1,2,...
and
(i) 2;-':1 laj(f)I? < 2;;, laj(Fe)|? for all f € P(L,c), n=1,2,....
Biblioteka
UMCS
L(‘



34 L. Koczan , W. Szapiel

Both propositions follow from the well known properties of subordinate functions.
We let add that for 0 <c < L,n=1,2,..., we have

Z |G_,‘(Fc)|2 < Z l(l"(Fc)l2 =2(L-c)< L2/2
Jj=1 j=1

and

Eta,(F |’<Z|a,(Fm)|2 (4L*/7*) Y (25 -1)7?

)=l 2j<n+1

The last inequality follows from the Fejér inequality

n . .'
(2.1) Zm;,] >0 for 0<t<m and n=12,...,

i=1

stated first as a conjecture by L. Fejér (1910) and proved first by Dunham-Jackson

(1911) and by T.H. Gronwall (1912), see [22]. Another way of proving (2.1) depends

on the fact that the polynomial p(z) = 2+ 2%/2+ ...+ 2" /n is close-to convex in A:

Re ((1—2)p'(z)) 2 0in A. Thus p is univalent and, consequently, it is typically real.
Now we use the notation from [15,16]. By (1.4), (1.5) we get

Proposition 2.3.
P(LYy={f, :v,n—v €M} ={f,:v€MA,B,n)

and

P(L,c) = {f, :v € M'(3A,B,p,¢)} ,

where 2npu(A)/L denotes the linear Lebesgue measure of the set A= {telo2n):
e'' € A}, i.e. pu(A) = L(2r)7'|A| for all A € B.

For (1.8), (1.9) we have
Proposition 2.4. Let ¢ = exp(27i/n).
M P(nig) = {f, : v € MM(X,B,1,,)}

where X = A and h(z) = ex. Moreover, X = Xn, orb(z) = {r,ex,...,e" 'z} and
AM = U2, kI (A).

(i) Plnig) = {f, : v € MMX,B,v,,)}

where h(z) = Te!tEnt(n 81gz/m) 4nd X = AA = X3, = .X-;,. U Xg,.. Furthermore,

1° orb(z) = {z,ez,...,6" '2,%,6%,...,e""'T} for all z € X,
X, =orb(e™/™)Uorb(e?"/")= {e"’“‘/" k=0,1,...,2n—1} and .‘lm:U?:;l h(A) =
Ui 'hi(AU A) for A€ B. where A= {r € dA:T € A},
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2° h(x) =¢€x for all z € .‘?n,

3° for r € .i;),, the point h(z) is symmetric to = about the halfline: arg z =
m(1 + Ent(n arg x/7))/n.

Proof. (i). Observe first that f € P(n;g) if and only if f € P and ng(,(2) =
nfin)(z) = Sho f(*z). Hencen [, q(z, :t)dug(,_)(:t) = Y000 fon 9(eXz,2) dvy(2) =
k;‘: f&a q(z,e%z)dvy(z) = Joa (2, .1:)d(z:‘r oVsoh” )(z), so that ny, =~ =
vi+vsoh+...+vsoh™!

(ii). Similarly we deduce that f € P[n;g] if and only if f € P and 2ng[,)(z) =

2n fin)(2) = n(fiay(2) + fim(2)). Thus 2npg (4) = ):""(u,(e*A) +vy(e*A)) =

2';;’ vy o h*(A) and 2n [5, 4(z,z)dvg, (2) = [,, a(z, z)d(zk T VfO h")(m) for
all A € B. Finally, the desired result follows from (15, Proposition 7.1].

. By (15, Proposition 7.1] the proof is complete.

3. Strong convexity. Let Abe a nonempty compact convex subset of H(A)
or, more general, of a locally convex Hausdorff space. By £ A we denote the set of
all extreme points of A i.e. EA= {f € A: A\ {f} is convex }. The symbol 0.4
will denote the set of all support points of A i.e. fy € oA if and only if f, € Aand
Re &(f;) = max{ Re ®(f) : f € A} for some ® € H(A)* with Re ®|.4# const. The
following are well known :

1° £EAC 0 Aif dim A < o0,
2° o A= A= 0Aif dim A= oo,

3° A= conv (AN oA), a generalization of Krein-Milman’s theorem [2,12].
Recall that A is said to be strongly convez or H(A)* -rotund if cAC EA By 2° we
obtain

Proposition 3.1. (Klee [14] For all infinite dimensional compact strongly
convez sets AC H(A) we have A=0A=EA=0A

Note that in the case of Proposition 3.1 the property 3° is of no interest since

then A= o AC conv o AC donv EAC A=A
Example 3.2. (Poulsen [19]). Let A= {(z;) € I* : 372, 4/|z;|> < 1}. Then
Ais an infinite dimensional compact convex subset of I* and
gA={(z;) el’:Y Y’ =1} =£A.
j=1
By Proposition 3.1 we get A=0A=EA=0A

Example 3.3 (Arens , Buck , Carleson , Hoffman , Royden , see
[3,9,10]). Let A = {f € H(A) : |f(z)] < 1 for z € A}. Then A is an infinite
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dimensional compact convex subset of H(A) and

oA= {ZH ﬂ((z—aj)/(l—ﬁ,-z)):|a,-| <lforj=1,...,n, n= 1,2,...} CEA
J=1

n
= {f € A: f log(1 — |f(e™)]) dt = _oo} :
0
Thus A= 0 A= £A= 8Aby Proposition 3.1.

For interesting generalizations concerning extreme points of classes of bounded
holomorphic functions see [9].

Theorem 3.4. Let i : 0A — R be a Lebesgue integrable function on 0A (with
respect to the Lebesque arc measure on OA). Then for0 < c< L

Q) max{ﬁa Ydvy: f € P(L)} = L(2m)™? [' e di

(ii) max{ [ pdv,:fe 'P(L,c)} =L@ [ (w(e™) = A)dt + Ac,
Joa JA)

where =, A(-) and A, are defined by the formulas: ﬁ/q%- = {t € [0,27) : " € A},
A(L) = {z € 0A : Y(z) > A} and A, =sup{) € R:|A())| > 2nc/L}.

Moreover,

(i)  oP(L)= { fa = L(2m)! / g(-, €")dt : A C Ris a finite union of

A
intervals, diam A < 21r}

S EP(L) = {fa: A C Ris a Borel set, diam A < 2r} ,
(iv) oP(L,c)= {f € oP(L): f(0) = ¢} S EP(L,c)= {fe EP(L): f(0) =c},

(v) A=0cA=EA=0Asf A=P(L) or A=P(L,c).

Proof. (i)-(iv). On account of [15, Th. 6.1,9.1], {16, Th. 3.1, 4.1-4.3] and
Proposition 2.3, 3.1, we have (i), (ii) and (v), whereas concerning (iii), (iv) it is
sufficient to check only the following inclusions:

{fa: A C R is a finite union of intervals, diam A < 2r , |A| = 2n¢/L} C oP(L,¢c)

and OP(L) C UOSCSL UP(L,C). Let tg < t; < ... < tagn_) < t3p < to + 2m,
A = Uj_,[t2j-1,t2;], |A| = 2mc/L. The function w(t) = — Hf;l sin((t — t;)/2) is a
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trigonometric polynomial of n'" degree and 4 = {t € [to,to +27] : w(t) > 0}. Observe
next that there is an algebraic polynomial p such that w(t) = Re p(e''). Thus if we
set

&(f) = as(p)ao(f) + I _ a;(p)a;(f)/2 ,
=1

we obtain the functional ® € H(A)*, see (1.1), such that

1° ®(g(-,z)) = p(z) for all z € BA
and

2° Re ®|EP(L,c) # const.
Since {e'* : t € A} = {z € 0A : Re ®(q(-,z)) > 0} = A(0) and |A| = 2nc/L, it
follows from 3.4(ii) that max( Re ¢)(P(L,c)) = L(27)~! Re &(f4), which proves the
first inclusion. The latter is trivial.

Recall that a continuous functional J : A — C is weakly differentiable relative to
Aif for any f € Athere exists a complex functional J§ continuous on H(A) and linear
with respect to the field R such that to each variation f + €9 + o(¢) € Aas e — 07,
we have J(f + eg + o(¢)) = J(f) + €Jy(g) + o(¢) as ¢ — 0. The functional J; is
called the weak derivative of J at f relative to A It is clear that then for each f € A
there are ®;, ¥, € H(A)* so that J; = &, + ¥, namely 2&(g) = J(9) — iJ4(ig)
and 2¥,(g) = m ~ tJ!(ig). Moreover, every & € H(A)* is weakly differentiable
relative to Aand &) = ¢ for all feA

Let v € M and A € B. Later on we shall use the notation v 4 for the new measure
obtained by means of v and A as follows: v4(B) = v(AN B), B € B.

Because of [16, Remark 3.2, Theorems 4.1, 4.2] we have

Theorem 3.8. Let A= P(L) or A= P(L,c) and let 4 consist of all fo € A
for which there is a complez functional J weakly differentiable relatsve to A such that
Re J(fo) = max{ Re J(f) 0 f € .A} and Re J}IA# const. Then A = g A

Remarks 3.8. It is known that
(i) for any f € P the limits lim,_;- f(re") - 4 f(e') exist almost everywhere on
[0,27), see [3,10],
(ii) f € EP(L,c) if and only if

(3.1) feP(L,c) and Re f(e")(L - Re f(e") =0 ae. on [0,27) ,
see [9,17].

We give the proof that (ii) follows easily from Theorem 3.4. Namely, by (1.4),
(1.5) and by the Lebesgue domimated convergence theorem we get b
v(A) = (27)7! Ji Re f(e*)dt for all f € P(L,c), A € B, where as previous A =
{t € [0,27): €' € A}. Take now any f € EP(L,c). According to Theorem 3.4 there
exists B € B so that vy = up, where u(A) = L(2m)™! |A| Thus

0=v,8A\B)=(27)"" [ _ Ref(e")dt
)[0.2#)\8
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and

0= u(B) - vy(B) = (2m)"! /E(L‘ Re f(e')) dt ,

whence (3.1) follows.
Suppose now (3.1) and consider the set B = {z € A : Re f(z) = L}. Then

Re f(e'') =0 a.e. on [0,27)\ B and for all A € B we have
vi(A) = (27)" / Re f(e")dt = (2r)"'L|AN B ,

which means that f = fp € € 'P(L, c), the desired result.
Using [15, Theorem 8.1, 9.1, 11.1, 11.2] and Proposition 2.4 we obtain

Theorem 3.7. Let n be a positive integer, n > 2, € = e*™'/ and let g € P.

Then we have
(i) €P(n;g) = {nf, TV o= (u,(“))A and the sets A,cA,...,e" 1A form a Borel

decomposition of the circle 3A}.

(i1) ma.x{faAtl)dV, f € P(n; g)} = jih vrdvg,, = [pa ¥’ du? for all bounded
Borel functions ¥ : 3A — R and all f € P(n;g), where
¥*(z) = max{¥(z), Y(ez), ..., Y(e" "' )}.

(iii) EP(n;g) = P(n;g) if vy is nonatomic.
_Theorem 3.8. Let n be a positive integer, € = e2™/" let g € P, and given A

let A= {z€DA:T € A). Then

(1) £’P[n,g]—{nf.,,+2nf.,, 1 Vj=(vg,)a; and thesets A;,... "1 A;, Z,-,...,e""g,
form a Borel decomposition of the set X’,-,,, 9=l 2}
where, we recall, X, = {e*"/" : k = 0,1,...,2n - 1}, X,, = 0A\ X,, and
A, = {e3k+D)mi/n 2""/"} for aome k,l € {0 1,...,n-1},

(ii) max{ f,5 $dvy : f € Plmig]} = Joa ¥ dvaey = f8A¢ dv; for all bounded
Borel functions ¢ : 3A — R and all f € P[n; g], where

¥*(z) = max{y(z),..., ("~ 'z),¥(F),..., ¥(e""'T)} ,

(iii) in the case when v, is nonatomic, we have EP[n;g] = P[n;g] and £P[n;g] =
{2nf,, v = (u,m)A, the sets A,...,e" 714, 2, i ,5""2form a Borel decomposition

of the circle BA}.

Theorem 3.9.  Suppose that g € P, g(0) > 0, and that v, is nonatomic.
Nezt let n > 2 be a prime number. Then the class P(n;g) is strongly convez so that
oP(n;9) = EP(n;g) = P(n;g). More precisely, the set oP(n;g) consists of such
functions from the set EP(n;g) for which in 3.7(i) the corresponding A is a finite
union of arcs.
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Proof. Let fo € 0P(n;g). Then nvy , — vy € M and for some & € H(A)*
with Re ®|P(n;g) # const we have Re ®(fy) = max{ Re ®(f) : f € P(n;g)}. Put
@(z) = Re &(q(,z)), € = 2™/, p*(z) = max p(orb z). By Theorem 3.7 we get

Re<l>(f0)=/ 50(1)(11/;,,(:):[ ¢*(z)dvg(z) = [ tp'(z)duw"'(:z:)
8a Joa a

Jo
=n/ 0*(2) dy,, () ,
G

where G is any measurable generator for (0A,B, k), see [15] and Proposition 2.4.
Consider the set B = {z € A : ¢(z) = ¢*(z)}. Then vy, =(vy,)s and B = ByUB,,
where

n-1 n-1
By = n {z€dA:p(z)>p(’2)} and B, C U {z € 8A : p(z) = p(’T)} .
Jj=1 j=1

We shall show that B; is finite. In fact, assume that B, is infinite. Since n is a
prime number, ¢’ # 1 for all integers j indivisible by n. Because of [16, Lemma
1} we obtain that ¢(z) = @(&"z) for some s € {1,...,n — 1} and then B = A,
Re ®|P(n;g) = const, a contradiction. Thus vy (B,) < n(u,(n))(Bl) =0,ie vy =
(vf,)B,- By [15, Remark 2.1] there is a measurable generator Gy for (8A, B, k) such
that By C Go C B. Hence for all numbers ¢ > ||¢|| we have

0< /G (0(z) + c)d(neg,, = vp )z) = fc ¢(z)d(nvy,, —vy,)(z)
= Re ®(fo) — Re &(fo) =0,

which means that vy, = (nvy,,)G, = (nVy,,)B. An argument similar to that used in
the proof of Theorem 3.4 shows that B is a finite union of arcs. This ends the proof.

Theorem 3.10. Let g € P, g(0) >0, n > 2, and suppose that v, is nonatomic.
Then P(n; g) is strongly convez if and only if n is a prime number.

Proof. By the previous theorem it is sufficient to check "only if”. Let P(n;g)
be strongly convex and let n = kl, where k > 2, 1 > 2 are integers. Then

r/n

max{ Re ax(f): f € P(n;9)} = 2!1/ : cosktdug(n)(ext) >0

-n/n

with extremal functions f; = n I,{;n q(-,€")dvg, (e") and fo(z) = fi(e'z), where
€ = e2™/". We shall show that
1° i # fa

and
2° Re ax|P(n;g) # const .
To see 1° observe that Re a,(f;) = 2n f:{:n

ar(fi = f2) = (1 = Yay(f1) # 0. Next consider fi(z) = fi(ez). Since f; € P(n;g)

costdvy ,,(e") > 0, whence
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and Re ax(f; — f]) =4n f”'" sin(kt + = /1) sin(n /1) du,(")(e") > 0, the property 2°

—-r/n
holds. Finally, we have found distinct functions fi, fa,(fi + f2)/2 € oP(n; g), so that
the proof is complete.

Theorem 3.11. Ifg € P, g(0) > 0 and v, has an atom, then all the classes
P(n;g), n > 3, are not strongly convez.

Proof. Let A = v,({b}) > 0 for some b € A and consider the functional &(f) =
be*"/"a,(f). Then by Theorem 3.8 max{ Re &(f): f € P(n;g)) =n -{Aj pdvg ., 2
Ap(b) = Ap(ed) > 0, j = 0,1, where p(z) = Re ®(q(-,z)), A; = AU {e’b} and
A= {z € 0A : —7/n < arg ¥(q(-,z)) < w/n}. Consider extremal functions
fi Sun fA}_ g(-,z)dvg, (z), j = 0,1. It is sufficient to check that fo # f; and
that Re ®|P(n;g) # const. In fact, fo(z) — fi(z) = nvy,,({b})(q(z,b) — ¢(z,eb)) =
ve({8}) +. ..+ vo({e""1b})] - [g(z,b) — g(2,€b)] # O for all z € A\ {0}. Furthermore,
—n/n < arg ®(fy) < m/n, the function f;(z) = f,(Z2) belongs to P(n;g) and —7/2 <
/2 — 27 /n < arg ®(fo) + arg (1 =€) = arg O(fo — fo)<m/n+ (r/2=m/n) =n/2.
This completes the proof.

Remark 3.12. Let 1o € A and consider the case g = ¢(-,z9). Then v, = é;,,
the set P(2; g) is identical with the segment {(1 — A)q(-,zo) + Ag(-, —20): 0 < A < 1}
and amongst the classes P(n;g), n > 2, only P(2; g) is strongly convex: oP(2;g) =
{q(', IO)» q('a _30)} = £P(2, g)

Theorem 3.13. All the classes Pln; g], g € P, 9(0) > 0, n > 3, are not strongly
convezr.

Proof. By Theorem 3.11 we can assume that g, is not of the form z —

A1 4+ z")/(1 = 2™), A > 0, since then P[n;g] = P(n;g). From Theorem 3.8 it
follows that max{ Rea:(f) : f € P[n;g]} = Reai(f;), j = 1,2, where f; =
2n fA,_ q(- ) dvy,, (z) + "fB,- q(-,z) dvy,(z) € Pln;g] and for j = 1,2 we have
Aj = {exp((-1)%it) : 0 < t < 7/n}, B; = {1,exp((=1))in/n)} for j = 1,2. Since
vy, # vy, it remains to verify that Re a;|P[n; g] # const. Put fl(z) = f1(€z). Then '
fie Plnig), —x/n < arg a;(fy) < 0, and —7/2 < 1/2 — 2n/n < arg a,(fy — f1) <
/2 —7/n < n/2, so that Re a)(f1 — f;) > 0. This completes the proof.

Remarks 3.14.

(i) When g € P, g(0) > 0 and v, is nonatomic, then P[1; g] is strongly convex
(the proof is similar to that in 3.9).

(ii) If gjz) = q(2?,£1), then the class P[2;g] = P(2;g) is strongly convex, see
Remark 3.12.

4. Auxiliary lemmas. Let the symbol (p;q) denote the greatest common
divisor of positive integers p and q.

Lemma 4.1. Suppose that u: R — R has periods pa and qa. Then the numbe
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(p; ¢)a is a period of the function u.

Proof. It is sufficient to observe that there are positive integers j, k such that
ip — kg = (piq).

Let us consider now the following integral

(4.1) J(t) = J(p,q,t) = / |sin(pz) sin(qz — 1)) dz ,
0
where p, q are arbitrarily chosen positive integers and ¢t € R.
Lemma 4.2. The function J is even and has period x(p;q)/p.

Proof. Since the integrand is periodic with period = relative to both variables
z,t, we get J(—t) = J(t) = J(t + p(x/p)) = J(t + q(r/p)). Thus the conclusion
follows from Lemma 4.1.

Lemma 4.3. For |t| < 7(p;q)/p we have

(i) J(t) = (x/2 = |t|)cost +sin|t| if p = q,

(ii) J(t) = w(At/2) if p # g,
where w(z) = 4(wa(z) — wp())/(A? — B?), wy(z) = Y cos((x — 2|z|)/Y)/ sin(x/Y)
and A = 2p/(p;q), B = 2¢/(p;9)-

Proof. Observe first that
(4.2) J(p,ga,t) = J(p/(P; 9), 9/ (Pi @)\ t)

since J(p,q,t) = (p;q)! fo(’;"" | sin(pyu) sin(gyu — t)|du =

o |sin(pu)sin(giu — t)|du = J(p1,q1,t), where p/p, = q/q; = (piq). Then (i) is
trivial and in proving (ii) we may assume that (p; q) = 1. By Fourier’s expansion of
the function R 3 z — |sinz| we can find similar expansions for R 3 z — |sin(pz)|
and R 3 z — |sin(gqz — t)|. Integration in z of the product of these Fourier series
leads to the following

(4.3) J(t) = 4=~} [1 +2 f:(w p? —1)71(4k*q* — 1)~ cos(2kpt)| .
k=1

To calculate the sum (4.3) on the interveal [—7/p, 7/p] use Fourier’s expansion of the
function ¢ — wy(pt), |t| < x/p, and verify that (wa,(pt) — wa,(pt))/(p? — ¢%) = J(t)
for |t| < n/p. By (4.2) this is what the lemma asserts.

Lemma 4.4. J(n/A) < J(t) < J(0) for all real t, where A, B are defined in the
previous lemma. Moreover, J(x/A) =1, J(0) = n/2ifp=gq, and (A*—B?*)J(x/A) =
4(A/sin(r/A) — B/ sin(r/B)), (A* — B*)J(0) = 4(Acot(r/A) — B cot(n/B)).

Proof. It is enough to consider the case p # ¢. The inequality: J(t) < J(0)
for all t € R is trivial by (4.3). However, the proof below suits.to both inequalities.
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Namely, because of Lemma 4.2 we get the identity J(t) = J(27/A £ t). Thus it
sufficies to check that dJ/dt < 0 for 0 < t < v/A. Observe first that
d(ytan(z/y))/0y = (sin(2z/y) — 2z/y)/(2 cos?(z/y)) < 0 for 0 < z/y < m/2, whence
(ptan(z/p) — gqtan(z/q))/(p — ¢) < 0 for 0 < z < w(p;q)/2. Therefore the function
u(z) = (sin(z/q)/sin(z/p))/(p — q) strictly decreases on the interval [0, n(p; ¢)/2].
Since J'(t) = C(t)(u(np/A) — u(rp/A — pt)) for 0 < t < n/A, where C(t) = 4p(A +
B)~!sin(r/A —t)/sin(n/B), so indeed J'(t) <0for 0 <t < w/A.

Lemma 4.8. Fized z € A let us consider the integrals I(f,A) = [, f(ez)dt,
where f € H(A) and A is a Borel subset of R. If ka(¢) = ¢/(1 — ()%, a € R,
then, independently of a, the following sets: K,(a) = {I(k,,[a,b]) : a,b € R, a < b},
Kj(a) = {I(kq,A) : diam A < 27} and K;(a) = {I(f,A): f € conv S*, diam A <
27} are identical with the closed disc K = {w : |w| < 2|z|/(1 = |z|?)}.

Proof. Let r = |z|. Since K = {w, —wy : jwj —ie™ ' /(1=r3)| =r/(1=13), j =
1,2} = K, (a) C K;(a) C Kj(a), it is enough to check the inclusion: K3(a) C K;(a).
To see this we find the numbers: S(¢) = max{ Re (e"**w) : w € Ka(a)}, ¢ € R.
Since £&NV S* = {k, : 0 < a < 2#1, see [1,9,20], for each ¢ there is a that
S(p) = f:" Re *(e " ky(ez))dt = /s Re (e~*kq(e™z))dt and {e" :a < t <
b} = {C € BA : Re(e™'*kq((z)) > 0}. By identity Ky(a) = K we obtain that
S(p) < 2r/(1 = r?) for all real y, whence we conclude the desired inclusion.

Lemma 4.8.  Let k,n be fized positive integers, m = n/(k;n) and let ¢ =
exp(2ri/n). For the function A 5 z — d(z) = max{ Re (¢’*z):j =0,1,...,n -1},
we have d(z) = Rez if |arg z| < n/m and
d(z) = (m/n) sin('rr/m)[l —2Re 5, (=1 /(5*m? = 1)| if m > 1.

Proof. Observe first that {e/* :j = 0,1,...,n—1} = {e} :5=0,...
where £; = (k") = exp(2ri/m). Hence d(z) = max{ Re (e{z):s =0,...,m — 1}
and the first equality holds. Since the function

(4.4) R3tr d(e")

_has period 27/m, it remains to expand the periodic function (4.4) in the Fourier
series.

Lemma 4.7. Let{=e", t € R, and consider the function
8A 5 2 D((, ) = max{d(Gz), d(¢P)) ,

where d is defined in the previous lemma. Then
1° D((, z) = cos(| arg z| — |t]) for | arg z| < x/m, |t| < =/m,

2° D(¢,z) = Rezcost+2r~1(1-2 yj(4j2 —1)"! Re z¥)|sint| if m =1
j=1
and
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3° D(¢,x) = Ao(1)/2+ D A;(t) Re '™ if m > 1,
j=1
where the Aj, j = 0,1,..., are periodic functions on R with period 27/m such
that A,(t) = 277! [sin[t| + (1) sin(x/m — [t])]m/(1 = j2m?) for |t| < 7/m and
1=0,1,....

Proof. It is easy to see that D({,z) = Re ({z) for —n/m < arg z < 0 and
—m/m <t < 0. Since D(¢,z) = D(T,z) = D(¢,%) = D(e:1¢,z) = D((,&12) for all
¢,z € A, where ¢, = exp(2mt/m), we obtain 1° and then 2°, 3°.

Lemma 4.8. The support function S(p) = max{ Re (e~"Yw) : w € D}, ¢ € R,
of any compact convez subset D of the complez plane C has the following properties:

(i) S satisfies a Lipschitz condstion,

(ii) for any real ¢ there ezist the one-sided derivatives S (y) and §' (¢),

(iil) S’ ezists on R ezcept a countable subset of R,

(iv) for the set ED of all ezxtreme points of D we have the following identities:
ED = £+U£_ =E+ =f_ =E+ ﬂg_, where

& = {[S(ga)+i5f,.(tp)]ci” :0<p<2r}), €= {[S(w)+i5£_(gp)]ci“’ :0< p <21},

(v) D = conv (ED).

Proof. (i). Let L = max{|w| : w € D}. Then for any w € D, ¢ € R and
-1/2<t < n/2 wehave Re(e "“*Yw) < S(p)cost + Lsin |t|, whence |S(yp +t) -
S(¢)| < L(1 = cost + sin [t]) < LV2|t].

(ii). Observe first that {w € D : Re (e™"Yw) = S(p)} = conv{u(yp),w(yp)} for
any ¢ € R, where, to avoid an ambiguity, we assume that
(4.5) Im (e~*Pu(p)) < Im (e™¥w(p)) for every p € R .

Next, for each ¢ € R and t € (—,0) U (0, 7) the system

(4.6) Re(ze™**)=S(¢) , Re(ze7'“*Y)=5(p +1)
has the unique solution

(4.7) z=1z2,,=¢€%(S(p)e" — S(p +1))/(isint) .

It is easy to check that for all real ¢

1° w(et) =wlet)=ulp) . 2 u(pT)=wleT) =ulp) |
P lmz=wle) 4 Em oz =u()

Indeed, take any t, — 0*. Since D is compact, there is a subsequence (tx,) of (tn)
such that w(y + tx,) — wo € D when n — co. By continuity of S, see (i), we obtain
S(¢) =limp—oo S(¢ + tr,) = Re e *¥wy and hence wy € conv{u(y), w(v)}-
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1) If u(p) = w(yp), then wp = w(yp), i.e. w(p) is the unigue cluster point of the
sequence (w(y + t,)) and then w(p*) = w(y).
2) In the case u(p) # w(y) we argue as follows. A simple calculation gives

(4.8) lw(p +t) — u(p)* 2 Jw(p +1) = 251> + () - u(p)?
2 [u(p +t) — zp,e” + [w(p) — u(@)? 2 |w(p) — u(p)]® for 0 < t < 7/2.

Indeed, in view of (4.5), (4.6) we have

lw(e +1) = u(@)? = [w(p +t) = 20> = |z4,e — u(e)I®
=2Im [e“"’"’”(w(qo +1t) = 2z5)]] Im [e7*¥(24,0 — u(p))] cost > 0for 0 < t < /2,

whence (4.8) follows. Put now wy = (1 —A)u(y)+Aw(yp) for some 0 < A < 1. Passing
in (4.8) to the limit as t — 0% we get the inequality A|w(p)—u(p)|? > |w(p)—u(p)|?,
whence A = 1 and wy = w(y), i.e. w(p) is the unique cluster point of the sequence
(w(p + tn)).

Since the equality w(pt) = w(yp) has been proved for all real y, we may use
(4.8) once again when t — 0*. We thus obtain lim,_.g+ |w(p +t) — 2z, > = 0 =
limg_g+ |u(p +1) =z, ¢|?, whence w(p) = w(p*t) = limy_g+ 241 = u(p*) for ¢ € R.

Similarly we prove the remainder 2° and 4°. Finally, by (4.7) we have
(S(p +1)—S(9))/t=S(p)(e" —1)/t —ie" ¥z, ¢sint/tforall p € R, 0 < |t| < 7, and
hence, by 3° — 4°, we obtain that

(4.9) : w(p) = e“(S(p) +153(¢))
(4.10) u(p) = e(S(p) +iS"(¢)) -

(iii). The sum s = 7, o, |w(p — u(p)] is finite since s is not greater than
the perimeter of D (if D is a segment with ends a,b, then s = 2|a — b|). So the
set {y € [0,27) : u(p) # w(y)) is countable. In view of (4.9), (4.10) the proof is
complete.

(iv) follows immediately from (4.9), (4.10) since

ED = {u(p):0<p <2r}U{w(p):0< ¢ <27} .
(v) is an immediate consequence of the Minkowski-Carathéodory theorem. sce

[12].

5. Selected estimations.

Theorem 5.1. Let m,n be distinct positive integers, let p=|m—n|, g =m+n
and let

D(a) = {am(f) — €'®an(f): f € H(A), 0< Re f < L},
S(¢,a) = max{ Re (e”'*w) : w € D(e)} .

Then
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(i) for all real @ we have D(a) = e’ D(a) = €7@ D(0), where A = =(p;q)/p,
¥(a) = ma/(m - n),
(i) for any a,p € R we have S(p,a) = (2L/7)J(p,q, ¢ — v(a)), see (4.1) and
Lemmas 4.2-4 4,
(iii) max{|w| : w € D(a)}=max{|am(f)|+]an(f)|: f € H(A), 0< Re f < L}=
S(0,0) for any a € R,
(iv) max{ Im (am(f) — an(f)): f € H(A), 0 < Re f < L} = S(/2,0)
( 5(0,0) if p/(piq) 1s even,
1 S(m(p; 9)/(2p),0) sf otherwise ,
(v) the set {w : |w| < S(x(p;q)/(2p),0)} is the largest disc contained in each
D(a),
(vi) the boundary of D(0) has the equation
[0,27) 3 ¢ BLx™? TUT _ (1+kA)"1(1-k?B?)~ '+ = e (J(p) +i'()),
see (4.1) and Lemmas 4.2-44.

Proof. (i). Let k, I be integers satisfying the condition: kp—Iq = (p; q). Together
with f € P(L) consider the functions

fl(z) = f(e—hillvz) y fa(z)=L- fi(z) and f3(2) = f(ei'v(a:)/mz ]

Obviously, f1, fa, f» € P(L) and C"(ﬂm(f) - e%an(f)) = (am(fi) — ean(f)) =
a,,.(f,()f—)c a,,(_f,) for a suitable j = 1 or 2; e“”(")(a,,.(f) —an(f)) = am(fi) -
e'%a,(fs

(ii). Let ¢(t) = cos(mt — p) — cos(nt —  + a). By Theorem 3.4(i) we find

in in ir
S(¢,a) = (L/7) [ wH(t)dt = L(2r)"! l (¥ + w(t)) dt = L(2m)™! ﬁ ()] dt

r+a/(2m-2n)

=L/ [ [w(2t)l dt = (2L/x)J(p, 9, — ¥(a)) .
Ja/(2m=2n)

(iii). Because of Lemma 4.4 and just proved (ii) we have S(p,a) < 5(0,0),
whence max{|w| : w € D(a)} < 5(0,0) = S(-ma/(n — m),a) < max{|w] : w €

D()} < d ¥ max{lan(f)|+lan(f)] : § € PL)}. Let [am(fo)| +lag(fo)] = d for some
fo from P(L). Then there is an @ € R such that d = |am(fo) — e'@an(fo)| < S(0,0).
(iv). By (ii) and Lemma 4.2 it is sufficient to observe that

/2 = [p/(2(p; )] *(p; 9)/p = [P/(2(Pi 9)) — 1/2]x(p; 9)/p + 7(p; 9)/(2P) -

(v). Apply (ii) and Lemma 4.4.
(vi) follows from (ii), (4.3) and Lemma 4.8.

Theorem 5.2. For each fized z € A and L > 0 we have

{f'(z): feP(L)} = {w: |w| S2L/(x —|2|)} .
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This way the set {f'(z) : f € H(A), f(A) is contained in a strip of width L} 1s
identical with the closed disc {w : |w| < 2L/(m — 7|z|?)}.

Proof. In view of Theorem 3.4(iii) we have {f'(z): f € EP(L)} =
{(L/(7z))I(ko,A) : diam A < 27} = {w : |w| < (2L/7)/(1 — |z|*)}, see Lema 4.5.
Consequently, the Krein-Milman theorem implies the first identity. The second is
trivial by the previous one.

Corollary 5.3. According to the well known characterization of BMOA functions
6], we have BMOA = UJ; pp50 R(IL, M) = Uy pr50 R(L, M), where
R(L,M)={f+1g: f,g € H(A) and |Re f| <L, | Reg| < M},
R={f+9g: f,g € HA) and f(A),g(A) are contained in some strips of width
2L,2M, respectively }.
As an easy consequence of Theorem 5.2 we obtain {f'(z): f € R(L,M)} =
{f'(2): f € RIL,M)} = {w: [w] < 4n~ (L + M)/(1 = [2[*)} for z € A.

Let us apply now Lemma 4.5 to classes of normalized univalent functions having
the same bounds for the angular velocity of the radius-vector or of the tangent-vector.
More precisely, given L > 1 consider

S*(L)={f€eHA): f'(0)=1,0< Re(zf'/f)<L}C S =8°(0)
and
K(L)={fe H(A): f(0)= f'(0)-1=0,0< Re(1+zf"/f') < L} C K = k{(c0) .

Obviously, S*(L) = {zf' : f € K(L)}. Recall that for any f € S* and g € K the
functions f/z and ¢' are subordinate to k/z in A, where k(z) = z/(1 — 2)?, see [9].
A similar property holds in the classes S*(L), K(L). But then, instead of the Koebe
function k, we shall use the following

x/L
(5.1) HL(Z)-—-zexp[—(L/w) / Mlog(l_euz)dt » L>1  (HR=ky,

whose properties are stated in

Lemma 5.4. Let L > 1 and hy, =log(HL/z). Then

(i) HL €e YN S*(L),

(i) he(z) = (2L/7) ¥ 22 sin(yw/L)/j? and hy/a)(hL) € K,
=1

(iii) Hp/z is onc—toJ—onc.

Proof. (i). Since zH}/H;, = F, see (1.10), and (F\ - 1)/a;(F}) € K.
Fi((-1,1)) C R, we obtain that (F) —1)/a;(F1) € T and hence H; € S*(L)N ).

(ii). Integration in t yields the desired expansion. The next conclusion follows
from the inequality Re (1 + zh]/h}) = Re(z(F; —1)'/(F, — 1)) > 0 (even > 1/2).

(iii). Since Hy/z < k/z in A, we obtain that | Imi hy(2)| = | arg (H1(2)/2)] <
| arg (k(2)/z)| < 7 for z € A. Thus H|/z is a composition of two univalent functions:
exp|{w:|Im w| < 7} and h.
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Theorem 5.5. Let L > 1, fe€ 8*(L), g € K(L) and let |zo| <r < 1. Then

(1) f/z<Hp/z, ¢ <Hp/z in A,

(i) —Hi.(-1) < —Hi(-r)/r < |f(20)/20| < Hi(r)/r < HL(1),

(i) fy (~Ho(-0/0)dt < [{(~Hu(-t)/t)dt < lg(z0)] S [J(HL()/t)dt <
Jo (HL(t)/t) dt,

(iv) | arg (f(z0)/20)| and | arg g'(z0)| are less than or equal to arg (H(a)/a),
where a = r?cos(r/L) + ir(1 — r? cos(r/L))"/?, and arg Hy(a)/a < * — /L =
arg (Hy(e'™/L)/eml).

The functions f,(z) = e " Hy(e'z2), g,(2) = fo'(f,,(tz/r)/t) dt, 0 < ¢ < 2m,
show that equalities are possible in (i)—(iv).

Proof. (i). Let us find the numbers
S(b, ) = max{ Re [e~** log(f(b)/b)]: f € S°(L)} , wherebe Aandgp € R.

Since the correspondence S*(L) 3 f «+ zf'/f = p € P(L,1) is a homeomorphism and
J(p) L [} (p(bt) - 1)t=! dt = log(f(b)/b), we get that S(b,p) = max{ Re (e~ J(p)) :
p € EP(L,1)} = max{L(2r)™! fa Re [e=*J(q(, c“))] dt : A is a Borel subset od R,
diam A < 2r and |A| = 2n/LL}, see Theorem 3.4. But J(q(-,()) = —2log(1 — &)
and the function ¢ — log(1 — b() is convex in A. Therefore we have successively:

1° for every A € R the set {( € A : Re[e™**J(q(-,())] > A} is a closed
connected subset of the circle A, i.e. it is a closed subarc of A (including perhaps
a one—element set or the empty set),

2° there exists the unique a depending on ¢ such that

S(b,¢) = L2r)~ [THE Re [ J(q(-, )] dt = Re [e=0J(z s Fy(e2))] =

Re [~ hy(¢b)] < S(i) L max{ Re (e~ hu(2) : 2] < o]},

3° J(P(L,1)) = Nogp<an{w € C: Re(e7*w) < S(b, )} C Mygpcan{w €C:
Re (e=**w) < S(p)} = he({z € C: |2] < [bl}),

4° log(f/z) < hy = log(HL/z) in A by subordination principle
and .

5° f/z < Hp/z in A.

(ii). Applying Lemma 5.4(i) or (ii) we obtain
(HL/z)(A;) C{w e C: —Hy(-r)/r <|w| < H(r)/r} for O0<r<1,

whence, by (i), we get the desired conclusion.

(iii). The right inequalities follow trivially by integrating (ii). For the rest we
argue as follows. Denote m(r) = min{|¢'(z)| : |z| = r}, 0 < r < 1. Clearly, m
decreases on [0, 1) and for any 0 < r < 1 there is z(r), |z(r)| = r, such that min{|g(z)| :
lz| = r} = |g(z(r))] > 0. Fix r, set 2(t) = g~ '(tg(z(r))/r) for 0 < t < r and
consider the set ' = {z(t) : 0 < t < r}. Obviously, I is an analytic Jordan arc
with endpoints 0, z(r) and |g(2(r)| = fy l¢'(2(£)='(8)|dt = 3" |g'(2(v~"(s)))] ds 2

Jl‘l m(|z(r71(s))]) ds > :“‘“"r” m(s)ds 2> f(; m(s)ds, where we have denoted
s=1(t) = f‘: |2'(z)|dz for 0 < t < r (|z(t)] < 7(t) if 0 < t <.r). However by (ii)
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we have m(s) > —Hp(—s)/s for all s € (0,7) and integration in s gives what the left
incquality asserts.

(iv). Observe that if for some F € H(A) we have max{ Im F(z) : |z|] = r} =
Im F(a), |e] = r, then Re(aF'(a)) = 0. Putting F = log(H/z) we obtain
Re Fy(a) = 1, whence Re a = r? cos(n/L), see (1.10).

Theorem 5.6. For any f € P, ¢ € R and positive integers k,m, m > 2, we
have

(5.2) Re (e7"*ax(f)) < Sk(e, f) ,

where Si(p, f) = (2m/7)sin(w/m) Re Z?::O(—l)j+l(j2m2 - 1) le a0 ().
The above estimation is sharp in the following sense: for each g € P there is f € P
with equality in (5.2) such that ajpm(f) = ajkm(g) for j = 0,1,.... Equivalently,
max{ Re (e7*?ax(f)) : f € P(n;g)} = S(p,g), whenever k is not divisible by n and
m = n/(k;n).

Proof. Use Theorem 3.7 and Lemma 4.6.

Corollaries 5.7. (i) For any f € P we have the followsng sharp inequalities

| Re ax(f)| < (4/7) ) (-1Y*' (45 — 1)~ Re az;e(f)
J=0
|Tm ax () < (4/m) Y_(1-4%)7" Rearju(f) , k=1,2,... .

(i) Let Di,n(c) = {ax(f): F € P, f(0) =1, ajn(f) =c for j =1,2,...}, where
0 < ¢ <2 and k is a positive integer indivisible by n. Then Dg n(c) = conv U;’:ﬂl eT,
where m = n/(k;n), ¢ = exp(27i/m) and T = {c + (2 — c)(m/n)sin(r/m)e'¥ -
—r/m < ¢ < w/m}.

In the limit cases we obtain:

Di n(0) = {w : |w| < 2(m/7)sin(r/m)} and D n(2) = conv{2e’ : j =0,1,...,m—1}.

Proof. (i). Apply Theorem 5.6 to m =2 and ¢ =0, or p = x7/2.

(ii). Use Theorem 5.6 in the case 2¢g(z) = 2 —c + ¢(1 + 2)/(1 — z) and ap-
ply Lemma 4.8. The support function of D ,(c) has the form S(y) = ccosyp +
(2 = ¢)(m/m)sin(7/m).

Theorem 5.8. For all f € P, ¢ € R and positive integers k, m we have

(5.3) Re (e7*ax(f)) < S(o, f)
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where

S(p, f) = (2m/7) i(l — 3*m?)~ [sin]p| + (=1)! sin(r/m — |p|)] Re a;mr(f)
- if m > 1 and || < 7/m,
8(¢.f) = Re aw(f)cos + (2/m)siny| iu —4j")7" Re az;e(f)
o ifm=1and |p| <
S(p, f) = S(p + 2x/m, £) for all real .

The estimation (5.3) is sharp in the following sense: for each g € P there is
f € P with equality in (5.3) such that Re ajpm(f) = Reajim(g) for j =0,1,... .
Equivalently, max{ Re (e~**ay(f)) : f € Pn;g]} = S(p,9), where m = n/(k;n).

Proof. Use Theorem 5.6 and Lemmas 4.7, 4.8.
Corollaries 5.9. (i) For any g € P and all positive integers k,n we have
{aw(f) : f € P[n;g]} = conv{a,d,ca,cqd,...,e™ 'a,e™"'ad} ,

where m = n/(k;n), ¢ = exp(2ri/m) and

a = (2mi/x) Z(l -i?m?)7' (1 = (~1Ye™/™) Re ajmi(g) if m > 1,
J=0

a= Reax(g) - (4i/7) Y (4i° =1)7' Reazja(g) if m=1.

j=0

In particular, a = c + (2 — c)(2m/x) sin(7/(2m)) exp(71/(2m)) for ao(g) = 1,
Rean(9) = Reaza(g)=...=¢,0<c <2 so that

1° the set {ax(f): f€ P, f(0)=1, Rea;n(f)=0forj=1,2,...} is identical
with the regular polygon

conv{(4m/x)sin(x/(2m))e™/?*™)pd 1 j = 0,1,...,2m - 1} ,

where m = n/(k;n) and n = exp(ri/m),

2° {ax(f): f€P, f(0) =1 Reajn(f) =2 for j =1,2,...} = Din(2), see
Corollaries 5.7(ii).

(ii) For any f € P and all positive integers k,m, m > 2, we have sharp inequal-
ities

| Re ag(f)| + | Im ax(f)| < (8/7) Y _(1 - 16j%)~" Re a4;s(f)
=0
(= Rea+ Ima if n = 2k, 4k)
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and

2 T (S Reaymi(HV?
2m\j=0 1-4j?m? )

& CarlBim?
lax(f)I* < i'.? sin

16m? , « {%‘" Re agz;_ 1)mk(f)\’
\2e i1z i) ¢

7 % om ;’—; (27 —1)?m2 -1/

Proof. (i). Use Theorem 5.8 and Lemma 4.8. (ii) follows from (i). We let add
that the inequality before last is a direct consequence of Corollaries 5.7(1).. However,
its sharpness follows from (i) since {ax(f): f € P[2k;g]} = conv{a,d, —a, —a}.

Theorem 5.10. For any positive integer n and f € P with f(0) = 1 we have
sharp inequalities

(54) 2+ 3 lay(OF <n(2+ Y lam(HR) |

J=1 Jj=1
(5.5) 2+ Z la;(f)? < 2n(2 + Z Re a,,,(f)) .
=1

Moreover, assuming for a Carathéodory function f to be in the Hardy second
class H?, we obtain that vy is nonatomic and

1° equality in (5.4) is equivalent to the condition: f € EP(n; fin)),

2° equality in (5.5) 1s equivalent to the condition: f € EP[n; fin).

Proof. Recall some known facts from the theory of H? spaces. Namely, H? C
H? for p > q > 0 (trivial), for any p > 0 all functions f € H? have the nontangential
limits f(e'') almost everywhere and if for some f € HP with p > 0 the equality
f(e'') = 0 holds on a set of positive Lebesque measure, then f(z) = 0, see [3].
Moreover, dvs(e'*) = (2r)~! Re f(e)dt for each f € PN H!. To verify the last
statement, denote f,(z) = f((1 —n~')z) and dv(e") = (2r)~! Re f(e'*)dt. Then for

all real functions u continuous on (0,27) we have

2 2m
| / u(t)dlvg, (") = v(e")]| < (2m)7"|u ;f |fale) = f(e")|dt 0 as n = o0,

see (3], whence v is the weak-star limit of the sequence (vy, ), i.e. v = vy.
If the right sides of (5.4) and (5.5) are infinite then the inequalities holds. So we
can assume that f(,,) in (5 4) and fj,) in (5.5) belong to H?.

Let f€ P, f(O)—l f(MEH2 Then, by Re(nf(,,)—f)>0

n

_ . 2 ~ ) 2r )
/ |f(re)? dt < 2 ] Re 2 f(re'!) dt < 2n? / Femy ()2 dt
(] 0 0
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which means that f € H?. Therefore 2 + Y= la;(F)? = =~? 02" Re 2f(e') dt <
max{r~! J;,h Re 2f(e')dt: f € EP(n; _ﬂ,,))} = max{n?r~! fi Re 2f(,,)(:t)d arg T :
G,eG,...,e" G form a Borel decomposition of A }, where ¢ = exp(2ri/n), cf. The-
orem 3.7. But [, Re 2ﬁn)(x)d arg z= [; Re 2f‘;,,)(:l:)d arg r,so 2+ )::“:l |a‘,-(f)|2 <
nr~! [, Re 2;;,,)(::)11 argz = n(2+ ) D laja(f)I?). Following the above consid-
erations, we remark that the functional f — 2+ 3777, |a;(f)|? is constant on the set
E'P(n;ﬁ")). So it remains to show that the conditions: f € PN H?, equality in (5.4)
imply: f € EP(n; f(n))- If not, we have f = (1 - A)f; + A f, with fy, fo € P(n; fim)s
fi # f2,0< A <1, and "faA Re 2f(,,)(:x:)d argr = A = faA Re 2f(:l:)d arg r =
(1 =22 f5A Re?fi(z)d arg z + 2(1 — ’\)’\faA Re fi(z) Re fa(z)d arg z +
A? 55 Re’fa(2)d arg z < (1 - A)?A +2(1 - \)AVAVA + )24 = A. Hence there is
to > 0 such that Re fi(z) = to Re f3(z) almost everywhere on dA. Thus ¢y = 1 and

fi = fa, a contradiction.
The proof of (5.5) and 2° proceeds similarly by Theorem 3.8(iii).

An open problem 5.11. What is the sharp upper bound for the integral

)= r | 7 bt d

over the class P, of all Carathéodory polynomials p of at most n'* degree with
p(0) = 1?7 From (5.4) it follows that

(5.6) I(p)<2n+1 foranype R, ,

since P, C P(n + 1;z — 1). The inequality (5.6) one can also get from the following
sharp estimations

(5.7) laj(p)| + lan-j+1(p)| £2 forj=1,...,nandpe P, ,

due to Egervary ,Széasz [5).
We let add that the Holland result:

[p(z)) <n+1 forpePa,z€A,seel1],

is a simple consequence of (5.7):

2|p(z)| <2+ Z(la,-(p)| 4 |a,,_,~+,(p)|) <2(n+1) foranyze Aandp€®P, .
Jj=1

Let v be a complex Radon measure on 9A, i.e. v = vy —v3 +i(v3 — v4), where
v; €M for j =1,2,3,4. If [, z" dv(z) =0forn =1,2,..., then the measure v is
absolutely continuous with respect to the Lebesgue arc measure on A (the theorem
of F. and M. Riesz , see [3,8]). This result is trivial for real Radon measures, since
then v is a multiple of the Lebesgue arc measure. Indeed, if v = vy —va, 11,12 € M,
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then f,, — f,, = const, so that f,. = f,,4,, where ; is a multiple of the Lebesgue
arc measure. Thus v = v — vy = p1.

Since for any f € P(n;z v c), where ¢ > 0, we have: v (0A) = f(0) = c and
vp(A) < ne(@r)~M{t € [0,27) : ' € A}| for 4 € B, we obtain

Proposition 5.12. Let n be a positive integer and let v € M. If
2" du(z) =0 Jorj =1,2,:: =
aA

then for all A € B we have v(A) < nv(8A)|{t € [0,2r) : e € A}|/(2n), whence it
follows that v s absolutely continuous with respect to the Lebesgue arc measure on
OA.
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STRESZCZENIE

W pracy, bedacej kontynuacjg artykuléw [15,16), rozwazamy zbiory punktéw ekstremalnych i
podpierajacych dla zwartych wypuklych klas funkcji holomorficznych, ktérych wartosci s3 w zadanym
pasie, badi ktorych czedd rozwinigcia Taylora jest ustalona. Okazuje sig, ze te zbiory ekstremalne
moga by¢ gestymi podzbiorami. Za pomocy odpowiednich homeomorfizinéw afinicznych redukujemy
problemy ekstremalne do pewnych zbioréw miar borelowskich.






