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1. Introduction. The investigations taken up in tae present

paper aim at the obtaining of an estimate of the functional
2
) H(2) = |ay® (a5 - xay)| 5 «eR

considered in the wall-known clasa S of functions ot the form

=
2) £(z) = z + Z anzn
n=2

holomorphic and univalent in the unit disk A .
As one knows, each of the factors [aal and ’a5 = "aacl
occuring in (1) was an ealier the object of inveatigations in

various classes of holomorphic functions. Tuis rich literature

devoted to the estimation of tnese functionals also conteing
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results obtained in the class S . They are the classical theoreums
of Bieberbach, rekete and Szegl, Bazilevich, Goluzin, Jenkis;

to this series also belongs the estimate of the functional

las - gaf' , ® €C, obtained by Szwankowski [6], generalizing
previous result.

The reasons for which one seeks an estimate of the functional
H(f£) in the class S , as well as in other classes of functions,
are analogous to the case of the functional Ia3 - .;322] ~-na-
uely, expressiouns of type (1) occur in relations between suitable
couificients ot series (<) of functions of tae sawe class (cf. [?J
I}], [?]) or in relations between such coefficients of functions
ol aifzerent classes, suitably connected with one another (cf.[4JJ.
oucu a situation gives the possioility of using the estimate of
Iunctional (1) for estimations of other functionals depending on
toe coerricients of series (2).

Let us pay atvention to on¢ more aspect of the investigations
of fuuctional (1). as known, tae factor |a22l is aaximized by
coe Koebe tunctious, wnile tae other factor la3 - “-522' , when
o € (U3;1) , attains its maximum for functions which are not
Koeve oLes. So, the question arises whether there exist o €
€ (U3;1) witn which tae extremal functions for (1) are the koeoe

functions.,

2. biscussion ot tne form of the equation for extremal func-

tions.

Let us consider tne Ifunctional
* 2 2
(3) H (£) = re [32 (az - o(aa)]

defined in tue class S sy where « 6 K , The family S is
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compact, whereas functional (3) is coatinuous, thus, for eaca
o € R, there exists a function £, € S for whica n'(r“ ) =

»
= wax H (£) . In the mequel, tne functions f = f4 will be
fes

called extremal.

Note that from the well-known estimates of the functionals
H(£) = Ja,[ and H(Z) = '35 - 1322 in the class S5 it follows
that, for ® €R (0;1) , the extremal functions for functional
(3) are the Koebe functiona. nmence it is sufficient taat our iave=-
stigations be carried out for o € (0;1) .

Let us next observe that none of the functions of the class
S , whose coefficient ay equals zero, is extremal; thercvIiore
we shall further assume that ay # 0 . At the same time, this
essumption guarantees that, for the extremal functions £ , we
have grad H.(f) #0 (ct. L—}J).

Consequently, the functional under considerations satisiies
the assuaptionsa of 'the Schaeffer-Spencer theorem [5], nence eaci

extremal function fulfils the following equation:

2ot o Ted o 282
(&) [M] e 1f(z) + k z kz W + lz7 + a_inz + 1z + k \
) | e))? =

zeA

where
(5) B, = azata5 - ncaaai )
(6) l=a, [93 + (1 - 2c¢)a22] ’

(7) l&=%a2 .
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Sesides, it is xnown [5] that Bo >»0 , 8na tonat the right-nand
cide of (4) ia nonnegzative on the circle |z| = 1 &and poscesses
at least ono douvle root =z, suca that Jz | =1 .

It is evident that (4) is a differential-functional equation.
ine determiﬁation of toe upper bound of functional (3) for an
creitrarily fixed « € (0;1) 4is therefore reduced to that of
finaing suitaole functions which satisfy this equation. It is
worita recalling that tone fulfilment of equation (4) by a function
i ouly a uecessary condition for tais function to be extreamal
for wue fuanctional oveing exawmined,

sor zeA , 2 #£0, 1let us put

(8) N(z) = (Ez* + T2° + éboza + 12 + k) /2° ,

) L(w) = (w + k) /w® w = 2(z) .

siance li(z) possesses at least one double root and is nonne-
cative on tae circle |z| = 1, thorefore function (&) is facto-

rized iu tne following way:
(19) N(z) = Tc(z—ei'w)2(22-1:16'“P +o21¢ ) /z2

woere @,y € (-;X> , t32 .

¥urther, note taat if tne function £(%) is extreumal with
respect to tue functional considered, then also tae functiouns
-1(~2) ana EIE} are extremal. Heuce it appdars that, in our
furtoer bonsiderationa, it is enough to assure that y € <kn5r/a>
(ef. [o]).

Tue discussion about tne shaps of equation (4) according to

tae type of tae factorization of function (10) and the cases
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1#0 or 1=0 in (Y) leads to oaly four possible forws of

this equation, namely:

. 2 R S b (PO | OO
11(z)+k x 0
@  |g) e o R

or

2 2 2
o - (2=2_)(z-2,)
b) 2l (2 1f(2)+k = O s 1£0
[ 20z) | (#(a)) ? ! '

1

or

(c) [zf (2 2] 1f(z)+kk _ T 22 )" 140

£0z) ] (#2))® ) ’ «
or
r o 2 _ (z-zo)ztz-zj)‘
(a) I 2f (2) —H = k ————————, =0 ,
L f(z)] (£(2)) 2°

where 2z = ot 2= p ot | 4= 12y, pPE 031) o,
Y€ oMz, ¢oe XD, gl = Iz l =1, 3, # 2

Sections 3,4,5,6 of the paper will be davoted vo the inves—
tigation of solutions of equations (a), (b), (c), (0): respecti=

Vely. The main result will be inserted in :eccion 7.

3., Bquation of form (a). Let us Iirst considur tae caseo

when equation (4#) i8 of foru (a). After a transforuation wg aave

(1—252)2(1-2/21)(1-2/22)

2
(11) ££:$22] 1 - ka?/W = !
£02) ] (£2))® 2¢
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wnere
(12) W= -/l .

Lenotu

Vi) &/K = Pt | 3 yes .

Jowpsring (4) ana (11) auu taking account of (13), we

oucein

. -iy - 1 -1y =

W4) z1=pel‘ iy z2=pe 3zo . p e ;1) ,
1) 2z + u4 + 2, = =l/k ,

(10) 202 + 2z°(z1+22) + 242, = ZBO/ X .

Invegrating (11) (cf. [o]), ana uext, expunding the fuaction
©(z) 4inuaa series in a neighbourbood of 2z = O and couparing tae
cosificienta at equal powers of 2z , in view of (6), (?7), (12)

apd (15), we nave

17) wey - «al) = B 224 2p e 21tV 4 72

and

e A, e +1(p + -3-.)31 v z°2 . P+ s- FETeY § 20.2 108%:9 )
3 -p)i¥ 2 2e(p)et¥ 5 2 T

ela, + zz_n)zu
2 +(p+%)01x 2

2 -
o}



On Some Extremal Problem in the Class S ,.. 69

kelation (17) cean slso be ootainea directly froa (7o) in visw of

(5), (?), (13) and (14). Frou (15) and (17) we caa Geteraina a,

depending on oC, P ¥ and 3z, . Tfuking tais dependance iato

account in (18), we find that, for o real, equation (10) is

true if and only if

(19) eV 22 =*4,
From (19) and (18) we have

(20) ay = -2'z'° ,I

whence, in consequencs,

(21) a; = 3T 2

From (17), in view of (19), (20) and (1), we next pev
25 -4x)=14p b or 23-4x)=1-(p ) .
Since pe€(031) , we get the following conditions:

« ¢ 3/8 or « > 78 .

Sumwing up, we nuave obtained

(434 ) tor 0 L3686 ,
(22) '.129‘(&’.-&22) =
4(4x =3) for 7/8 { o < 1.

-

Ve have thus proved
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Leuwa 1, If, for oL € (033/8) U (7/831) , the extremal

function £f(2z) satisfies equation (a), tioen it is or the form

£02) = 2 1+ T2, 2 ] =1,

erd tone waximum of functional (3) is expressed by foruula (22).

40eb is wore, for « € (3/8;7/8) , the extreaal function does

uol satisly equation (a).

4, Rquation of form (b). Let us next consider the case

sicn equation (4) is of form (b). After sowe transforwatious

we pet
|
1 = = £(2) _ _
(25) L (1 - T,2)201 - T,)°
£(2) (£(2))° 22 ]

lz°|=|25|=1 v 24 # 2z .

Couparing (4+) and (2%), we obtaia, among otner things, the rela-

tioa ‘
(24) 12/k = ¥k .

rrow (24), taking account of formulae (6) and (?), we nave

(25) im [a5 + (1-2«)&22] = Q
or
(23) Te [a5 + (1-2:()&22] oL

iet us also notice taat tne condition B, > O iwmplies
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2 2 1
(27) in|a,“(az - K&, )J =0 .

iaking use of (27), one can prove that relation (<o) is not pos-
sible,
From (25) and (27) it follows that, for the extremal Zunc-

tion satisfying equation (b), only two conditions

(28) im a, =0
or
(29) re (33 - a22) =0

are possible,
Denote by ¥, , VY, 6 (0;X /2) , the only solution of tho

equation
8 2 2
cos \y('\—loscos\}')-Zcosy Si e =30 B
After integrating equation (23) (cf. [6]) ana wmuging use or
the fact that there exists an x € kK ror wnica Z(e*X) =W
we obtain, respectively, in cases (28) and (29):

(30) 822(85-(1822) B 20052Y(1+20082\r )J(1-log cos Y)z

where Y=y () 4is the inverss function of

1+:cos2 | 4 -dcoszv (1-1lo0: cos W) ‘1’ € (Oi‘f‘);
]

(31) ¢ = 1+ 3
bcosd? (1-log cos tf)d '
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: 2 PYR, £ |
(oed 88 =~ oe8") =g g+ @

waere o satistios the inequality

(35) e e
&

sides, w& f£ind tnat function (31) is increasing, whereas the
teo 0L 165 Values is tae interval (3/631) .

W¢ have taus proved

Lewns2., If, for o € (3/631) , toe extremal function satis-

fies squation (b) and condition (28), taen the waximum of functio-

nal (3) is expressed by the foruula (30); in case (28), for

® € (033/0) , there is no extremal function satisfying equation

(b). wacreas if, for a given o¢ , (33) holds and the extremal

Iuuction satisfies equation (b) and condition (29), then the maxi-

wun of functional (3) is expressed 6y formula (32); in case (29),

for o« notT satisfying (33), thero is no extremal function being

a solution of equation (b),

5. kquation of foru (c). squation (¢) is represented, after

sowe traneformations, in the-following equivalent form:

1
2 1= e oy

(222 kT g2

(3#) at’(a)
X f(z)

Integrating (34), we shall get

o : 2
(35) —— 22, 1log = % -Z 2+ C

-2 o
z2(1 + 1 1—4zow)

e | -
1 =47 W -4z W
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wnere C is a coanstant.

Frou tae couwperison of (34) and (4) and frouw (35) we have
2hio I
(36) (1- x)zo ay" + 22,8, ¢+ % = 0%k

Next, using in (35) the fact that tnere exists an x € R suca
that f£(el*) = w , we shall obtain

1]
1
n
Gl

.

(37) 8, =

From (36) and (3?7) it follows vhat o = 3/8 . Consequently, we

have proved

Lemma 3., If, for o = 3/8 , tne exireaal function I au-

tisries tus equation of form (c), then

(380 KAL) = 644

For o # 3/8 , the extremal function aoces not satisiy cquation

(c).

6. Bquation of form (d)., Let us finally consider the egua -

tion of form (d). After transforming it we snall get

£(z) £0z))2  ° 2 3

A ; 2
2 2 2
(39) [——Ll“' ZJ AR TR i
5 2

After integrating (39) we have

(40)
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where C 4is a constant. From the condition 1 = O and froum (40)

it follows that

(41) az = (2 = 'l)a22
and

2 1
(42) lagl® = sor=—=7 -

Srow (41) and (42) we next have
*
(43) H(E) =1/ 41 - x) .

since |a2| ( 2 in tne class S , tnerefore (42) implies the

inequality x\<7/8 . S0, we nave proved

Lewua 4. If, for oL €(0;7/8», tne extremal function sa-

tisfies the equation of fora (d), then the maximum of functional

(3) is expressed by formula (43). For o € (7/8;1) , _the extre-

wal function does not satisfy equation (d).

7. The wain theorem. Basing ourselves on the previous consi-

acratious, we shall prove

{neorem. For any function f €5 ,

(o4) - 4(3 - 4oL) for o 4 /8
(45) 2c032y (1 + 2°°32Y (1 - logcos*)2

|322(a3 - az‘)l \< < for ;‘;"uén{_{ Xy
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\ate‘;"hn3 - ot a22)l \< 3
(46) 1/ 41 - «)  for «x S« ,

(47) 44 = 3) for o« X 7/6 ,

wnere \+/= Y () is the inverse function of tue function o¢ =

= “(Y) of tne form

2 2
o = 1 + 1+2cos . ~8c¢cos 1=lo Zcos , ‘{‘ e <O;‘ro> ,
8cos“\y (1-log cos y) i

‘f o veing the smallest positive root of toe eguation

(160034\}‘ + bcosz\y)u - log coay) - (1 4+ 20052lr )2 -1=0 3

moreover, &, = o (Y ) . Estimate (44)-(47) is sharp.

Proof. Note first tonat, together with the function 1(z) ,
also the function e~16 f(eie z) , BDekR, belongs to tae class
S . In consequence, tne maximum of the functional
\822(83 = xazz) is identical in this ¢lass with tanat of func-
tional (3). we shall therefore confine ourselves to tae latter.
Besides, as we have already observed, it is emough to carry out
the proof for o € (031) .

In all the cases considered below we wake use of leuwmas 1-4.

Let 0 { « { 3/8 . Qluen the maximum of tunctional (3) is
expressed by (22) or (43) or (32). However, case (32) is iupossiole
since, for - ol €(03;3/8) , we bhave laj - o(azzl > 2e=2% /Ui-at)
+=1¢ .(cf. ['l]). Next, note that, for « €(V33/8) , the inequa-
lity

a1 - o) 43 - be)

is true. dence, in tae interval (033/6) , esTimate (44) nolds

true. In view of the continuity of tne functional H wiih respect
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to the variable o , estimate (44) holds true aud is identical
with (38) also for ot = 3/8 .

Let 3/0 ( 3 (7/8 . ‘Lonen the waximum of the functional be-
ing exauined is expressad by (30) or (32) or (43) . Using ugain
the countinuity or the functional as well as the inequalities

1401 = O g [3+ 0

2c032\y(1 + 2c052\r)(1 - log coa\,;)2 (
1=2 s
W 2w
< A ('2* g 7%

for o € (3/83;7/8) and satisfying inequality (33), we ootain
tonat, for Goose¢ values of o , formula (32) cannot be valid. If
we nexy compare (43) and (30), tuen we get estimates (45) and (46),
For /8 < o (1 » the waximum of the functional under con-
sideration is expressed by (22) or (30) or (32). ¥rom the inequa-

lity

< cosa 2 cos® v .

2 Y1+ 2 cos“y )1 - log cos ) < 4l4oe = 3) <
~ .o d=2w |,
< 1 %4, o -

and Irou tne continuity of the functiomal with respect to o

we obtain estiwate (47), which completes the proot.
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Suamnary. In the baper the waximum of the functional

|822(85 ™ 04822), , ¢ €R , is determined in the well-known

class S of holomorpkic and univalent functioas.
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STRESZCZENIE

W pracy tej wyznaczono maksimum funkcjonatu ;'a:(aa- d.a:)f.
A 6IR, w dobrze znanej klasle S funkcji holomorficznych jednolist-
nych,

PEGIME

3 arofl pa6ore onpeneaeH MakcunyM ¢QyHxumOHANA lag(a -Las)l.
LeR » XOpOoWO 8HAKOMOM KJacce S roaoMopdHEX OMHOAUCTHHX
dyHruuil.



