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Quasisymmetric Functions and Quasihomographies
of the Unit Circle

Funkcje quasisymetryczne i quasihomografie okregu jednostkowego

Abstract. The relationship between traditional quasisymmetric functions of the unit circle
and a new representation for the boundary values of arbitrary quasiconformal automorphisms of the

unit disc, called quasihomographies, is studied in this paper.

Introduction. A characterization of the boundary values of a K -quasiconformal
(K -qc) automorphism F of the unit disc A = {z : |2| < 1}, with fixed point zero, was
given by J. G. Krzyz (see [K1] and [K2]). Using the conformal configuration con
nected with harmonic measure, he has obtained a class of p-quasisymmetric (p-qs)
functions of T = @A, representing boundary automorphisms f = F|r, such that

[f(m) =
| S

I =

(K) <

P~ f(n2

holds for each pair of disjoint adjacent open subarcs 11,7, of T. with equal length
and p = A(K) (cf. [LV]).

The class of all sense—preserving automorphisms of T satisfying p condition with
a constant p, p > 1, is said to be the class of p—gs functions of T and is denoted
by Q7(p). It is invariant under composition only with the group of rotations of
T. Then, by Q%(p), we denote the subclass of Q7(p) consisting of all f normalized
f(1) = 1. This characterization does not comprise the boundary values of arbitrary
K -qc automorphisms of A (see Example of [Z3]).

A new representation of the boundary values for arbitrary K qc automorphisins
of a generalized disc of the extended plane C, was obtained by the author in [Z1] and
[Z3]. This new representation has some advantages not shared by quasisymmetric
functions.

Suppose that @ is the distortion function in the quasiconformal version of the
Schwarz Lemma (see [PH]). It was extensively studied by G. D. Anderson , M.
K. Vamanamurthy and M. Vuorinen [AVV1], [AVV2] and [VV] A nunber of
results on &, function was obtained by the author (see [Z3])
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By the generalized circle of the extended complex plane C we mean the stereo-
graphic projection of a circle on the sphere B = {(z,y,u) : z? + y* + u? — u = 0},
onto the plane C. Suppose that T is such a circle on C that z;, 23, z3, z4 is an ordered
quadruple of distinct points of I'. The expression

23 —29 24—22)1/2
(0.1) [z, 22,33, 20] = {222 ; 24222}

23 — 2y Z4—Z|I

is invariant under homographies and its values range over (0,1), for each ordered
quadruple of distinct points of T.

By Ar(K) we denote the class of all sense-preserving automorphisms f of T, such
that

(0.2) @y k([21, 22,23, 24)) S [f(21), f(22), f(23), f(24)] S Pic([24, 22, 23, 24])

holds for each ordered quadruple of distinct points zy, z2, z3, 24 € T', with a constant
K >1. >

A function f € Ar(K) is said to be K -quasihomography (K -gh) of I'. This class
of functions represents the boundary values of K-qc automorphisms (of complemen-
tary domains D and D* of I') (see [Z3, part 2]). It is invariant under self-homographies
of T and has a number of properties very close to those of K-qc mappings (see [Z1],
(23] and [Z4]).

The aim of this paper is to explain the relationship between Qr(p) and Ar(K),
without any quasiconformal extension.

1. Quasihomographies as quasisymmetric functions. We begin with prov-
ing

Theorem 1. For each K > 1 and f € Ar(K’), there exists a constant p =
p(f, K), such that f € Qr(p) and

(1.1) p < MK)cot?(py/4)
where

I f(=2) f(=2)
(1.2) gp,_raxéx_?_mm{arg O 2n — arg ) }

Proof. Suppose that z;, z2, 23, 24 is an arbitrary quadruple of distinct points of
T. Then

[11,22,23,24]2 - |23 “22| |24 -le _
[22'13,24,21]2 |24—Zs| |22—21|

(1.3)

For an arbitrary f € Ar(K) let w; = f(z;) and = h(w,), 1 = 1,2,3,4, where h is
a homography mapping T onto itself, such that ;G = —(;. Consider a quadruple of
ordered points zy, 27, 23.24 € T, such that zy = —2z; and |z; — 21| = |z3 — 22|. Thus
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(21,22, 23, 24] = [22, 23, 24, 21]. By the definition of K- gh, ho f € A7(K) and, because
of (1.3), we have

U6 -Gl -al

1.4 1/MK) < '
e el vy R G
with A(K) = @3(1/v2)/%2,,.(1/V2).
Let
(1.5) a=arg<"c‘ and ﬂ=arg‘?’_'§‘, 0<a,B<n/2.
a=4 2 — Gt
Then

16 — Gl 14— Gl _ tanB

(1.6) -
' |G — Gl -Gl tana
and

’ tan g .
(1.7) 1/MK) < —— < AK).

Now, by the concavity of arctan z for z > 0, and the well -known Jensen's inequality,
we have

(1.8) B < arctan(A(K')tana) < A(K)arctan(tan a) = A\(K)a
and similarly
a < MK)B.
Thus
(1.9) 1xK) < 2 <.
Let arc (z1,23) = {z € T : arg 2 < arg z < arg z;} and |arc (21, 2;)| = |arg z; —

arg z;| stands for its measure. Then, for an arbitrary subarc n of T, we see that

1+ |al

ot I < = [ 1Y@ <
Jn

1+ |a]

(1.10)

where a = |h(0)|. Since f = h~1 o (ho f), we have

lare (w2, w3)| _ [~ (are (G, G| _ 1+ lal\?larc (G, G)
(1.11) larc (w1, wg)| — |h~Y(arc (G, &) T \1=|a}/ |arc(G,G))
< M(K)cot?(ps/4),

with ¢, given by (1.2) (cf. [V], p.13). This completes our proof.

The constant A(K ') cot?(y 7/4) may depend only on K, when we confine ourselves
to the normalized K'-qgh of T. Let

(1.12) HK)={f€ Ap(K): f(z) =2, 2* =1} .
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then we have

Lemma. For each K > 1, f € A3(K), and z €T

(1.13) 1(2) - 2| S |arg f(z) —arg 2] < % AK) |
where
I —(;;{-’-1 for1< K <3/2,

(1.14) A(K) = l —(2K-1)"? for3/2<K <4,
1—41-K for K >4
13 such that

(1.15) max [$3.(V?) - t] < A(K) f. (23, Theorem 3]

a<i<i

Proof. Without any loss of generality, suppose that : € T is such that 0 <
arg z < 2n/3 and a = arg z — 1/3, |a| < /3. If z; = 2™!/?, 1 =1,2,3. then
(1.16) [, 220,20 = (1 - V3tan 5)/2
For an arbitrary f € AT(K) and § = arg f(z) — r/3, we have

—2 ((1—V3tan$)!/? l—ftung <8 ((1—\/3tan")‘/2
MEL V2 ) < /3 )

On the other hand

(1.17)

,.-

8 —
lSlB—alS?tnnl 2“'

(1.18)  |f(z) — z| = 2sin w—;“—

< 2|mn£:-t - tan I—'| ,
2 2
Then, by (1.15) and (1.17), we have

£() =2l < Z5 mnx, max{ |4} (»/n—tu 192, (VD) - 1]}

4
= 75 (VD -1 < 7

which completes the proof.

(1.19)
AR,

Now we prove

Theorem 2. For each K > 1 there ezists a constant p > 1 such thet A3(K ) C
Q% (p), where

i l+ta.n§;A(K)\2
’\(A)(l—tan:}; AK)/
LAKN6R-1(5+ V22K for K > K, .

(1.20) g for 1< K <K, ,
. p<
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with A given by (1.14) and 1.425 < Ky < 1.426, that satisfies

2 ... B+V2
(1.21) 1+tan—\/..-5 AK) = W

(1 - tan % A(R)) .

3

Proof. With the notations of Lemma, for z = ¢'™/3 we have

(1.22) arg f(z) = B + g > % — 2arctan((28%(1/vV2) - 1)/V/3)
and then

P> min{g—ﬂ ’ L - 4a.rctan((2¢§‘—(l/\/§) - l)/\/ﬁ)}
(1.23) o iy et

= 2T _ garctan((20% (1/v2) - 1)/V3) .

3

The inequality (1.23) remains the same for z = ¢™ and z = >"'/3_ If

x

(1.24) r=(1—V3tan ‘5")/2, then tan 5 = (1-2r)/V3 .
Setting 8 = 7/3 — a, we get

g _2-4r
(1.25) 1—\/§tan§— 5%

Since 4! ~Kth < @,/ 4(t) < t* and &) /x((1 —t)(1 +1)) = (1 — Pk(2))/(1 + Sy (1)),
for0<t<1and K >1 (cf. [AVV1]), then

V3 + (284 (1/v2) - 1)/V3 )2
1- V3(28%(1/v2) - 1)/ V3

= 310+ 8%V - 91/ V2))*

cot?(/4) <

(1.26)
v2-1y 1 __

<3 0?/A'(7§T1) "3 i (515v)

S () ) - h A

Using the above estimate to (1.1) we obtain the case /i > I, in (1.20). This result
is not sharp, since for K = 1, the upper bound is (5 + 2v/2)?/3. To get such result.
we have to use our Lemma. By (1.13) we have

4 ) 8 :
o > mip(r ~ 2lerg f(2) - arg zl) 27~ 275 A(K) = 7~ 2 M)
thus
, 1+tan72,7A(I\') 2
= S R <
(1.27) cot®(ps/4) < (1 — tan % A(I\'))



92 J. Zajac

Then, the case 1 < K < K, in (1.20) follows by applying (1.27) to (1.1) where K,
satisfies the equation

1+ tan J= A(K) = min gK-l (G+VDK 5+
l—tanﬁg AK) 1€K<e V3 MYy

This makes our proof complete.

2. Quasisymmetric functions as quasihomographies. An opposite inclu-
sion is presented by

Theorem 3. For each p > 1 there ezists K > 1 such that Qr(p) C Ar(K) and

- < [X(2C3) for 1 <p<po,
- l X(V(Mp - 1)) for p> po ,

with pg = (507 + 1)/(507 — 1), where:

(2.1)

(22) C - 8O AT+ o1
*T (-2 50 FT-41y21(G - 1)
(2'3) Mp = % ”247l’(ﬂ)—‘ g
e2Vr—1-
TTo=mym » m=Ent{ 25}, fori<r<t,
(24) v(r)= 3.41log,(1+71), for % <r<6,

(1n2)(1 - (log (2 logy(1 4 7)) " )1 +7), forr>6

with v(r) ~ (In2)(1 + r), when r — oo;

; r—1 -1
(2.5) () = ‘{ r(———log‘(3l/33) + 1) for1<r<ry,
2

r forr > g

with rg = 1 + log,4(33/31). The functions v and x were introduced by the author in
[Z1] and [Z2), respectively, in a connection with the distortion function ®x.

Proof. Suppose that f € Qr(p), 1 < p < 0o, is arbitrarily chosen. Without
any loss of generality, we may assume, that f(1) =1 and f(—1) = —1 (cf. [K2]). Let
h(z) = i(1-2)/(142), h(T) = R. For an arbitrary symmetric triple a—t,a,a+t € R,
with t > 0, we have

(2.6) [c0,a — t,a,a +t)? = % L
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For cach quadruple, as on the left hand side of (2.6), there exists a positively ordered
quadruple of distinct points 2y,22,23,24 € T and positive numbers a, 8,7, 6, such
that 2, = h™'(o0) = =1, 2 = h™!(a —t) = €', z3 = h~!(a) = €**+A) and
z4 = h™Y(a + t) = e?(®+8+7), Moreover, a + f + v = 7 — é. Thus, by invariance of
(0.1) under homographies

sin 8 sin §

1
2= - -
(2.7) (21,22, 23,24)" = sin(a + A) sin(a + §) 9

Without loss of generality we assume that a < 9. Then a < §. Let f(2;) = e,
f(z3) = €@+ and f(z,) = ?(a’+8+7) where a', 8',4' are positive and there
exists a positive &', such that o' + ' +7' =7 —48". lf g: R — R is an increasing
homeomorphism such that f(e'*) = e'¥(*), and normalized (g(0) = 0, g(7) = =) then,
by a result of J. G. Krzyz [K2], g € Qr(p), and the inequality

(2.8) lg(z) = z| < rz =
holds for 0 < z < 7.

We intend to show that for an arbitrary 1 < p < po, where 2m(po —1)/(po +1) =
1/25, there exists a constant C,, 1 < C, < 00, such that the inequality

sin ' 1 _sinf

N 2 C, sin(a + )

i sin(a’ + )

is satisfied by all admissible independent a, and a',3' defined here. Assuming that
e =2r(p—1)/(p+1),0<e <1/5< n/4, we will consider a few special cases:

(I f<a+pB<e.

Then, by (2.8) [23, Theorem 13|, {22, Theorem 4], and the Wang-Hiibner inequality
(cf. [AVV1]), there exists K', 1 < K' < v(p), where v is given by (2.4), such that

sing' sin(e + €2) l// 8 \sin(e+52)
sin(a’ + ') " o'+ ' e+é? K\WatB/ e+e
K' g 2
k(B sin(e + €?)
(2.10) > 16 ( ) —
£ 1 K’ 0 \KI . 2
Z 161—1\ ( k Slnﬂ \ /SINE Ln(#_)_ :
sm(a+ﬂ)r REE'Y e+e¢

e X

Since a < 7, we have |z, — 24| > -;—|z] — 24| and by (2.7) we see that

(2.11) sin(a + ) < 4sin B .
Therefore
(2.12) sinf! gk ysineyKsin(e +€?) sinf

sin(a’ + B') ~ N=& §. € +¢€? sin(n+ﬁ);
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(I1) f<e<a+fB<m—c.

Then using (2.8) and (2.11) we have

(2.13) sin 8 > %sin(a+ﬂ)2 %sine s
hence

) : 2 in e
(2.14) sx.nﬂ > f'm(,ﬂ = = cose? — cot Bsine® > cose? — 431.ns

sin fi sin /3 sine
anel
(2.15) sin(a’ + B') _ sin(e +¢')

' sinfa+8) = sine
Therefore
sin /¥ : < sine? sin€ sin B

2.16 ~metee > [cose? — - :
(2415) sin(o' 4 3') e ’ sine ) sin(e + £2) sin(a + 3)
(HI) e<f<a+B8<nm-c.

It follows from (2 8) that

sin 8' e sin(e — €?)

(2.17) sinfl ~ sine

and further, by (2.15),

sin ' S sin(e —€?)  sing

18 .
(&18) sin(a’ + 3") = sin(e + €2) sin(o + B)

(IV) e<f<nm—-¢ec<a+p.

In this case we can see that 7+6 < € and, because a < 7, it follows that a < y448 <«
hence o + 4 + 6 < 22, Using the same arguments as in (I), we conclude that

sin(y' + 6') 1 746 2e €2 <aeb.( / 1+6 2e+¢?
sin(7' + 6' + a') = y'+6'+a’ sin(2e+e?) = K ‘\"v" Y+6+a/ sin(2e+€?)
(219) < qgi-unr A \UK' 24l
- \7+6+a/ sin(2c4¢?)
< 1gt-1w (Sl +8) \WKY e UK Zeyel
\sin(y + 6 + n)} \sine/ sin(2e+€?)
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Since a < v, we have |2; — z3| > 1|23 — 23]. Thus
. 1y
(2.20) sin(a + B) > 3 sinf .

Using (2.19) and (2.20), we have

sin ' % sin(a’ +4' +6')
(2.21) sin(a’ + 8')  sin(y' +6')
| 5 go-tv/k (S0E) /K din(2e 4 ¢7) _sinp
< € 2 +€?  sin(a+p)
(V) T—e<f<a+f.

Then, 7+ 6 < a + p + é < ¢, and following (IV), we arrive at

sin ' > gp-1+1/K’ {qm:“/"'sin[e $ £2) siﬁﬂ

(&%) sin(a’ + ') — e+er sin(a+f)’

Hence, by (2.12), (2.16), (2.18), (2.21) and (2.22), we see that

sin ' 1 sinf
(2.23) m = Cx sin(fa+8) '
with

1
(2.24) —— = min

e {_1__1__1 1 11__mm{ 195 n] 1}
.

CL.'C%,'C%.'CL.’ Cy.J CL.'CL."Ck."CL,

where Cl. are constants described by (2.12), (2.16), (2-18), (2.21) and (2.22), respec-
tively, when I = 1,2,3,4,5.
In a similar way
siné’ 1 sin

(2.25) sin(a’ 16 = Cr si(a+B)

Therefore, by (2.23), (2.25) and (2.7), we have the inequality

! n&l
[£(21), £(z2), f(za), (20 = Sms;“ﬁ 5 o 2 B 7 [1,22,8, 2]
(2.26) o
s %

which holds for our quadruple 2y, 27, 23, 24 € T. Similar arguments give the inequality
1 siny’ sina’'
[£(22), f(z3), f(20), f(20))" = sin(B' + ') sin(B +a')
(2.26") 1 1 1 1

~ 22,23,24,2|]:————(] )- - -
2 [ o G 207

v
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with the same points as in (2.26). _
Let F = ho foh™!, that is a sense-preserving homeomorphism of R onto itself.
Moreover, by (2.26) and (2.26’),

(2.27)

_F@-Fa-t) o
F(a+t)—F(a)+1‘F(a+t)—F(a-t)“[ P R )]
F(a) — F(a-1)

=[hof(z]),hof(ZQ),hOf(23),h0f(24)]2

1
= [f(21), f(22), f(23), f(20)]? 2 act,
and similarly
(2.27")
1 Fla+ 1)~ F(a)

= = a— a a 002
F(a)—F(a—t)H’F(m)__p(a_t)-[’“( D Bla)Fla H1), 0|

F(a + 1) - F(a)

= [f(z2), f(za), f(z0), S22 2 2013(. ‘

Using (2.27) and (2.27’), we see that

! Flatt)-Fla) pp2,

(2.28) 20‘2(' -1~ F(a)- F(a—t) —

hence F € Qr(2C%, — 1). Now, by [Z3, Theorem 13], we see that there exists K,
1 < K < oo, such that F € Ar(K) and K < x(v(2C%. —1)). Thus, for each ordered
quadruple of distinct points zy,29,23,24 € T,

[£(21), F(z2),f(23), F(24)]* = [F o h(21), F 0 h(z3), F 0 h(23), F 0 h(zy)}?
< ¢";\’([h("'l )1 h(zQ)s h(23), h(24 )]) = ‘)%(([21,22,23,24])

and then f € Ar(K), for 1 < p < py, po = (507 + 1)/(507 — 1).
Now let p > pp. If 0 < #' < 7/2, then

(2.29)

sin #' 2 o B
sinfe’ +8') “m a' +p'

(2.30)

Ifr/2< B <a'+f <, then

sin 8
—_— R
(2.31) ey it
By applying (2.8) [Z3, Theorem 13], [Z2, Theorem 4] and the Wang--Hiibner inequality
(cf. [AVV1]), we see that there exists K', 1 < K' < v(p), such that
sinﬁ' 2 *8' 2 2 B 2 1-K' ﬂ K'
> = > - - ——)>-16 .
uin(a'+ﬁ')"1ra'+ﬂ"’:r°”" (\/n+3)"7r (a-{-ﬂ)

(2.32)
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In what follows we consider four possibilities (I') - (IV").

(r) 0<ﬂ<a+ﬂgg.
Then
(2.33) B g 2 sinf

a+p3 7 sin(a + f) :

(Ir) 0<ﬂ<ai and 1—2"gn+ﬁmr_

Then, in view of a < 7

Ji] 4 sin 3

2.34 > — ———
(2-34) B+a = 3/2x sin(a+H)
(1Ir) Zepslcath<n.
Then, by (2.20),
B 1 sinf
2.35 > =
( ) a+ 8~ 8 sinfa+f)
av) ggﬁcnmcw
Then again, by (2.20),
i) 1.1 sinf

(2360) atB>224sm(ath)
Since

1 amd 4 1 1
(2.37) g—mm{;,.}ﬂ” 8'4}
then, by (2.32),

sin ' 2 okl sin@ K

(2:38) ) R B )

In a similar way we can show that

sin 6’ K

sin(é' + a'—i

161_’(’(1 sind
\

(2.38") sin(é +0)/

2

AN
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Following our considerations presented by (2.26), (2.26°), (2.27), (2.27’), then by
(2.28) with (2.38) and (2.28'), we see that F' € Ag(K),and 1 < K < x(u(MK: -1),
where My = 1 n2q7K' =4

Let us cnll our attention back to (2.24). For 0 <& < ¢ = 1/5 we have

{ 2 +¢? sin(e + €?) }< lte _ l+e
sin(2¢ + €2) ’ sinecose? —4sine? ) T 1-4¢/cose ~ 1—-4.1e
Hence
Cror = max{64K"'( € \a e+e?  sin(e+e?) sine
sine’ sin(e+€?)’ sine sinecose?-4sine? ’

sin(e + €2) go1-1/K"¢_€ UK _2 +e?
sin(e —e?) ’ ‘sine’  sin(2¢ +¢€?)
it 25he" ) sin(e + €?)
) sin(2 + €2)J * sine cose? — 4sine? }

(2.39) < max{64K 'l(sme

t 1+e g € K 14e
< 6’4" -1 B 1"‘ i A 64& -17_= e
(sme 1 —4defcose — (sine) 1-4.1¢

< 64K'-1 1 l+e 64"'"‘ VoFi+y/2n(p-1)

(1-1e) 1-41e a (2 L) " Vp¥1-4.1,/2n(p-1)

Since x k' and vk are increasing functions so, in view of (2.2) and (2.3) we obtain
the estimate (2.1). This completes the proof.
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STRESZCZENIE

Celem pracy jest wykazanie zwigzkéw pomigdzy funkcjami quasisymetrycznymi okregu jednos-
tkowego a nowa klasa automorfizméw repmzentujgcych wartosci brzegowe dowolnych automorfizméow

quasikonforemnych kola jednostkowego, zwanych quasihomografiami.
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