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1. Introduction. Any quasiconformal (.abbreviated : qc) 

automorphism H of a Jordan domain G admits a unique uomeoaor- 

phic extension to its closure G . In tnis way U generates a 

sense-preserving automorpnism h = hJ'JG of the boundary *3G . 

The problem of boundary correspondence unoer qc mappings, i.e. the 

problem of caaracterizing generated automorphisms of *>G can be 

reduced after a suitable conformal mapping to a corresponding pro

blem for a standard Jordan domain, e.g. the unit disk D , or the 

upper half-plane U . In the latter case a very simple and elegant 

solution has been found by Beurling and Ahlfors

Let us consider automorpnisms of R = '>U determined by a 

continuous, strictly increasing function h which satisfies 

h(,-#o) = - eo , h(.+ oo) = + to . Then h can be extended to an 

automorphism of G wnicn is A-qc in 0 , it ano only if taere 

exists a constant ii = i«l(.K) such that

U.1) gffij ¿(gSSj 4 * i > d/O.

Such automorphisms of R will oe called functions iu-quasi- 

syuiuetric (.auoreviated t M-qs) on R and tne condition L1.1) 

will be referred to as tne u-condition on R . Tne class of all
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M-qs functions and its subclass consisting of functions h with 

the nonnalization h(0) = 0 , h(1) = 1 , will be denoted by'X(li)
and ”M0( H ) , reap.

The necessity of the M-conditlon (see e.g. [l] , [6^ ) 

was obtained by considering the modules of quadrilaterals arising 
from U by distinguishing four boundary points. The sufficiency has 

been established by an ingeneous construction , see ibid. There are, 
however, two one-parameter configurations involving points on the 

boundary, the quadrilateral and a punctured Jordan domain with two 

distinguished points on the boundary. Therefore we may expect that 

the boundary correspondence generated by qc automorphisms with one 
fixed interior point can be described in terms of harmonic measure 

- tho characteristic conformal invariant of the latter configuration. 

In fact, we have obtained in [5} a counterpart of the M-condition 

for the unit disk punctured at its centre which is equally simple as

(1.1).
Let T = o ID and lot h be a sense-preserving automor

phism of T . If p is an open subarc of T then I p I will stand 

for the harmonic measure u) ( O , p } Œ>) • Viith this notation we 

have

Definition 1 . A sense-preserving automorphism h of T is said 

to be an M-qs automorphism of T , if and only if there exists a 
constant ÎÎ such that for any paii- , p2 disjoint adjacent 

open aubarcs of T with | p J = |p2| following M-condltlon 
_on T
(1.2) I h(pt)l/I h(p2)| $ M 

is oatisfiod .

Let 'X (u) denote the class of ell M-qs automorphisms

of T . After suitable rotations any h in thio class can ba trans'
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formed into h such that
(1.3) h (O » 1 , h(-l) « -1 .
Let 'X 0 ( M ) denote the subclass of ( M ) consisting of all 

h 'X ( u ) normalized by (1.3 ) . Ve have

Theorem A (5) • A sense-preserving automorphism h of T haa 
a homeomorphlc extension H on ID which is K-qc in ID end sa

tisfies H(0^ “ 0 if and only if there exists M = U(K) such 

that hf *X(M) .
Corollary 1 . The condition H(o) » 0 is not essential for the exi

stence of a qc extension, although the order K of qc-lty of H 

may possibly be lowered when this condition is omitted. E.g. the

boundary correspondence generated by the Moeblus transformation 
« rt (i » ») / (1 -T i) , z € T , 0 < | a | < 1 , can be exten
ded K -qcly on ID with H(0) ■ 0 , hovzever, K K(a) > 1 .

The same boundary correspondence obviously admits 1-qc extension 
which does not vanish at 0 •

Corollary 2 . Given any qc automorphism H of t> , H(0) # 0 , 

we can always find another qc automorphism HQ of ID with the 

same boundary values as H and such that HQ(p) = 0 .

In fact, we may replace 0 , D by 1 and U , reap., 
using a suitable homography • Note that the sense-preserving affine 

mapping l(w) = b w ■* e w , b+c«1,lbl>|c|, satisfies 
1 (U) <* U and keeps the points of 9 V unchanged . Given arbitary 

v, , Vj H , wt / Wg , we can choose l(w} so that w2

Take now w2 - 1 , Wj • H(i) . Then Ho 3 1 o H satisfies 
Ho(i) = i and H# IB » H | IB .

Definition 2 . An automorphism h of the real line 1R which satis 

flee the conditions (l.l) end (1.4) t

(1.4) h (x ♦ a) = a ♦ h (x) , a > 0 la fixed ,

will be called a periodic M-qa function with period a .
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Thio definition is justified by the fact that the function

(1.5) er (x) « h (x) - x 

is periodic with period a ,

Let "36 ( M, a ) denote the class of all periodic li-qs 
functions with period a , normalized by the conditions

(1.6) h(0) - 0 , h(a/2) = a/2 .
Since any h fc satisfies (l»l) » it has a qc extension
to U , i.e. h fc 7t(M ) . Suppose now that h^ 6 ( II) and
h . (. 0) ’ 0 < Then by Corollary 2 there exists a qc automorphism 

vi U with boundary correspondence hj end the fixed point i • 

i' ,; d ipping w »-» (w - i)/(w + i) - z generates an automorphism 
of 5 with 0 as a fixed point and boundary values normalized as 

in (1*3) • Nov/, the mapping iH - i log z with log 1 = 0 lndu-

j ; qc automorphism of U whoso boundary values are in the class 

'W, (m, 2k ) . This mapping establishes obviously an I t 1 corroo-
pon'i'snee belt en the classes ^(U ) and (Li, 2yr) . As shown 

in j 5 J the order M of quasisymuetry remains unchanged • Using a 

similarity transformation wo may obtain a periodic U-qa function 
with «si arbitrary period a and normalization (1.6) .

These remarks imply

Theorem P . Any q3 function h^ e (^ ) , hj(0)= 0 , la 
associated with a periodic M-qs function h £ 'JC ( U , a) , where 
e> 0 esn be arbitrarily chosen .

Theorem B has some important aspects. The possibility of 

representing the boundary correspondence by periodic qa functions 

H&£ea many problems much easier. E.g. we don't need consider separa

tely the behaviour* of functions at finite points and near infinity 

bcceueo of a aoro homogeneous structure duo to tho fact that no boun

dary point is dlstinguiehed. As pointed out in ( 5 ], any function h
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with continuous and periodic h (x) - x and the period a satis

fies the U-condltlon on the whole |R , as soon as the double in

equality In (l.l) holds for all t G [0 } a^j and 0 < |d| < a/2 . 
This makes verifying the M-symmetry much easier.

Let "£ (M,a) stand for the claes of all continuous, 

periodic functions < with period a and normalization

(1.7) <s (0) « 0 « <5 (a/2)
which satisfy the condition

(1.8) g-1 <
i*a_1 d)] '

for all 0 $ t < a , 0 < | d | % a/2 •
Then obviously h (x^ = x ♦ <r(x) belongs to the class ( M,a) 

so that actually c represents any boundary correspondence under 
qc mappings up to a translation . Taking a » 2 T( , we can 

make use of the Fourier series expansion for O’. This leads to 

interesting connections between the boundary correspondence under 
qc mappings and the harmonic analysis.

Since this paper Is considered to be a preliminary re

port on research being done, we state In the next section without 

proof some results already established which have been presented 
during the Ninth Conference on Analytic Functions in Lublin ,
June 1 - 8 , 1986 •

2. Statement of results

The functions <Te'g(.M,2X) being continuous and 

of bounded variation over [O;23i] can be represented by an 

everywhere convergent Fourier series, with any ¡7 €'£U>i,2'Jt) 

we may associate F 6 '£(.M,2Jt) such that
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<25T
<r0(x) = <r(x) - (ret) at Obviously

z 2 jT
(2.1) (^(x) dx = 0 .

J o

This normalization seems to be most natural and we shall denote 

by "frlM) the subclass of ?(M,2JT) of functions (T with 

the normalization (2.1). The functions (T 6 ^(U) have some nice 

properties from the point of view of the classical harmonic ana

lysis. They are of monotonic type and of bounded variation. 

..oreover, they belong to the familiar class f\^ (cf. [3^]),

where

(2.2) oC = log2(1 + jj) .

In fact, any £ *£(M ,1) satisfies the uniform HBlder condition

(2.3) |<5"(x+t) - (T(x)j (1 + g) ft I00 , x.tfclR , |t| 4

The Fourier series of (T may be written in the form

(2.4)
£

<3 kx.) - Z_ f sin(nx + xn) 
n=1 n n

, where p>n =

=

If we put for short m = 5f(M-1) / (ii+1) , tnen the series

ip, is convergent and we have the following estimate of its 

sum :

(2.5) £? pn 4 m + V“1 [m + )’j := j>(M) .

The Bourling - Ahlfors construction of a qc extension of x+(7(x) 

onto the upper half-plane (.cf. [l}) nas the following form :



Boundary Correspondence under Quaslconformal Mappings Revisited 111

u(x,y) = x + zEZ sin(nx + xn) si'gyP‘y ,

v(x,y) = ^y + H Pn cos(nx + xR) 1 ~^0B^

The convergence- and sum-preserving factors S| PyP^ correspond 

to the Lebesgue method of summability.

We have the following estimate for the Courier coefficients : 

(2.6) n |°n(6') sup jp>1((T) : 6“e'g(I.i) j := c(t') .

the bound being sharp for any ne K .
The following estimates could be obtained for C(i«i) s

,S 4 C(M) 4 m also a more precise one :

[1 + 4 tt“) 4 2 ¡j1 - exPt- (’(.“))]

It follows from (2,5) and (2.6) that the harmonic 
extension of u(eix) = <T(x) has a finite Dirichlet integral 

D[u] 5im p(M) .

Various norm estimates were helpful in obtaining’the 

above mentioned results.

(i) If <5“¿'g(M) , then the total variation of 6" over

[o;2J[] satisfies : V(jS"J 4 »

hence sup -fj<3'(x)| : x6IrJ 4- m >
,2% *■ ' ,2X

(ii) I |g-(x)|dx^ ITm ; I |6"(x)| 2dx

J o * Jo
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STRESZCZENIE

Z wykazanego przez autora we wcześniejszej pracy i cytowane

go Jako Twierdzenie A wyniku wypływa następujący wniosek! odpowied- 

niość brzegową dla dowolnego quasikonforemnego automorfizmu obszaru 

Jordanowskiego można scharakteryzować przez funkcję quasisymetrycz
ną x ,—=> x + <? (x), gdzie C jest funkcją ciągłą i okresowe o okre

sie 2Jl . Podano szereg twierdzeń dotyczących funkcji <T .
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PE3XME

Ha nozyqeHHoro aBTopoM b paHbiueß paöore peayxbTaTa, npeA- 
CTHBJieHHOro 3Aecb KHK Teopewa A cxeAycT, wo cooTBBTCTBüe rpa- 
mm noAy^eHHoro na jiioCoro KBa3MKOHi}>op>jHoro aBTOMopifn3Ma epAanoBoß 
O6A0CTM MOKÖT ÖHTb XäpäKTSpH30BQH0 KBa3HCMMt£eTpH»ieCKO8 <¡>yHKIÍltefi 
x H x + 6 (x) , TAe Cf HenpepHBHa u nepMOAmwcica c nepwoAOM 2SÍ. 
noJiyneHO HecKOAbKO Teopeu othochiuhxch k ({lyMKąsiK S'.




