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Introduction. It is known that a quasiconforuwal mapping T

of a Jordan dogain G onto a Jordan domain G’ can be extended
to a homeomorphisa of their closures. Hence it induces & homeomor-
pyism 02 their bounduries C and C’ respectively.

In view of the invariance of quasiconformal meppings under
composition with conformal mappings the problem of charactverizing
the induced homeomorphism £ can be reduced to the case, when
GaU= {z t Im 2 >0 } = G° . Then the boundary correspondence
is determined by a monotone continuous function £ , in this sense
that the point (x,0) corresponds to (£(x),0) .

According to Beurling and Ahlfors [1] an autouorphism £
of the real line can be extended to a K -quasiconforual automor-
phisa ¥ of the upper half-plane that fixes the point at infinity
if and only if there existsa constent f= P(E) such that

(1)

1 £(x + ) ~ £(x)
PNt - ttx - ®) <f
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holds for all x € R and t>0 . lhe function £ satisfying
tne condition (1) is said to be a quasisymmetric function on R ,
chie Lern boing due to Kelingos [2].

Furtocermore, if K = K [FJ is the quasiconformal dilatation

of F <thron
(2) x} 1+ 0.2284 log p(f)

for each quasiconformal extension F of £ (see [1]), where
p(f) dcnotes the infimum of all P such that (1) holds. It

-
was enown in [9] that there existis eun extension F for which

(%) K=K [‘FT] é nin {Pj/a : 2P -1} .

is should be noted that these bounds are still not the.best

(ct. [1], [5], [5], [4], [6], [8]). A good bound on K 4is there-

fore of preat importance for investigating quasiconformal mappings

which are guasiconformal extensions of £ to the upper half-plans.
4 wall-known and widely applied result due to Beurling and

Ablfors [1] states that the map F[f.r] defined by

(4) H‘[f,r](z) = of(z) + P(z) + ir(a«(z)- p(z)) ,
where
A 1 0
(5) oc(z) = f 2(x+rty) 4t F.(z) = ( 2(x~-ty)dt
0 421

z = x+iy ’ r>0
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is a quasiconformal extension of £ to the upper half-plane U ,
In the case whon £ 1is p —-quasisywuetric on an inverval I ,
the quasiconformal extension F defined by (4) and (S) has

a domain which is a right isosceles triangle with baese I .

The extension technique applied by Beurling and Ahlfors
assures that the function F[f,é] is continuously differentiable
everywhere on its domain, which follows by the property of

p -quasisymmetric function and L[S], p. 64).

Since linear transformation do not effect the property of
being P -quasisymmetric or the dilatation of a quasiconformal
mapping, we can make certain simplifying assumptions when estiua-
ting the dilatation quotient of F[r,r] at an arbitrary =z .
Pirst, we may suppose that f 1is normalized, i.e. satisfies
£(0) =0 and £(1) = 1, and secondly, we may restrict ourselves
to the point 2 =1 . ’

The dilatation quotient K of F[?,é] at 1 satisfies

L
() " ax(femE ) = (er®)(f (2 + g7

¢ 2 gptr®)

Where f: X /Py §= o(y /a(x » M= ﬂy/ﬁx . Since h

18 normalized, one easily gets X 1) =1, lei) = =2(-1) ,

AL 0
“y(i) =1« ( £(t) dt and B _(1) = £(-1) - ( £(t) at .
Q -1

The p ~quasisymmetry of f immediately yields 9-1,{ f\( P
BY a leuna of Beurling and Ahlfors [1, p. 137],
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@) p{(ftt)dt.{k .

(0]

whore M = (1+p ) ik =pp . It follows that f and
m  both lie in the interval <M AS .

The bounds in (?), which pley the must important role in the
rzain problem of getting the best estimation of the dilatation
quotient K of F[f,r] , are not the best possible, squality
on, say, the right hand side of (7) holds for the non-quasisymme-
tric majorant P for normalized p -quasisynmetric function

introduced by R. Salem [7]. Let P(0) =0, P(1) =% and

ek + 1 k k + 1
(8) m=—;—n——-—) = (1- )\)PL-EE_—,I-) + A B( = )
K =0,7,000,2 7«1 3 1n=120ee. , and extend the defini-

tion of P to the numbers x € (0,1) with non-terminating binery
represontation by continuity. If

Np = {f:f(o):O, £(1) =1 , and f 1a p-gs on R} {
then

9) 2(x) £ P(x)

for all x€<0,1) with a finite binary representation, and by

continuity on the waole iuterval. By (8) we sce that

- |
(10) J( ML AT

0
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((k+1)/2°

(1) L= Doz + )\r(%b} -

'Y,
/2R 2
3
287w
where k = 0,15000922 =1, D = 1,25000
Mieking use of very elementary technique we obtain a better
eatimation of (7), which in the first step convers the result
obtained by Lehtinen [4], whose method is founded on very interes-

ting observation that the singular function P has locally
convexity points.

Main result. Suppose now that £ € NP then for every
0{x y{1 and )\=p(1+p)-1, we have

(1) @) + (- M) {2EE) { (- N2x) + Aey) .
By thi'a

2A-1 5 A
(13) f(% -h) + f(% +h) ( 1+ —3:\— £(3 +h)

for b)0 and 0{3-ndF{F+n 1 .

An integration of f over <g s 3> yields

(14) £2(t) dt

(2% q%
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£ 3.2 ( P + t)du=1+2)"1% (L E X3 -5
B A I b B \ .
by which
2 %
(15) J P(t) dt - 2(6) at ) g AA-13@A-1) = 4 .
7
2 J 2 -
) 2]
Let now x°=g, x']:g"..’ xn=;.L23'ooo ’
and let
fﬁ.u
Sn=} f(t) dt ) n=o,1|ooo ’
*n+q

then we have

[xmﬂ
®ne2

[ 7]

£(t) dt\/‘ (

g

1
[(1- A)L0) + /\f(2t)] at =
oC

- n+2

f(x)dx:—é—sn .

n+1
[“nﬂ
J ™2
From this it follows that

rt
£(¢) db = j :

o
2(t) a6 + S5+ D 5
n=2
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2 o
( g £(t) d¢ +-§-Z S, *—%‘5_—3 =

-1 = Q
a n=

(8 g :
- g £(t) dt + -é— g £(t) dt + —é— [g £(t) dt +

[+]

o

then
2
Y

- i 2
(17) [ £(t) dt\( 2 ( £(t) dt + ot E _ £(t) dv .
Oy [

y +1
On the other hand let Po =7, Pq =B+ cor v Pou =P£T

and let

_ Poe2 /Pma
Rn*'l = K £(t)at < \\ [(1—A)f(20—1) + )\f('])]dt =

Pn+1

Pn—r']

rpn+2
= (1= \) } 2(26-1)dt + AP o= [Preq) =

. Pm’l

1=A e
R g 2x)ax + ACP o= Poed) =
Pn : :
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=:L§..A.Rn+ A(pmz.. pm,l} , for n=0,1,2,...

By this

~1
(18)

£(t)dt = > R %AZ R, + - (P ueq = Po) =
| E n=1 n=0 n=1

1 1 3
- i;—’\- ‘( £(t)dt + @\\( %_)Lj(g £(t)as + 1'_,:1[ £(t)dte

1
3

Honce

1 3
(19) ( 2(e)as %}i& j £(£)dt + %?%X £
ik

a1
4

% 3
{(;}:—’}Yf f{t)dt+;}-:—§g f(t)dt-rg-if\x g

3

Finally, the opplication of the above inequalities gives rise to

the next estimation

1 § 1
(20) [ £(t)dt = £(t)de + ( 2(t)as £
0 0 ) g
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: L 2
\( 2%7 f £(t)ds + =K [ P(t)dt + ;{{—’,\‘- f : P(L)de +
3 3
+ 2=A i 2(8)as + 2 A ¢
ErD Yy 3 MR Y P

[~

(2 '3 :
4 = {j P(t)dt - A} + r)‘;\- P(t)dt + -}:—i- P(t)at +
BF ) :

[

+ 3= ﬂz P(t)dt - A} 'éﬂAX=

Y

P(G)de +

S
o =

=ﬁ—’} ( P(t)dt '+ ‘_f“\* ( PLt)dc«-F’_\-x-
o P

ook

a7
*ng\X‘ITXA)T‘-‘- +’I_D'é 2
By (1)

3 2

[ P(t)dt = _éf (1+ A= \2) , g P(t)dt = -é— (43 =2 \2)
1

3 : -

and

g P(t)dt = -é-_('ua/\-; A2+ A%)

2
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Then, by (20)

x
2 4Dt X2
&fumc5127%“37‘”*'*"Erxﬁtm7A
= o S 3 AT
e [’l ~g T, +1)3 (2 2(3* 2-1)-95)] ()

Denoting by B(¢) = 'B (2 ———}j—) we see that

2($+S

22 < B($) < =2 by which

2
1

£ fie g 2t .
(21) jo ()it A [1 - Ess—j)—;]

A replacement of £(x) by 1°- £(1-x) produces the left-hand
side estimation of this integral, Let a , b , 0£a<b<1 be
real numbers. Putting L(t) = (b-a)t + a we see that the

function
(2oL - £(a))(£(b) - £(a))"T € Ng
thus

1
fol(t) =
SO—T{FT-_—i-E%%dt.SD(gJ

and consequently

b 1
EEE g £(t)dt = §; feL(t)dt £ (f(b) - £(a))D(]) + £(a) .
a .

This inequality leads to

(22) g £(t)dt £ (b - a)(D(Q)IP(b) + (1 - D(Q))P(a)) .

a

Making use of (11) and (22) we obtain for a = 3 » b = g

what follows
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(8 (8 : 1
P(t)dt = \  £(t)at 3 3 (A= D(§)(P() - P()) =
A
a — 1 -

3 8(3) '(3’,_1)3 (®(2) - P(}))

and similarly

3
P(t)at - | 2(t)at B(S ) (P(2) - P(R)) .
| B®) ( (tdat » & B(S —s——w) £) - B3

Jﬁ J%
Substituting these inequalities to (19) and (17) respectively

and by (20) we obtain an improvement of (21) in the form

! g -1
< - —_— (1 (o] )) 0
go £(t)at £ A [1 B(S) (g+1) (1+0(S ]

: g?
(¢ +1)°( g +2)(23 +1)

. We summarize this as

where . C(9) =é

Theorem. If £ is a ¢ -quasisymmetric function cf the class

Ng then

-

1
S (244 - )=
X £2(8)at € ‘gfﬂ [1 § ey

0
2
. g -1 S )]
(3 +1) 1+ 3 (g +1)°(8 +2)(23 +1)

This estima.tion enables us to get a better estiuation oI tke

dilatation quotient K of K[f,r] which will be published
later.
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STRESZCZENIE

Niech H°(3) oznacza klasq funkcjl ‘! =-quasisymetrycznych
unormowanych, tzn, ((0) = 0, f(1) = 1 dia kazdej funkcjl { & Ho(\»‘).
Funkcjonatem odgrywajqcym podstawowq rolq w oszacowanlu rzgdu
qQuasikonforemnego rozszerzenia Beurlinga-Ahlforsa funkcjl p -quasi-
symetrycznej jest calka jo t(t) dt gdy lGHo(f). Ostatnie znane
Jego oszacowanie podat M, Lehtinen w pracy [3]., W przedstawionej

Przez nas pracy uzyskujemy wzmocnienle tego oszacowania,

PE3IME

Yepes H (ﬂ,) uN 0608HAUAEM MHOXECTBA BCEX BOSpACTADUMX TOMEO0=-
Mopduamos y npawoft Ol rakux, uTO g‘_t, lﬁ%fg;:ﬁ%égﬂ-& £  nam scex
X6IR, t>0 a uwepea H, (g) Gr0 NOIMHO¥ECTBO COCTOAWLCECA U3
byrruult b mopuuposamunx ycaosuaun h(0)= 0, 1\(1)= 1, Uro6w noay-
YuTL ouenxy Ha K nas K-xBasukoudopMHoro pacuupexusa BepruHra-Aab-
¢opca romeomoppuaxa he M (8) nyxHo onenusars mnrerpax S 8(t)at
X Be Ho 2‘) . [JocrenHH uM3BECTHYD ONEHKY TAKOrO MHTErpana MOAyuua
M. Nlextunen » paGore [3]. B narHoil paSoTe MH noayuuau 6oxee TOUHYD
OueHKy sToro WHTerpaza.






