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1. Introduction. 4any quasiconformal (aboreviated : qc)

autouorphism H of a Jordan domain G adwits a unique nomeomor-
phic extension to its closure T . In tais way H generates a
sense-preserving autoworpaisu h = HI'bG of tine boundary @G .
Tne problem of boundary correspondence unaer yc mdppings, i.e. the
problem of caaracterizing gcnerated auvomorphisms of VG can be
reduced after a suitable conformal mapping to a correspcnding pro-
blem for a standard Jordan domain, e.g. the ucit disk D , or tae
upper half-plane U , In the latter case a very simple and e¢legant
solution has been found by Beurling and ihlfors [g].

Let us consider autowmorpnisus of R = DU deteruined by a
continuous, strictly increasing function h which satisfies
a(-e0) = -0 , h(+e) = +00 ., Tden h can be extended to an
automorph’uam of U wnicn is 4-qc in U , i1 ana oaly i1 taure

exists a constant A = W(K) such that
(1.1) Wl Bl =0t (u ;o 5,d6R , dAO0.

Sucin autoworphisus of R will oe¢ called functions w=-quasi-
sywwetric (avuvreviaved t M-qs) on K aud tae coudition (1.1)

will be referred to as tue uw-corndition on R . Tue class of all
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K-qa functions and its subclass consisting of functions h with
the normalization h(0) = 0 , h(1) = 1 , will be denoted by 3¢ (M)
end (), resp.

The necessity of the M-condition (eee e.g. [1], [6])
was obtained by considering the modules of quadrilaterals arising
from U by distinguishing four boundary points. The sufficiency hes
beecn astablished by en ingeneous construction , see ibid. There eare,
howaever, two one-parameter configurations involving points on the
boundary, the quadrilateral and a punctured Jordan domain with two
distinguished points on the boundary. Therefore we may expect that
the boundary correspondence generated by qc¢ sutomorphisms with one
fixed interior point cen be doscribed in terms of harmonic measure
= the cheracteristic conformal inverient of the latter configuration.
In fact, we have obtained in [5] a counterpart of the M-condition

for the unit disk punctured at its centre which is equally simple as
(1.1)e

Let T=3D endlot h ‘be a eense-preserving sutomor
phiem of T o If P 4s en open subarc of T then |P| will stend
for the harmonic measure w( O , @ ; D) . With this notation we
have

Dafinition 1 + A sense-preserving sutomorphism ﬂf; of T is said

to be en M-qs sautomorphism of T , 1f end only if there exists a
constent 1f such that for eny pair f, (b, of disjoint adjacant
open subercs of T with |p,|= |p,| the following M-condition

ot
(12) 1R IZIBEp,) $ ¥
is catiocfied .

o~

Let " (M) denoto the class of 81l M-qs eutomorphianma

of T . After suitable rotastions eny h in this cless can be transe
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formed into b euch that
~ ~
(1.3) h(1) =1 , h(=1) ==,
~r ~
Let ‘M ,(M) denote the subclass of ¢% (M) consisting of a1l
h € R (M) normalized by (1e3) « Ve have
Theorem A [5] .« A eense-preserving sutomorphism h of T has

a homeomorphic extension H on D which s K-q¢c in D end se-
tisfies H(0) = O 1f end only if there exists M = M(K) such
that h € R(u) .

Corollary 1 . The condition H(0) = O 1is not essential for the exi-

etence of a qc¢ extension, although the order K of ge-ity of H

may possibly be lowered when this condition is omitted. E.g. the

boundery correspondence generated by the Moebius trenaformation

s (z-a)/(1-Ts) ,5€T, 0<|al< 1 , can be exten-
ded K -qcly on D with H(0) = 0 , however, K> K(a)> 1 .

The same boundary correspondence obviously admits 1-qc extension

which does not vanish at O .

Corollary 2 o Given sny qc eutomorphism H of P, H(O)¥#o0 ,

we cen always find emother qc¢ eutomorphism H, of D with the

same boundary velues as H and such that H (0) = 0.

In fact, we may replace O , D by 1 and U , reep.,
ueing a suitable homography . Note that the sense-preserving affine
mapping 1(w) =bw+eWwW , b+c=1, |bl> |e| , satisfies
1(U)= U end keeps the pointe of OU unchenged . Given arbitary
v ,w, €U, w, Fw, ,wecan choose 1(w) eo that 1lw,)=w, .
Teke now w, =1 ,w, = H(l).Then H =1o0H satisfies
H(1)=1 end H IR = H| R .

Definition 2 . An sutomorphiem h of the real line R which satis-
fies the conditions {(1.1) and (1.4)
(1¢4) D (x+a) = a+h(x) , a>0 4s fixed ,

will be called a periodic ¥-qa function with period a
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This definition is Justified. by the fact that the function
(18) &(x) = h(x) -x
ie periodic with period a .
Lot ¢ ( M, a ) denote the class of all periodic U-qs
functions with pericd a , normalized by the conditions

(1-6) h(o) = o0 , h(af2) = a/2 .
Since any h ¢ J (M,a) outisfies (1e1) , it has a qc extenaion

to U, 1.6, he J(M) . Suppose now thet h, € (M) ana
h,(0) = 0 « Than by Corollary 2 there exists a qe automorphiem
U with boundery correspondence h, end the fixed point 4 .
bo cepping wa-d (w - 1)/(w + 1) = 2 genorates en eutomorphism
of M with O as a fixed point and boundary vslues normalized &s
in (1.3) « Now, the mapping 2z +3 =4 log z with log | = 0 indu~-
ce3 n go automorphiem of U whoso boundaory values ere in the cless
14, (M, 25x) . This mepping establinhes obviously an 1 ¢ 1 corroa-
poudence betwscn the classes 3'{0(».1) cnd “}{ (M, 25T) . As showm
a | 5] the order M of quasisymuetry remains unchanged . Using a
dnllerity trensformotion wo msy obtain a periodic M-qs function
with sn erbiirary period a and normalization (1¢6)
Theose remacks imply

theorem B o Any go function h,é€ W (u),n (0)=0, 18
csgosinted with a periodic U-qe function he¢ R (U, a) , where
o> 0 cen be &rbitrarily chosen .

Theoren B has some important aspects. The possibility of
represcniing the boundury corrcepondence by periodic qs functions
na<es mony problcms much eusier.'E.g. we don’t need consider scpara=
taly the behaviour of functions at finite pointe end near infinity
beceuse of & more homogencous structure duo to the fact that no boun=-

dary point is distinguiched. As pointed out in [ 5], ey function h
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wvith continuous end periodic h (x) - x and the period a satis-
fies the M-condition on the whole [R , as soon as the doudble in-
equality in (1+1) holde for a1l t¢ [0 ; a] and 0 <|a|< /2.
This mekes verifying the M-gymmetry much easier.

Let & (M,a) stend for the claes of all continuous,
periodic functions « with period a and normalization
(1s7) s (0)= 0 = o (a/2)
which satisfy the condition
(1.8) ! g 1+al[o(t+a)-6(t)]

1+ [ 6()-s(t-0)] °

for all 0 <t <€a , 0Kld|ga/2 .
Then obviously h (x)= x+ ¢ (X) belongs to the class F{ ( M,a)

so that actually & represents any boundary correspondence under
qc mappings up to a trenslation . Taking a = 2 X , we can
make use of the Fourier series expansion for 0. This leads to
intereating connect'iona between the boundary correspondence under
q¢ msppings end the hermonic analysis.

: Since this paper is considered to be a preliminary re-
port on research being done, we state in the next section without
proof some results already established which have been presented
during the Ninth Conference on Analytic Functions in Lublin ,

June 1 - 8 , 1986 ,

2. JStatement of results

The functions « ¢'g(M,25L) ocing continuous and
of bounded variation over ('p;ex] can be represented by an
everywnere convergent Fourier series, .ita any 7 eg(lk,27T)

we may associate 6"0 € $(M,27r) such that
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r25C
G x) = 61x) - 5k } G'(t) dt . Obviously
o
r2il
(2.7) ‘ G (x)ax = 0 .
Jo

“his norualization seems to be wmost natural and we shall denote
by 'E(4) the subclass of ¥E(M,2T) of functions G with
the normalizetion (2.1). The functions 6 ¢ €(M) have some nice
provertics frow the point of vioew of the classical harmonic ana-
lysis. They arc of wmonotonic type and of bounded variation.
..orcover, they belong to the familiar class /\w (ctf. [}]),

wicre
N or 1
(2.2) o¢ = log,(1 + 7).
In tuct, eny 6 €€ (M,1)satisfies the unifora HYlder condition

(2.3) |57et) = 6] £ e DIEIT |, xR, 51 < .

ke Fourisr serics of O mnmay be written in the form

22 ’
(2.4) 6 (x) = 2\ Pn sintnx + x ), where p_ =
n=

= PulG)Z0 .

If we put for snort m = IJ(k=1) / (Li+1) , tnen tho series

> Pa is convergent and we have the following estimate of its

(2.5) > Fﬂ \\’ m+ﬂ' [M+1’i.{(:.:+-1)'] t= F(m) .

The Bourling - sblfors covstruction of a gc exiension of x+ §(x)

outo the upper analf-plane (ci. [’l}) uas toe following foru :
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o0
u(x,y) = x + nz="| Pp sin(ox + xu) L_ﬁynl .
1 - 1
; ~ CoS
v(x,y) = 5y + nzﬂ P, coslnx + xn) ——n—y—-—nl .

The convergence- and suu-preserving factors %—91 correspond

to the lebesgue method of summnability.
We have the following estimate for the Fourier coefficients fn B

(2.6) 0 pP(6) < sup{ﬁ(b‘): G‘EEU-A)} = cl)

the bound being sharp for any néNl .
The following estimates could be obtained for C(u) :

8 £ M) { m and also a more precise one :

e £
f_‘_f_m [1 N %@IJ ™ £ ew) £ 2 [1 - exp(~ r‘(m))] .

It foliows from (2.5) and (2.6) that thc haruwonic
extension ot u(eix) = 6§(x) has a finite Dirichlet integral
D[u] é g P(M) .

Various norm estimates were helpful in obtaining the
above mentioned results.,

(1) If G ¢e¢(M) , then the total variation of G over
[0;2][] satisfies : V[G] £ 4m

hence sup ._(Ib'(x)l : xelR} £
2% £t 2%
|()‘(x)|dxé o ; (

o o

(11) i 16(x)) 2ax  Wa® .
J
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STRESZCZENIE

Z wykazanego przez autora we wczeéniejszej pracy | cytowane-
go jako Twierdzenie A wyniku wyptywa nastqQpujacy wniosek: odpowied=
nioé¢é brzegowq dla dowolnego quasikonforemnego automorfizmu obszaru
Jordanowakiego mozina scharakteryzowaé przez funkcjq quasisymetrycz-
nq x.—> x + & (x), gdzie G jest funkcjq clqglq | okresowe o okre-
sle 271 . Podano ezereg twierdzerh dotyczqcych funkcjl G ,
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PESIME

V8 noayuennoro asTopou B paHbiell paGore peayabrara, npea-
cTanieRROro asgecs kax Teopeua A crepyecT, UTO COOTBETCTBMEe rpa-~
HMY NOAYWEeHROro u3 anboro ksasukondopuHoro asrouopfuawa epnanonof
o6sacTy MOoreT OHTb XapPaKTepuaoBOHO KBasucuumnxerpuueckolt ¢ynxuuel
xH x + 6 (x) , ree & HenpepNBHA M NEPUOLMYCCRA C MEPUOAOM 2%.
[ToryqeHOo HECKOABKO TeopeM OTHOCALUXCA K Pyuknuu 6.






