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On Integral Meaus of the Convolution

Srednie catkowe dla splotéw

Abstract. Let f * g denote the convolution of two functions holomorphic in the unit polydisc
U™. We prove the following theorem: If 1 < p < s < gand f € H" g € H" then

Wf+glls <UEN - Nl

Besides, if e(z) = Y. z® then H? = {f(z) +te(z), f € H', 1t € C} is a commutative

Banach algebra with the unit element € and H? is its maximal ideal

Let U be the open unit disc in the complex plane C and let T be its boundary. The
unit polydisc U™ and the torus T" are the product of n copies of I’ and T, respectively.
We assume throughout that p is a positive (o-finite) measure, normalized so that
u(T") =1.

For 0 < p < oo let HP be the class of all complex-valued functions f holomorphic
in U" for which

Ifll, = sup My(r,f) <oo,
0<r<!
where
\/p
M= ([ [fr2)lP du=))
™ d

Since |f|? is n-subharmonic, the supremum can be replaced by the limit as r —
1=; H is the space of all functions f bounded and holomorphic in U™; || fll~ =

sup |f(z)].
€U

The convolution (or Hadamard product) of two functions f, g holomorphic in U"
is the function f + g defined by the following formula

(f tg](r"‘z} = / f(r()g(rzz)dl/(() L) D r &1 0 e WS
T"‘

where 2 C= (zlclo-“ozn‘:n)'
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If f(z) = Y ,aa2", g(z) = Y, baz®, where a ranges over multi-indices, are
holomorphic in U™, then

(f‘g)(z)=zaobaza y ZEU" .

a

In his paper [1] Boo Rim Choe gave an integral mean inequality for the convolution
of functions in the case p € (0, 1); (see [2], too).
In this note we prove the following

Theorem 1. If1 <p<3<gq, and f € HP, g € H then

(1) IS *glls < I£llp - llglls -
Let us observe that the inequality (1), in some sense, corresponds to the Young
generalized inequality, [4].

Proof. Let A be a fixed number, A > 1. Then
/A
ML o) = [ [ I 2ot dua)] =
A /A
= [[ | seutre yamio] " anca]
T T

Using the Minkowski integral inequality [4] we obtain

pr(yﬂ,f *g) < [.[“ (/7'- [f(rC)g(r2 'Z)lw\dﬂ(z))*du(C)]p .
= [ﬂ" [f(?'(:)idv[g‘}(ﬂn Iy(rz-Z)lP*d,;(z))*]” <

3
< [ Mo du©- [ [ P du(z)| " <
Tn Tn b
< IAIG - Nallipa
for 1 < Ap < q. Since M,(r2,|h|P) = pr(rg,h) our Theorem is proved.

Now, let us remark, that a Banach algebra is a linear algebra with a Banach
space norin which is related to the multiplication by ||zy|| < ||z|| |ly|l-

The space HP, p > 1, is a Banach space [3]. Thus, from Theorem 1 we see
that H”, p > 1, is a Banach algebra. Let us notice that H? does not contain a unit
element.

Suppose e(2) = Y 2”. We see that e ¢ HP. Let us consider

H' = {f(z) = f(z) +t-e(2): f€ H? . t€C} ;
WA = Lfllp + 1t
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Then for f(z) = f(2) + te(z) € H? and g9(z) = g(z) + se(z) € HP we have

(F+9)2) = (f * 9)(2) + sf(2) + tg(2) + tse(z) .

Moreover,

Nf*glls < If+gllp+ sl - 1Ifllp + 1] llgllp + Tts] < | £1l5 - lgllp -
Thus we have

Proposition. HP, p > 1 is a commutative Banach algebra with the unit ele-
ment e.

Theorem 2. H? is a mazimal ideal of HP.

Proof: It is well-known, that for .A being a commutative algebra with the unit
element J is a maximal ideal iff 4/J is a field. Let us notice that H? /H? is the field
C.
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STRESZCZENIE

Niech f * g oznacza splot dwich funckji holomorficznych w polidysku U"™. Dowodzimy
nastgpujacego twierdzenia: jedli 1 < p < s < ¢, oraz feHP, ge Hto

I1f * glls < 1I£lts - lighs-
Ponadto. jesli e(2) = ), z% to HP = {f(z) +te(z), f € HP, t € C} jest przemienng

algebry Banacha z elementem jednostkowym € i HP jest jej maksymalnym idealem.
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