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On the Radius of Spiral-convexity of a Subclass
of Spiral-like Functions

O promieniu wypukloéci spiralnej w klasie funkcji spiralnych

Pamryc ciupambHOf BHOTYRAOCTM B Kaacce cnupaneobpaiHbix ¢yHXIDGA

A function f£(z) analytic in D = {z ¢ lzl <1} is saia
to be spiral like if £(0) =0 , £°(0) = 1 aad

22’ (z)

£(2) > .

for soue fixed 7 , -Xs2( T< /2 . et ST denote the

Re 017

olass of such functions. It was saown by Spafek [1] that
spiral-like functions are univaleat.

A function f£(z) analytic in D belongs to the class
B« +i8 ) , x)o , @ Teal, if 2(0) =0,
£(2) 2°(2)

- $ 0 and Re J[x,p, f(z):] > 0 in D, where

2£°°(z2) 227(2)
= & el
£°(z) £(2)

J [oc,p, f(z)]’ 2 1,
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The class D(1 + ip) has beeun considered by d, Yoshikawa [2]
and the functions in this class were called spiral-convex, It
is known [3] that if £(z) 6 B(o + 1 3) then £(z) is

¥ -spiral-like, woere ¢ satisiies

x+1p=(o¢2+@2)"/2e17 ) -%(7(%.

Tne radius of spiral-convexity for the class ST is defined

as follows

Ryp S R[o(.,(), ;,-TJ = sup {R : Re J[o(,p, f(z)] >o,
lz] { R, 2(z) € 57} .
This radius was determined by the author [41 . R,| p was deter-
L

uined by using different methods [SJ 0 [6] O

Let A, denote the class of norualized functions

P-)
£(z) = z + Z & 2X | regular in D .
k=n+1 P .
s JL

Je denote by Snf for -7 <Y ('? y D —-natural aumber,

the following class of fuuctions

: iy 227 (2z)
sy = {f(z) P2 E by'y R (oFF — ) >0, zenf .

The purpose of this uote is to find tue radius of spiral-

-convexity for the class S [ Lenoting this radius by R
n «,p ,n
we have
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R"o(’.nER[ﬁ"ﬂ' Sn?]'_' .
= sup {R : Re JE:t,[I,,r(z)] Do, |zt (R, r(z)esgjl.

For the determination of this radius the method applied in [4]
will be used.

Theoream. The radius of spiral-convexity of the class Snx is

The result is sharp.

Proof. Let £(2) € SMr . lnen there exists a functiion
p(z) e Pn (the class of functions p(z) = 1 + pnzn +... Wwitn
Positive real part) such that

1y 22’ (2)
= = p(z) cosr + isingx .
f(z) v v
Then
J [ £ J 1 () oL =1+ip) Sy
o = R — -1+ —_ =
P (z) + f‘(z) + ( ] 2(z)

zp (z) cos
= op(z) + L, ip
plz) cosy + isiny

zp’(2z) cosy A)
p(2) cosy + isiun'

Re J[ﬂt,p ,f(z)J 2 Re{&.p(z) +
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It is kuown [?] that 12 p(z) € P, thenon |z| = ¢ 1

and n = 1,2,3,6.0 1

, 2n r®
(1) IZp QZ)I \< :EE"R“ plz) .

since p(z) :::: in D, tne disc || \<r is transformed

by functions p(z) to the disc

1428 s 2rt
R = bl
cousequently
) ) 1+r2n £ cosy
(e p(2) cos - cos
] 1- 2n T 1-pob

siuce cosw >0 .

+p8

pl(z) cosy -:—Kcosxl p(z) cosy + lsiny - isiay =
S

14240 ’I+:r.‘211
ncosy > -isiny -—1—-2—;0083’ - |p(z) cosy + isinyf .

14pe0
I—lﬂiua’ - 1_:.‘511 Qosaf -

‘p(z) cosy + isingl ;.’

' 1+ Zn
(3) -\p(z) cosy - -———-—-cosaf >

= = 1
} 'J('l-ran)dsinz’( + (1+r2n)zcos"r - Zr“coaz' .

1 - B
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In view of (1), (2), (3) we get

i .
(z) cos

Re Ji-c(, B ,£(2)i = Re .(O(.p(z) + - % l >

v 4 l plz) cosy + isiud >

|zp'(z)|cos‘a’
Ip(z) cosy + isina’

> otie p(z) -
7

{ 2nrn<:08jf \L
2 Re p(2) { - = f .
V(‘I-r‘“)asinaﬂof + (1+rdn)dcos‘3r = ZrncoearJ
{ 2nr®cos T
= Re p(z) | o - = .
I 1‘1 +-2r?ncosaa' . o 2rncoaT

Now the radius of spiral-convexity R is e smallest

oy byu
positive root in (O , 1] of the equation

2nrncos
ol - LS =0 "%

2r®8cos2y + r*® - 2rfcosy

Since ot +1ip = (ol.2+(_$2)1/2 61, we nave

([}
C
-

(2 p2r* + 2(a2-p2-2(¢ +0)2)r%® + 2+

The smallest positive root of the last equatioa is

i
—1‘(u+n)‘ 1&:{ ¢n) 21

Bet,p,n®
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und left-nand side of the equation is positive for r <R.< 60
] »

Ihe snarpness ol tue result follows by suustiivutiug Cue

function

10{2} =

j+e-ai( :

(1-s%H 8
for tais function

nt*

; ) zr;(xJ
2 + (oc-1+if5)————- =0 for 2z =R, .
2:(2) 2,(2) | %Py 0

z
Re 11 +

ilence f£(z) cannot be spiral-coavex in any circle of radius
reat ol R .
greater than “, p o0
Putting in the above theorem n = 1 we get tae result

obtained by author [4] ;
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STRESZCZENIE

Yoshlkawa wyréinit klasq odwzorowar konforemnych, spiralno-
-wypukiych. W pracy wyznaczono promiet wypukioécl spiralnej w
klasle funkcjl spiralnych, ktérych wapéiczynniki taylorowskle
aj w & znikaje.
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