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Introduction., To show that the tneory of Guasiconfaoraal
mappings is not an ad hoc generalization of tne theory of counfor-
mal mappings, but is, on tne coantrary iantiunately tied to tae
classical theory Ahlfors [j] nas investigated tne class N of
couplex-valued L™ <functions ¥ in the unit disk for waica
the antilinear part of the Fréchet differential of norwalized -
quasiconformal mappings vanishes, where tue mappings aie geuerated
oy complex dilatation of tne form tv » t oeing a real paraceter,
He gave there a tneory of tanis class and‘sh;wéa that the complex
structure of Teicnulller space of closed Riemann surfaces of genus
g :>1 carries a natural complex analytic structure wnich can pe-
derived.from tne corresponding structure of At by weans of
generalized Riewmann mapping theorem.

The tneory of tnis class N hag been used oy Reica and
Strebel Eu] in connection with one of tne wost iwportaat extremal
problems in tne unit disk coacerning tae functionswith given

boundary values.

Very deep investigavion of the class N aus veen given by
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Reich in [5], wnere he considered also the class N in an annulus
with "inward extension"”.

This class R bhas also been investigated by zawrynowicz [2]
and Zejac [5] and used as a tool to obtain a parametric representa-
tion of Teichmlller quasiconforual mappings of an annulus L6] The
rcsults presented here navec an expository character. ¥e present
also some new results due to the first author concemi_ng equiv=-

alence condition for functions of this clags.

1. Tae class Nr . Let M be a complex-valued weasurable
function in an annulus ﬁr = {z :rd |z|41} » 0 {r {1, which
satisfies the condition

= inf sup w(z)l {1
Wi, 1:?.1 zc&r\n 1 <

wnere the infimum is taken over all sets of the plane measure zero.
It is well-kuown taat there exists exactly one number R , 0{R{ iy
and one Q-quasiconforual mapping £ of tne annulus Ar onto AR

woich satisfies tce Beltrami equation
(1) fi = ’ufz with £¢1) =1 ,

waere Q = (1+lulle )/(1-Illul.g) :

Suppose now that u = tV , waere Ao {0 , and
0 £+t 119ke . Denote explicitly the dependence of £ on ¥
£(z,t) = £[v] (z,8) , {121 {1 . Let

(2) i‘[\)] (z) = lia %{;[\JJ (z,8) - z} 9
. t—=0

woich is a Frécunet differential of f[\)] . Tois expression is well
defined aad depends linearly on v (cf. [’1]). from f[v] - =
= tVI{~] g 1t turas out tnat vl , régarded as a furnction of

2 , has partial aerivatives aliost evaerywhere, and in particuliar
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it satisfies the differential equation

(3) tfvl; =9 .

It is well-known that (3) is satisfied only if

%) N1 (7)) = Sf dxdy + F(])

witn nolomorpoic F .

Thus we nave (cf. [2])

. +® 2k
(5) f[-d]t I) i( xg. [__L) t'; *: z 1::‘1‘:) =
( ; I; 1 + r i :
z 1= r Iz 1 - rE ] e

de see that £ 1is a linear continuous operator which uaps
every 0 e L” (Ar)- on a function ;’['0] . hAs it is saoown in [2]
the relations |£[y](z,t)] =1 for 1zl =1, and £ (] (z,t)‘
= R[V](t) 1z} = r yield

for |z|

L

6) Re {Zi[a] (z)} :

for [z

T,

where & ]éftn:o %{R[\]’] (e) - rl + In analogy to tne avove we

can verify that

(7) ke {E'%[i\fj (z)} a (0 for |z| q) T

re* for |2y =,
L s 1 - .
wnere = 1lim = ARliy| (t) - r} . For more details see [2]|.
g t—0 U 5. { ] [ ]
de recall [2] that

2] G .
o s ff, [ ]

3
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by which
(9 3‘=ﬁ Sf P-i-u--é@] dxdy .
4, %"

Following Ahlfors [1] let us decompose tne Frechet differential
£[V] detined by (2) as follows

(o) 2[4 = g{i[«)] 12 [1\)]} .3 {E[‘O] -12[117]} ,
where tne first part is antilinear and tne second one is linear

with respect to the couwplex multipliers. By the definition of
£[v] we can see tuat {i[\)] + ir[i‘\)]l z=0 i.e.

(11) PW]= 2[V] + 12[1v]

is always a holomorpnic function. 1The antilinearity is expressed

by $[iv] = - 180V] . :
e denote by N_ the subspace of L% (8,) wnich is formed

oy all v  with §[-\7] =0 ., It is a complex linear subspace of

g lﬂrJ . Now we can state

Theorem 1. An element <~ of L”(Ar) belongs to N. if

and only if one of the following assumptions hold:

* o g for |x| =1,
(12) t[¥ey) =
—é—“ %ﬂdxdy for Igl=r,
» ﬁr
. I +00 2k 2k
(13) '_c['\)]LI ) = % j[ﬂ A _‘J.._[.Zd,z.}. [}I:‘.ﬂ-: = —L—&;:’ra:z dxdy
r -

(14) I{ Wz)g(z)dxdy = Q—jff- H _‘J_LE_) dxdy g 2g(z)dz
A.r Ar o |z] =r
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/
for all g aoloworpuic in im:Ar sich SS Jele)| urdy <oo :
B
2roof., The proot of (12) is pressated ia aetails in [b] aad
[2]. The condition' (13) is an imamediate consequauce of (5) and The
definition of tne class Nr . To get tne couaition (14) suppose
9

noru in A .

taat g 1s holomorphic in intAr wita finite L -

Toen by (12) und Green s formulae we Lave tae eguality (14).
Conversely, if (14) is fulfilled, tnen we apply it to glz) =

g i“ (}--z)-‘1 » Il = r, ana next wnen |J| = 1 . Because
S zglz)dz = 2glz)dz  , woere 0 { £ { i-r
\z\=r Jzl =r+g

which follows by an approxiuwation arguuwent applied to classical

Green’s formulae. By this (14) is valid as soon as

H  |etz)| dxdy {®@ . Then
A o

g g 0 for |’S|

= dz =

lz| =r+g - ; 25[1} for I7l

"
-
-

(15)

r .

It shows that the right side of (14) has the saue boundary values
as it is given by (12). kaking use of tne integral representation
given by the formulae (4) we see that tne ooundary valuss of %[\)']
are those of an holomorpnic function, waica by tne norwalization

condition vanisaes at 2=1 , so it wystT be iaeutically sero auda we

conclude (12).

<. Other properties of tae class :ir . <uppose taat

! +®
(16) Jee®) = aitip Jed 08 L iy / Sgatn
J Doy & 4 s

waicn is tioe Fourier ceries of 4 . Let now g 06 as ia Jicoreu 1



18 W. Cleslak, J. Zajac

and let
(17) sl E: a.z" = E a gkeike . z=Seie - r(,(’l
k==-® k=-w

Lu its Laurent series, Now, by the arguuent given in tae proof of
Tneorem 1, we may express (14) in terms of the coefficients

a(n(g) and &, , u,k=0, 24, %2,... . By this we have

f {n__“c(nk g, g1'n} ag

&, 1 a_n( anegrg™? dg .

n=-em

(18) gf V(2z)g(2z)dxdy

ror the right side of (14) we have

(19) Fif If ‘o—;;_'—)‘dxdy '( 2glz) dz =
br

lz} =r

< 2 d
j[ ——:g)- dxdy f 2°g(z) 1—: =
Ar

Iz| =r

1

ol ‘

_mﬂzf__&d,,
r 3

Let

1 .
A = K+
uyk fr % ()¢ ag

then by (23) and (24) the equality (14) can be expressed in the
form
+ W

§=e Z qpnhg,on=-8,4 0 -

Let H(u) denots tans Banach space of all holomorpnic func-

tions with finite L1 —uorm in a dowmsin D , If byCcon, ,
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then clearly H(L,) D H(D,) .

In the case of the unit disk it is easy to ses tuat tne unit
disk can be replaced by &c arcitrary simply conrected region D .
If D,CD, end QGN(D,‘) , taen "5£N(D2) , woere

~ N(z) , z€D.
~N(z) = i
0 5 z¢D2\D1 5

Making use of (14) we see that previous implication is also true
in the case of a doubly connected domain.
These results have a natl_.lral analos in the case r =0 , i.e.

for mappings in tne unit disk with an additional invariant point

26Tro.
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¢ STRESZCZENIE

W pracy 1 Ahlfors wprowadzif podklasq N klasy L&
funkcji zespolonych V w kole jednostkowym, takich, ze dla odwzo=
rowania quaslkorforemnego generowanego przez dylatacjq tv, t & IR,
znika Identycznie czeéé antylinlowa jego réiniczki Frécheta.

Autorzy badajqa wtasnoéci funkcji nalezyqcych do analogicznej
klasy funkcjl w plerécieniu,

PESIME

8 paGore [1] Axwdopcen BBeneRn kxacc N¢ L™ xounjexcﬂux
$yrkou?t V B enunuuynowm Kpyre, TARUX HTO AXA KBASHROHPOPMHROrO
OTO6paxeHna NOpOXNEHHOro kounaexcHoll nuxsaranuell tv, te¢ IR anrTu-
arHe*Hag wacts ero anddepenumassa dpewe paBHA HyAD.

ABropa 3aHumapTca cpoficTnaumu PyHKUMi npMHaAnAexawLux K @HAAOrH-~
YeCcKOMYy RAOCCy B KOAbBNY.



