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Convex Mappings and the Lebesgue Measure of Omitted Values

Funkcje wypukłe i miara Lebesgue’a zbiorów niepokrytych

Mepa JleCera HHOMecTB HenoitpbiTbix 3HauPHHHMM Bbinyxjibix 
OAHOJIHCTHbIX 4>yHKUHi<

Let S denote the family of functions f(z) analytic and 

univalent in the unit disk A = | z : |z| , normalized oy:

ft,O)=f\0)-1=0 . According to tne Koebe one quarter theorem tne 

omitted values fQz) , f€S , ztA are distributed outside the 

disk |w|<1/4 . Let B(,f) cA be any set of values not assumed 

by f in A • We propose to give an answer on the question: 

how "large" the set B(.f) could be ?

Let m(,B) be the Lebesgue measure of B . If BQf) = A\f(A) 

and m(B(.f)) is two-dimensional Lebesgue measure of BQf) then 

A.tf. Goodman showed that

O.53T / sup m(,3<f)) Z O.7728JT .
x f€S

Besides, James A. Jenkis proved that if

Bff.r) = £A\ftA'Jrt{w 5 'w| = rj »

then
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3up mtB(f,r)) = 2r arccos(,8 if? - 8r - 1) , .
i€ S

The latter problem was also solved within the subclass of S 

consisting of starliko functions w.r.t. the origin (.see e.g. [4], 

[o]).

At present we take up the problem of omitted values within 

the class S° consisting of all functions f 6.3 for which 

f(.A) is a convex domain in C . i'or any f€ Sc the omitted 

values are located outside the disk. |z|^1/2 , tnerefore it is 

natural question to find

U) A(r) = sup m(.A(.f,r)) , ftSc , 1/2^r<1

.vnere rn(.A(.r,f)) donoto the Lebesgue measure of the set 
A(.r,f) = Ar\f(.d) » Ar = {" ! |w| , as well as

Qli) L(,r) = sup m(.B(f,r)) , f6 3° , 1/2<r<1 .

Tne class Sc forms a compact family with respect to locally 

uniform convergence in A , nence’for any admissible r , there 

exists in 3° tne extremal function K say, such that

Hr) = m(.B(.F,r)) .

In order to determine the extremal function i‘ we will 

recall that if I) = f(.A ) f 6 S , then the conformal inner ra

dius of D at the point w 6. D whicn we will denote oy RQwjl)) 
is equal to (.1 - |z|2) |f ’(.z)| where w = f(.z) . Moreover, 

wtD^Ci>2 implies R(.w;D,,) R(.w}i>.J (.see e.g. ¡2^ p. 80) .

Besides, if a convex domain I) containing the origin is a proper 

subset of C then there exists on A a conformal mapping f 

such tnat f(,0) = 0 , f'(.0)^0 . If in addition R(,OjD) = 1 then 

f£3c .
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•<e will also uved tneorea of .Polya ana ozegB.

Theorem ii. (. fcif p. o1). suppose tnat /¡Q is a opine of 
*. -a domain D and tnat n is ootainea xrom u jy ¿.yrnme tri sing

witn respect to a line passing tnrougn .■/0 . in-n

RQwo}D) S(.woiD*) . ¿quality noius if L* ceiucisc-e ■'■itn i) .

In fact, we will use Theorem B in case lA is a domain 

obtained from h by tne Steiner symmetrization.

2. Auxiliary lemmas. In further considerations we will

the following lemmas:

Lemma 1. Let OC.. satisfy in (.0,^"/2) tne equation

U) tan Ot = 2 et (. a.Q = 1.165,..) .

Let
r1 !s 5T "f4 + 1= 0.594,..)

and

r2 := 3T/4Oto (.= 0.0/5...) •

Then for a given r , r^r^JT/h tne equation

12) ot 4lsi'n2e<. + o(.2 - o£sin2e<.) = 1^ r)

has a unique root ot(,r) in (.0; 51/2) . Ii moreover r^^r^r  ̂

then «(.r) € (.«j JC/2) , wnlle r2<r<fl/4 implies 

o((.r) € (.0; oc Q) .

Proof. Lot (fl«.) be the left nand side of 12). Then 

tp < ot) decreases from 1 to (2/TC) + + (.2/it)“ as cc incre

ases from 0 to 3t/2 . This can be seen because (f 1) ^0 

in the range (.0; %/2) . In .fact, inequality <p'(.ot)<.O is 

equivalent to
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oc2sln2ot - ot‘ - sin2ot + ot sin 2ot 0

or
sin2ot - 2oi Binot cos ot + ot2cos2ot 0 .

• 2Dividing ooth sides tne latter inequality by cos et we get 
(.tanot - et )2 ^0 which is obviously true. Besides, the right 

hand side of (.2) varies in the same range as the left hand side 

of (.2) does. Thus tne solution of (.2) always exists and it is 

unique.

.Suppose now, r^r^ip 5 0 . Then

r)2 < & r2)2 = ^~02 = <r*o> < r°° •

Hence, tnere is no solution of (2) in the range 0

Therefore Ot(.r) 6 (.o< Q;%/2) . ¡Similarly, r2^r^_3T/4 ; 

(^o<oi^3i/2 imPlies

(f(Ot) < <fQOCO> = ot;2 = r2)2 £ r)2

wnich gives the conclusion at (.r) € (,O;oto) .

Lemma 2. ¿Suppose is a point of the complex plane C

with |w>j, = r , 1/2^r , re = -d^ , Q^d^l/i , im w1 = h^O. 

Let denote the family of the sectors

= pec : |arg (.w-w0)| <( <* J , 0^ot<'3T/2 , -»

such that for any SK 6 ^(.w^) , e • Then the conformal

inner radius RtOjSg, ) of the sector S* at the origin is an 

increasing function of oc in the range 0 oc Jt/2 provided 

1/2 <r^ r^ , re = -1/2 . (.We recall that r,t is defined in 

Lemma 1). If r^^r^3f/4 ; ) increases in O<.oc ^ot(.r,h)

and it decreases in at (.r,h)^ oc lf/2 , wnere ot(.r,h) is a

unique root of the equation
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O) h cosot + *^r2 - h2'since = h •

2 at
Proof. -The function f(z) = wQ fbp|) - l| , wQ^0

maps conformally the unit dish Z1 onto bK t y (.w^ ) for some

w^ . Hence RQOjS- ) = (4/JC)otw„ . Let w0 = dn + d2 . Since

*1 =
/r2 - h2 ; d2 = h/tanoc wo see that

(4) ) s It sinot coax +
/r2 - h2 sinot)

and

l5> lh co sex. + /Ah2 sinot - |^)

Let (f(<n) j= h cosat + ^r2 - h2 'sinot = r sin(.ot +6) ,

9 = arc sin | | t|/(ot) = h .

An elementary computation snows that {^(. ot ) > i|A ot) in the ran

ge 0 4°<-^^/2 if (j> (. JT/2) tfe(,T/2) . The latter inequality
holds if Vr2 - h2'>h!/2 or equivalently

o -1/2<6) h <r(1 + (.Jt/2)2)

2 V2
If € yiw-j) , re w^ = -1/2 then h = (.r - 1/4) and

condition (.6) holds if 1/2 ¿r^r^ . Thus

RQOjSx )^0 in Q0}1T/2) .

Suppose r r^ . Prom the definition of r^ we get then inequa

lity

(.7) tr2 - 1/4)i1 + (.X/2)2 ) > r2 .

Since r2-h2 - d2 1/4 we obtain from (?) tnat

h \1 +■ ilf/2)2) ^r2 or equivalently /r2 - h2 ' ^h'TT/2
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which weans that (jl%/2) . moreover, ifl3C/2 - ©)^

^111/2 - 0) . Therefore there exists the unique ot = otlr.h),

SC/2 - arc cin h/r otlr.h). 3T/2 sucn that R10|SK ) > 0
in 10j oilr.h)) and R10)hx) (o in letlr,h); 3T/2) 

and honeo the result.

Remark 1. A simple calculation shows that 13) is equivalent

to

lb) n2lsin2ot + et2 - «sin 2«) = r2 sin1«.

how, if we consider 18) and

19)

as a system of equations then the solution oC lr) of (.2) as

well as

HO) hlr) -- 1 )2

form the solution of the considered-system. Besides,

111) r2 - h2lr) / 1/4 .

That latter inequality can be seen as follows:

Ho substitute r and hlr) into 111) from 12) and 110) resp. 

in order to get

112) «“4tsin2« + «2 - Otsin 2« - sin4ot) 12/3T)2 .

Tne derivative of the left hand side of 112) is equal to 
21tanot - «)12« - sin 2«)«->cos“2« and hence positive in 

10-, Jt/2) .

It follows from 14) and 13) that

R f n»s \ 4h , hi 1 r)
KC0’°oi(.r)) “ 3t <■ sinodr)
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If we choose n to he given oy (.10) tnen = 1 .

From Lemma 2 and Remark 1 we get

Corollary 1. If r^ 4.r4^» OtQr) is tne root of (.2) 

and h = h<r) is given by <10) tnen for any <0; "JT/2) ,

[i t X(.r) RiOjSp, ) ^ 1 provided e ^(.w^) , w,, =

. -jr2 - P" . in .

5. Main result.

Theorem 1. Let m<B<f,r)) denote the linear measure of the 

set £A\f<A)} r\ |w : |w| = rj . Let moreover L(r) =

= sup m(.B(.f,r)) , f € Sc . Then

J
Ur) =

2r arc sin
'4r2 - 1

2r

2r arc sin

, '1/2<r^r1

• ri<r<r2

2
where h<r) = (. and o(.(.r) is the root of

equation (2),

The supremum L(r) is attained by the function

the

with y = X/2 if_ 1/2 <r <]

and ot = ot <r) if r^^r^rg . The numbers r^ , r2 are defi

ned in Lemma 1.

Remark 2. If r,,<r{r2 then the function F maps the 

unit disk A onto the sector

[w s ,arg<w + ^-)| < at j

whose vertex v = - is located inside the disk |w| ¿r .

Remark If 1/2^r^r1 then the extremal function i



276 J. Wani urski

sups tiic unit dials /\ onto a half-plane. Therefore we obtain 

i ¿mediately

Theorem 2, Let m(.A(£,r)) denote the area of the set 
Ar\f(A) , Ar={'*» lwl 4r} • and *U) x'sup fflUlf.r)) , 

f £ Sc . Then

A(.r) = r2 arc cos ^¡4r2 - 1 ' , 1/R^r^r,, .

The supremum Air) is attained by the function F(.z) =

l^l 3 1 ‘

4. Proof of Theorem 1, Let r be fixed in the range 

1/2^r<r2 and lot D = ft A) , f £ Sc . rfe observe that f can 

not be extremal if I) can bo expanded to a convex domain h' 

while the set of points on |w| = r outside both domains D as 

well as l/ remains the same. The reason is that if D CD' , 

then K(O;l/) . How we may arrange such a variation of D*

which provides a convex domain 1)". with R(,O;l/*) = 1 and at 

the same time the Lebesgue measure of the set of points on 

,w| = r outside D' will grow. Therefore if f is an extremal 

function then the boundary Of 1) consists of the stright-lines 

segments or half-lines as well as the circular arcs located on 

I» I = r .

suppose that tnere exists a function f£L° sucn tnat 

;;;(.B(f,r)) > L(.r) . ^e will show then that the above assumption 

would led to a contradiction.

Let 1) = ft A) • Then there is a supporting sector 4 »

u C. <5 which has the following property:

denote uy v the vertex of 4 and 4 consists of two 

naif-lines 1^ , lg say. Tnen the set nfw : |w|=rj

has common cut points z^ , z2 , z7 , z^ such that
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Zn , Z2 fc , z^ , z4 £ 12 and

hit ■ vl 4 Izk+1 “ vl ’ k=1»3 Uf tv, <r men z^zg 5 z^=

=z4) .
Now let 4* be the sector obtained iron 5 oy the 

Bteiner symuetri2.ati.on witn respect to the line

/I
w = (,z2 - z4)it + ¿(.z2 + z4) , t€(.-oo ; +») .

Hence D C 5 implies R(.Q|D) RQu; 4 ) while RQOj RtO;5jj )

according to Tneorem B.

We may assume without loss of generality that

where

J p 2^ 1
W1 = ,r - h + ih , h = |Z2 - zj .

If we exclude the trivial case 4* CJld) then the set

"t) jp n/ii’tA) consists of two points ’ IJll =IJ

= ~Y>, . I'nere are two possioilities: ,^1 4. r or

Suppose lj-,1 <r • Then there exists a sector Bp 

the same (J ) such that C ¿p and

'dbp n '?I\ A)«^?QA)a{wj lw, = r J

Obviously, n^aiir) . Therefore from Corollary. 1 it follows 

that Ri.O;Sp ) < 1 .

Assume now | j| r . In this case tnere exists a sector 

Bp (.with tne same (i ) sucn that 4p C Bp whose boundary 

half-lines are tangent to |w| = r . Hence &(O;Bp ) =

= WJT )r tfj/sinp,) and (i does not exceed ft0 = arc sin 

Bince tp/sinp) increases in (,0; %/2) ,
R(O;Bp ) 4 d/X r^arc sin 1/2r' . But (,fa/X )r^arc sin 1/2r 4 

in i/2 <r< V?/2 .

Finally, from both cases it follows that R10;H) = f (.0) 4 "I
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contrary to the assumption L = fCA ) , f «Sc . 

fnus tne proof of Tneorem .1 is complete.
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STRESZCZENIE

Niech Df ■ |ł(C i fz|<r) , ■ D, Cr ■ 3 D^, Oznaczany

przez S klasę unormowanych funkcji jednolislnych w D; ponadto 
L(r,f) oznacza miarę łukową zbioru Cf h (D \ f(D)), zaś A(r,f) 

miarą płaską zbioru D \|(d). W pracy wyznaczono kresy górne 

l/(r,f), A(v, f) dla funkcji i wypukłych.
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PE3CME

nycTb Dr = {zeC : \ z\< r]j, Dj - D, C_ » bDr. ijepea S 
OñOSHaWHM KJMCC HOpMMpOBaHHBX (JjyHKUHÎl OflHOJIHCTHUX B D ; nyCTb 
L(r,f) — -Hppa cwcTeu.oi «yr C_z\(p''' f (d) ) •> A(r,f) - nJiocxan 
Mepa MHOxecTBa Dy\ f Çü) . B abhhoK paöOTe oopeAeJiemi tomhhc 
BepxHiie rpaHM L(r, f) , AQ,,f) aah cjjyHKiiwM f BHnyKxiix.




