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On the Radius of Spiral-convexity of a Subclass 
of Spiral-like Functions

O promieniu wypukłości spiralnej w klasie funkcji spiralnych

Paanyc cratpajibHoft BunyuiocTM a ajiacce cnxpajieofipaoHbix 4>yHKUxft

A function' f(.z) analytic in D = £2 : |zl J ia said 

to be spiral like if fQO) = 0 , f\0) = 1 and

Re

for some fixed <j' » -J/2^^^ Jt/2 . Let Sr denote the 

class of such functions. It was shown by Spacek JlJ that 

spiral-like functions are univalent.

A function f(z) analytic ia L belongs to the class 

+i£ ) , ot>0 , (3 real, if f(.O) = 0 ,

jt 0 and Re J Jet, (3 , f(,z)J 0 in D , where
z

zf"(z)

f'tz)
+1 +

zf (Zj 
(.OŁ-1+i/J )-----------

f<z)
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The class BQ1 + i p) has been considered by H. Yoshikawa [2 J 

and the functions in this class wore called spiral-convex. It 

is known that if f(z) 6 B(, ot + i ¡j ) then f<zl is 

y -spiral-like, where satisfies

06 + i/» = let2 + fl2/l/2 eiJr ,

The radius of spiral-convexity for the class is defined

as follows

R « ,5 S R f00' P > = SUP [R : Re J [<*1 ft . £Qz J > 0 ,

|z| <f R , flz) <? d*J .

¡>] • J>] •
This radius was determined by the author . E^ 

mined by using different methods

Let Afl denote the class of normalized functions
•o

was deter-

flz) = z + a zR , regular in D .
k=n+1 K

He denote by 3n for - -z? < , n -natural number,

the following class of functions

fU) € Aa , He leir zf\z) 

fQz)

The .purpose of this note is to find the radius of 

-convexity for the class 3n^ . Denoting this radius 

we have

spiral-
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*«,(>,» S 3/]-

= sup R : Re ,fQz)] >0 , | z 1 ( R , f(z)i8^/

Por the determination of this radius the method applied in 

will be used.

TTheorem. The radius of spiral-convexity of the class Sn is

- •((.ot+n)2 - nt2'

•**, C> ,n ^2. '

The result is sharp.

Proof, Let f(,z) € 3^ . Then there exists a function 

P<z) e PQ (.the class of functions ptz) = 1 + p^z11 +... witn 

Positive real part) such that

lr zf'(.z)
e 0 ■ = p^z) cost + lain r .

f(z)

Then

[et, (i ,ftz)j
zf^(z) z?(z)

= 1 +------------ + t«. -1+i )-------—
f (z) f(.z)

zp'(z) cos y= otp(,z) ♦
pQz) cosy + isiny

ip

r if zp'tz) cosy ")
Re ,f(z)J = ReJatp(.z) ♦ ——-------------- -4

J [ pQz) cosy + lsinyj
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It is known J that if p(zj € P^ then on |z| = r 1 

and n = 1,2,3,••• »

|zp\z)| / 2n rn 
"2H“ Ke

1-r

since Pts)X,^pf- ih £ , the disc |z| ^r is transformed 

by functions p(z) to the disc

l /PCs) - aj ¿dn , aQ =-

consequently

1+r2n

2n
2ru

’ dtt= 1-r2* ’

„2n
U)

1+r'
p<z) cosy-------- cosy

1-r

since cosy ^>0 .

1+r2n I
p(2) cosy - —-cosy =

1+r'2n

1-r
■cosy

/ 2rn cosy 
„ 2U

1+r'■isinr -•^2rcos3'

]p(.z) cosy + isiny]

1+r12n

1-r'

p(z) cosy + isiny - isiny

2n

-isinhr -

- p(z) cosy -——cosy

p(z) cosr + isin

1+r',2n

>
1

■/t1-r2n)2sin2y + (,1+r2nJ2 

Z ' 1 - r2n
cos^y - ?rncos y

0)
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In view o£ tD, <2), (3) we get

r 1 f zp(z) cosy x
He J *, [},f(.z) = Re Jotptz) + ------------------------------- >.

>- -* j PÍ2.} COSJ" + isiujj

Re pCz) <0<

= Re p(z)

» |zp\z)|cosy \
\oCxle p(.z) - ---------------------------------- r A
% J- ■? n-i m *V I f|p(z) cosy + isinyj

LL2nrucos-

r£Ii) sin y + (1+r J cos y - 2rncosyl

r
oC -

2nrncos y

fl + 2r2ncos2y + r*ü * - 2rucosy

Now the radius of spiral-convexity R n is the smallest

positive root in (.0 , ij of the equation

Ot -
2nrncos y

"íl + 2r2ncos2y + r4n - 2rncosy

Since o(. + i ft = («. 2+ ft 2)1/2 a1 X we ¿ave

(ot2+£2)r4n + 2(.£x2- 2-2Qet +n)2Jr2n + ot2 + (i 2 = 0

The smallest positive root of the last equation is

| |<ot+n/ + T*1- *“'2 - «2

= 0

R
*. I* .a 1
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and left-hand side of the equation is positive for r / 8 „ _
\ <*. (4 it

The sharpness of the result follows by substituting the 

function

Î1 -
1-t-e'-2if

a« n

for tnis function

He <1 + •
zî'0^> + (X-1+iß, )

f0(.ZJ
= 0 for z = ¡L

ß » h

greater than R*

Hence f(.z) cannot be spiral-convex in any circle of radius

‘,ß,n *

Putting in the above theorem n = 1 we get the result 

obtained by author {/•■].

/

HRPHRBNCB3

pi] Spacek, L., Contribution à la théorie des fonctions univalen­

tes, Casop. Pest. Mat.-Pys. 62Ç1953), 12-19.
[h] ïoshikawa, H., On a subclass of spiral-like functions, hem. 

Pac. 3ci. Kyushu Univ. Ser. A Math. 25.2U971), 271-279.
pj] Seoigenburg, P.. miller, 3., liocanu, P., Reade, Li., On a 

subclass of Basilevic functions, PALIS 45,1(.1974), 62-92.
fh] Pashkuleva, 1)., fhe radius of spiral-convexity of a class 

of spiral-like functions, C. H. Acad. oulg. 3ci. JO K 12 

U977J, 1675-1677.



On the Radius of Spiral - convexity .. . 191

£5 J Eenigenourg, P., Youhikawa, H., xn application 01 tne method 

of Zmorovic in geometric function theory, J. «.ath. anal, 

and Appl. 56Q1976), 683-688.
[5] Ruscheweyh, 3«, Singh.V., On certain extremal proolems for 

functions with positive real part, PAmS 61 N 2 (.1978)» 

329-334.
£7^} Bernardi, S.D., New distortion theorems for functions of 

positive real part and applications to the partial sums of 

univalent convex functions, PAMS 45 N K.1974), 113-118.

STRESZCZENIE

Yoshlkawa wyróżnił klasę odwzorowań konforemnych, splralno- 

-wypukłych. W pracy wyznaczono promień wypukłości spiralnej w 

klasie funkcji spiralnych, których współczynniki taylorowskie 

®2‘ **" *h

PE3CME

{ionnfKaBa BBeji kascc cnxpambHO-BunyKJiux <J>yHKunii. 3 a-roff 
paóore onpe.ne.aeH pamnyc cnwpazbHot! BunyKjtocrti b KJiacce cnupajieoó- 
paSHHX $yHKIU#, KOTOpnX K0S^xj)HUMeHT Sg. ... a^ paBHH HyJIiO.




