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M HEKOTOPbIX ZPYrux pyHKuMiA

0. Introduction. For f)O we shall denote tue open uisk
{zéC 5 Izl(r} by Dp and its closure oy UP . Tne class

of all normalized functions £(z) := z + Z a;z wnica are

convex.univalent in D1 will ve denoted by = r

In [3, problen .11 it was usked if for f,p€x and (X1,
the coubination Af + (1= A)g is starlike univalent in D, » Tue
question was answered in the negative oy n.ac(:reg,or [4] wno pointed
out tnat tne fuuctions £ (z) 1= z/(1=z6 ‘M‘
Bol2) := 2/(1- ze'1 /4y belong to £ out m/g)z D) +
+ (1/2)8 (1/{?) so that (1/2)f + (1/2)50 Idilb to ¢
klocally univalent in E‘Vﬁ . On tne othner nand, ae noted tauat

for fj€X , ;\°>0 (9 =1,2,...,0) the fuuction i 4\34
is always univalent in D,V{" . In fact, if fy €K t;ber. [l]

() | are fa'kz)l { 2 arc sinz| for z€u,

which implies that |arg £3(z)| & X/2 for [o| VAD . tiecce
for 2€D,, 0 tbe real part of fg(z) 1is positive and so is tas

real part of ?:Aofou) if ,\“)/o (9 =21,2,...,40J,

whereas macGregor s result telils the truth it does not cell
the winole trutn, It is intuitively clcar that tone radius of uai-
valence of Af + (1-A)g wust be a continuous tuncuion or A
and so cannot suddenly drop from 1 to
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1AN2 as soon as A differs from O and 1. For given A in [0,1] let A(xA(X))
denote the radius of the largest disk centred at the origin in which every
function of the family {Xf + (1-\)g : £€K, gEK} is univalent. The purpose
of this paper is to discuss how A depends on A. Due to obvious symmetry
A(X) = A(l-x) and so we only need to consider values of A in [1/2,1].

l.The determination ot A

According to Dieudonne's criterion [2, p. 310] for univalence, the
function hk(z):a Af(z) + (1-A)g(z) is univalent in DA if and only if
(1) h((2) # O,
ie
h)‘(ze ) - hx(ze

_- ie _ z'-iO

-10,
(1)

£0 (0<0<r/2)
for |z|<A,. Bence Af + (1-A)g is univalent in DA if and only if
(1) at(2) » (1-M)g’(2) # O,

is -1¢ 10 -10
e 13 . t(f;°7 ), (1-a) Elze 13 - g(fzq 4o (0<o < ®/2)
ze - T8 ze - Ze

(117) 2

for |zl<A « Now let us denote by G the set of all possible values of

p.o
t’(z) as f varies in K and z varies in DP. i.e.
2 d
GP'O:B {f (z) : €K, zEDP 2

Further, for each 6 in (0,r/2], let

; (21 - !(ze-ig) .
GP.Q. { "10 P "_10 : TEK, zEDP}.

Finally, for each @ in [0,r/2) and c€C, let cG, , denote the
N-
set {cv : w€G }.
.0
It is clear that (il). (ii/) hold for |z|<A if and only if for each ¢
in (0,r/2) the sets AG o and -(1-A)G g Temain disjoint for P_<,/\ » However,

the following lemma implies that G O-C-GP 0 for 0< P <1 and 0< 6 < x/2.
L] A
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Consequently, AGP s and -(l-l)GP o are disjoint for all @ in {[0,x/2] if and
only if they are disjoint for @ = O.

[e o}
LEMMA 1. If f(2):= 2 + T a, zv is convex univalent in Dl' then so is

ve2 ¥
E ez el - 219
rg(z):z Ir 5 6 §°“ d§ v 0<o < x/2.
Jo Te™ " - ;.“

This is a simple consequence of the theorem of Ruacheweyh and
Sheil-Small [9, Theorem (2.1)] confirming the Pélya-Schoenberg conjecture
oo
and the fact that w_ (z):= L 1 sin V8 z\) belongs to K (the function
o Y=l Y ain @

©
Wo(z):s ____8—2_ P ; _si__:_luﬂ_ zv being starlike).
142z cos @ +2° ya1 5%

It is known that if £ €K then (see for example (3, p. 381) and apply

Schwarz's lemma)

2
—_ 1‘ < f D, . (2)
| —f'(z) l_|z| or z€ )

Consequently,

. fiGa | y o <
G = w 1w €, w- T < —=r
P'o. { | 1_/) ] I-P
Using this information it can be shown that the regions AG._ a and -(1-A)G_ s
remain .disjoint for 0 < p < 1/(YX + VI-X). The details will be presented

elsewhere. In fact, we are able to prove the following more general result.

THEOREM 1. Given 0 < a < n let Ays A, be complex numbers with

|Ar5 XVIS a/2 for Y= 1, 2 and llllolkzlﬂ 1. If we set A:= mu(lkll ,Ikzl)

then for fl' 12€K the linear combination A

V1 - 2/A00 etn
VA o+ /IS

In order to see that Theorem 1 is indeed sharp let A €[1/2,1) and

1f1 + ).212 is univalent in D‘

where t:=

. The result is sharp for each a and each A.

a €E[0,x) be given. Then the functions
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£ (2):a —% £.(z):= 3
1 ] - z.-iy v 2 3o “-ib
where ’
VI-X - VA ein % -VYX cos -g-
T cos Yy = = y telnys —m——,
i+ VIX X + VI
A - VIX ain% V1-a coa-;—
tco8d s=—m————————, 18006z —7—7—
YA« VIX Vi « V1A
belong to K and
xe?2 (1) o (1-)e722 £1(1) - 0.

Consideration of complex coefficients kl. Xa was inspired by [11].

2.Convex linear combinations of convex

mappings
The reasoning of Section 1 can be easily adapted to deal with linear

combinations of several convex mappings. Here is what we obtain:

n
TEEOREM 2. Let XVZ O for V=1, «es, n with [ L'. = 1 and suppose that

Y=l
A= max A, > 1/2. Further, let Aie 10k V) and
1<V< n =
§1:- (\.1)/{?A + V2(1-0)}. 1t £y, -e»y f, belong to K, thea vflkv fy i3

univalent in Dy for 3/2 <X < (1/2){(2-!’25(1.\11,472' )}1/2. ¥ <r <

and in D\ﬂ- for (1/2){(2—1'5)(1;41@‘075)}1/2 <1< (1/2)1/"_ The result is
sharp for each A.

If A\:= max Ay < 1/2 then in the case of even n the best that can
I<y<n .

n =
be said is that 9::1 K)’ f)’ is univalent in nlﬂi' The same remark applies
if n 1s odd provided A > 1/(n-1).

3. Functionr starlike of order 1/2

[0 o]
The function f(2):= z + L 8y zv. holomorphic in Dl' is said to be
V=2
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starlike of order 1/2 if Re {z fl(z)/f(z)} > 1/2 for all zEDl. The usual
notation for the set of all such functions is s:{a. According to a result
of Strohhacker [10] KC:sl/Z' We observe that Theorems 1 and 2 remain true
in the wider class 8:/2. In fact, the conclusions of those theorems depend
entirely on two properties of the class K, namely (1) if £ belongs to the
class then so does the function FO (introduced in Lemma 1) for 0 < @ < x/2,
(ii) for each function f belonging to the clnas,f’ is subordinate to I’
where I(z):= z/(1-z). Using a result of Ruacheweyh and Sheil-Small

[(9, Theorem (3.1)] about the Hadamard product of functions starlike of
order 1/2 we can prove that in Lemma 1 the words “convex univalent” may be
»

“
replaced by starlike of order 1/2”. This means that the class Sl/2

property (i). That it also has property (ii) is a result of Pfaltzgraff [7).

has

4. Linear combinations of polynomials

Our approach to the above mentioned problem is of considerabdly wider
scope. It can not only be applied to the study of the linear combinations
of functions belonging to various other families of univalent functions but
can also be used to obtain the following result about polynomials.

TBEOREM 3. Given 0 < B < x/2 let kl‘ kz be comblex numbers with

IArg xv|g B for V=1, 2 and |x1‘.|x2\. 1. If A:= nax(|xl|.|x2|) and

b4 = * = 1' 2
Z 1 La Z »

are polynomials of degree at most n not vanishing in Dl' then

lel(z) + szz(z) does not vanish in Dy, where

os:«/RZ/n + (1-1)2/n- ZXLM (l-k)l/n cos((u-za)/n).
AMB (1)1

The result is sharp for each B and each A.
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STRESZCZENIE

Jak wiadomo, kombinacja liniowa A f + (1 = A )g funkcji wypuk-
tych, 0 <A< 1, nie musi byé¢ funkcjq wypukin. Jednakze przy da=
nym A kombinacja linlowa ma okreglony promien jednolistnoéci ,/\ (A\).
W pracy wyznaczono doktadna wartosé¢ A , Rozwiazano tez problem
analogiczny dla zespolonych X\ 1 A 2 » takich ze I)\1|+| /\zl -1,

PE3TME

Kak nanecTHo, aunefras xouGunauus X% + (A=) % o
aunykanx dyHkumil He Bceraa aBaseTcs nunykaoli. Oanako Axa LAHO-
ro A aTa koMOMHAUMA HMEEeT onpeZeAeHHHN paauyc OAHOAUCTHOCTH
!\()\.’) . B aroli paGore noayuero Tounoe aHaucume N . Takxe
pemena aHaAOrMyeckasa npobSrema INAR KOMNJAEKCHHX A“)\&ucnoaunn-

mex |2 14N, 154,






