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Logarithmic Coefficients of Locally Univalent Functions

Współczynniki logarytmiczne funkcji lokalnie jednolistnych

Abstract. In this paper the authors obtain upper bounds of logarithmic coefficients of func
tions from a linearly invariant family of the order a.

1. Introduction. Let U*, a > 1 be the class of functions f analytic in the unit 
disk D such that

1 - w(z)e'* 
I — w(0)e,f

where s(z) = z + ■ • • is a convex and univalent function, i.e. s maps D onto convex 
domain; w is analytic in D and |u>(z)| < 1, z £ D; fi is a complex valued function 
with bounded variation on [0,2ir] and satisfying the following conditions

2ir 2ir
dp(<) = 0 , i |dp(t)| < a - 1 .

The class U* is the linearly invariant family of the order a, [2], [3]. The class U£ con
tains the class of close-to-convex functions. Moreover, if V2a is the class of functions 
of bounded boundary rotation, [2], then Via C U*. As shown in [1], f G U* iff

2 IT
(1.1) /'(z) = /(z)exp[-2jf log(l - w0(«)e'‘)d/x(t)] ,

where s, p. are as above, and Wo is analytic in D, |u>o(z)| < 1, zgD, u>o(0) = 0.
For a function f € U* its logarithmic coefficients 7„, n = 1,2,... are defined by

the expansion

(1.2)
00

log/'i*) = 13 7n*" '
n= 1
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In this paper we obtain bounds for the coefficients 7,,.

2. The main result. By {/i}„ we will denote n-th coefficient in the series 
expansioh of an analytic function h.

Theorem. For f € U* and yn given by (1.2) we have 

|7»| < 2(a-, n = l,2,... .

Proof. Since U* is rotationally invariant it suffices to consider Re -y„. By (1.1) 
we have

(2-1) log/'(z) =logs'(z)-2
,2’

Jo 1O6^ w0(2)e'‘) dp.(t) .

It is known that for a convex function s there exists a function ft of the total variation 
1 on [0, 2tt] such that

J*
(2.2) Re {logs'(2)}„ = -2 Re i {log(l - 2e’')}n d/3(t) < -

Jo n
The equality holds for

f 0 for t = 0 
W)_tl forte (0,24

Now, we estimate coefficients of the second expression in (2.1). Let us introduce a 
new class U+ of functions f such that

f '(2) = s'(2) exp [-2 jf log(l - w(z, <)) dp(f)j ,

where s, p are as above and w(2,<) is a function analytic with respect to 2, z € D and 
analytic with respect to t on an interval containing [0,2tt). Moreover, |w(2,<)| < 1, 
w(0,<) = 0.

Observe that

(2-3)

Let f € U+ and

C 17+ .

l°g/'(z) = ¿7nZn , «eD.
n=l

Let be a class of functions <p such that

95(2) = -2 / 1Og^ -w(z,t))dp(<) ,
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where uj, // are as above.
Let w(j,t) be an extremal function for |7„| with corresponding /i and let 

2ir oo
<?(*) = [ log(! - w(z,<)) d/l(t) = V AkZk e 4>„

J° fc=i

Then for e„ = e2n'/n we have 

r» —1
¥>+(*) := i £ £(«‘) = -2 I £ log(l - Z(zekn,t)) dfi(t) = £ Aknzkn

ni^i J° n
Now, we give

Lemma. Let A* > 0, ]>2t=o = 1 an<t wk(r,t), k = 0,1,... ,n — I be as in
the definition ofU+. Then there exists the function u+(z,t) such as in the definition 
of U+ and such that

n—1

52 ”«*(*.<)) = log(l -w+(z,/)) , z G D .
Jt=o

The Lemma follows from the fact that the function log(l + (,) is convex in D and 
from properties of the functions w*. Thus from the Lemma we obtain that

.a«
<fi+(z) = -2 / log(l -w+(z,t))dfi(t) = Anzn + A2„22" + ••• ,

where w+(z,<) = 6iznl. We have that the function w#(z,t) = w+(z*/n,<) is 
such as in the definition of U+ and therefore

¥»+(*
,3»

1/") = _2/ 1log(l - w#(z,<)) dfi(t) = A„z + A2nz2 + ■••€$„ .

Thus an estimation of the n-th coefficient in reduces to an estimation of the first 
one.

Therefore, if € $<> then

Re {y?}, = Re[jf 2{w(z,f)}idp(f)] < 2 jf | —|t=0 w(z,<)| |dp(f)| < 2(a - 1). 

Hence, by the inclusion (2.3) we obtain

2 TT
Re[{-2jf log(l — w(z)e‘<)d/r(t)}nj < 2(a - 1.

Q — 1
The equality holds for w(z) = zn and for p with jumps : —for t = 0 and 
for t = 7r. Evidently the equality occurs for another fi.

2
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Now, we deduce from this and (2.1), (2.2) that

Re 7„ < 2(a - 1 + -) 
n

and this proves our Theorem.

3. Additional results. From our Theorem we have that for n = 1,2,. 

|{l°g/'(2)}nl < |{2(« - l)j^ - 21og(l - ,)} J .

Hence

= |{(1 + 2* + 3zJ + ■ ■ -)(1 + B\Z + B?Z2 + • • ,)}n| = 
n

= £(fc+ !)£„_* , B0 = l, n = l,2,....
k=0

Observe that

Therefore

C-0-

in — 1\ 2*(a — 1)**.-§(t_1)-4rL’ n=1'2--

Bo = 1 .

Thus we have

n-k-\\ 2>(a - l)'(fc 4-1)

k=0 >=1 v J z
, n — 1,2,... .

From this we can obtain that

n —1n —fc—1Krt-iift'E „ = 2,3,...

*=0 >=1 x 1 ' J 

where 5Zj=i by definition equals to Bo = 1.
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STR ESZCZENIK

W pracy autorzy otrzymali oszacowanie ws|xdczyuników logarytmicznych funkcji z pcunei 
liniowo niezmienniczej rodziny rzędu (V.




