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Bounded Univalent Functions with Montel Normalization
Funkcje jednolistne ograniczone z normalrzacjy Montela
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In the usual fasaion we let S denote tne class of Ifunctions
£(2z) = z + a222 + ... regular and univalent in tne open unit disx
A . The present authors have studied properties or fawilies of
functions with normalizations difterent from tnat of S . [ais
report covers work included in the papers given below. All refercoa-

ces to otner work are given in tnose pepers,

I. Notation., For fixed a , 0{a{1 , L(a) daenotes tie
family of all functions regular snd univalent in 8 acd norwali-

zed so that
(&D) F(0) =0 and F(a) =a.

This is called uvontels norwalization. For B)'h , wla,B) denotes
all memoers of as(a) sucn that [i(z)]{B tor z in A . Ine
related class &la,B) consists of functions F(z) for waich

FI0) =0, Fla) = § and [f2)]{1,2¢4.
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II. alpebraic transformations. :ere we review algeuvraically

deiined transformations among our classes and view some of their

cousoguonces.
(1) if 1(z) € S , them F(z) = '“J € i(a) .
(1,) 1f F¥(z) € k(a,B) , then, tor 0 { ¢ {27,
Glz) = 4 (1+et ¥, a> € u(a) .
(1+e?. Eﬁil)
. 2 Ta)
(r,) if F(z) € ki(a,B) , H(z) = ———“—-—- € il(a,B) .

B-astsd)

]
The class #(u) iotherits sowe readily observavble propurties

irom S . For example, de branges theorem and (T1) yields
(2) i ) £ n(1+a)° all n
fo} 2 3

Jn tne otner hand, (T,) glves

(3) (=2 8)2 ¢ Iy £ (P22 13)2
and
(4) |1 - 1‘” lAa + -§ 021"‘ A,‘a! 4 2(1+a)° .

The lust rosult is particularly interesting because it sug-
pests that wmore inforaation can be ootainea from it aLout A1 or
perhaps A2 . However tecnnical difficulties in isolating, say A1
in (4) secus to preclude tnis.

lue transformation (TS) way be considereu tne analog tor
w(a,B) of the Koebe transformation for & ; for F(z) iu iu(a,B)

iv zives
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(5) T8 e SRl CTID B

Using a powerful variational wethod, V. Singh obtained (5) in
1957. _

If f£(z) is in S , then for eaca real ¢ ., ol 1.'(&3'“r z)
is in S also. This rotation is very useful in sowo investigaw
tions. However it is not genmerally available for functions in
k(a) . This makes some problems in Ai{a) , or ui(a,B) such as,
say the regioan of values of #°(0) , wore challenging and, of co-
urse, more interesting. To address such questions we nave develo-
ped appropriate variational methods for ii(a,B) . In coaparison
with the transformations above, tne transformations iuduced oy

variations may be considered transcendental,

III. Transcendental transformations. To siuwplify calculu-

tions,_we dérive variations for tae class w(a,B) , As is typical
of variational uwethods we construct two xinds of variations:

the first for fuuctions F(z) im E(a,B) for wnich Dy =A\NTQ@)
is an open, non-eupty set and another for the cuse wher FCA)
consists of the disk A winus slits.

For tue first case we let

c ww W, w4
(6) @) = if VA kX EX—a A - ]
v k=1 Lk wewy £ % =1 k 5

which is meromorphic in C and purely imaginary for |w|= 1 .

Then, for small ¢ and §
glw) = w exp [e lf(w)] =w+ Evlyw) + ol€)
2
is analytic anu univaleut in AN }:)1 {w 2wt é 8} .

Now, for suituole caoiccs of w  in DE and for appropriste §
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Gz, £) = g(¥(z)) is univalent in A , G(O,£) = O and
lGLz, & )l < 1 . The parawmeters wust ue cnosen so Lnat Gla, € )= -g =
Iuls weans we wusl choose /\1 , aud /\2 so that lf(a) =

a+ AB
a- x8

i equivalent to finding A. for waich

(7 [H'L-—-— |~ - |Y<w2)[2] .
As [‘f"wq)‘f%) - Y(—)\r(— ] =

I{ we seot \y(x) = + 1, then the last condition

_X1[\y(7-;;1)\r(w2) - \ycﬁq)\rk;,—;)] .

aence, tna coefficient of AZ is zero when l‘fU )l = l*(;-;)l
wihich is equivalent to H—;‘ - w2| S -ﬁ - ——l for all w, in A

but tuls cennot be so, consequently A'l and Az can be chosen
s0 that G(z, £) is in lL(a,B) .
Suppose now that F(z) 1is a slit wmapping in E(a,B) . Then
; 2 :

tnoe wetiod of Golusin modiried by Slionskiil gives tne variation

(8) F¥(2) = Fl2) + £3(2) QUiz)) =

¥ 2
EzF(z)ﬁ [ ut) :::k._

zkrtk) k
_—x ) F(z i:; )2 '1+E'kz

Gf s -
sz (ak) 1 2,2

+ 0(§) F

with  @«) as in (6).
The computations in this case are more difficult than tnose above,
but are similarly structurcd. For example, the coaputvation analo-

sous to showing (7) has a solution is equivalent to showing F(z)

satisfics tne ditferential equation



Bounded Univalent Functions with Montel Normalization 129

2B ()2 h1tFLZJ) d5(2)
(9) CFRY) © G aE)=E) © (a2 (i az)

for W, a polynomial of degree k , each k .

Assuaing tohe analog of (7) uas no solution yielas tae contru-
diction tnat tne solution or (9) is not a slit wupping.

An application of these variational metuoas saos¥s tual

region of values of A, , 44 = F(0) , is given by

2« 2
log 4, + lo L-z—' 3 ‘ < log Ldsa)(i-a)
\ L & Bmady) | & %8 (ta)isra)
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STRESZCZENIE

Nlech M(B.zo) oznacza klasq funkcji analitycznych
{ jednoliastnych w kole jednostkowym | speiniajacych tam warunki
(o) =0, z) =z, lte)l<B

gdzie o<|z°|<1 3 1< B,

Postugujac siq metodq mariacyjnq G. M. Goluzina autorzy wypro-
wadgajq wzory warlacyjne w klaale M(B, zo) i atoaujyq je do
wyznaczenia obszaru zmiennodécl funkcjonatu t°(0).
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PRESIME

NMyers M (B, 20) KAaCC aHAANTHYECKUX M ORHOAMCTHHX
dynxuu? B €AMHMUHON KpPyre W TBKUX TTO

£ (o= o, £(8)=2, |2(2)cn
nEA GMKCHPODBAHHEX zo, B,y 04‘20\41, 1{B . [oAbaysce BApHAUUOH-
noft reopemoll I'.¥, lNoayewsa, apTopu ycraHoBuXKM Bapuauumonnue ¢op-
uyaw nas kaxacca M (B,zo) M JAAM MX NPUMEHERUA NXS Onpe NeAeHMA
waropHTHOM oGxacTu dynkumnonara £ (o).



