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On Harmonic Univalent Mappings

O odwzorowaniach harmonicznych jednolistnych

Abstract. The authors deal with two classes of univalent harmonic mappings of the unit disk
satisfying the conditions (1.3) and (1.4). The image domains show to be starlike, or convex, resp
and the convolution of any univalent, harmonic and convex function in the unit disk with a function
satisfying (1.4) is a starlike function.

1. Preliminary remarks. A few years ago Clunie and Sheil-Small have ini-
tiated studies of harmonic univalent functions in the unit disk A. Such mappings
h(z) can be written in the form h(z) = f(z) + g(z) where f(z) and g(z) are functions
analytic in A. Imposing the normalization conditions f(0) = f'(0) — 1 = ¢'(0) = 0
they distinguished the class S§; of sense-preserving, harmonic univalent functions.
They proved that S§; is a compact and normal family and they obtained many other
fundamental properties of S§; and some of its subclasses. The most striking facts
are the failures of the Osgood-Taylor-Carathéodory theorem and the Carathéodory
Convergence Theorem. Unlike in the analytic case, the convexity of h(A) does not
imply convexity of h(|z| < r), r < 1. These facts which are both a blessing and a
curse, make the study of harmonic mappings interesting and difficult.

In this article we address ourselves to two special subclasses of univalent har-
monic mappings. They are closer to analytic functions, they constitute a harmonic
counterpart of classes introduced many years ago by Goodman [2] and they proved
to be useful in studying questions of neighborhoods (Ruscheweyh [4]) and in con-
structing explicit k-q.c. extensions (Fait , Krzyz and Zygmunt [3]). We study
geometric properties of our mappings, we obtain some preliminary results concerning
neighborhoods and the problem of convolution multipliers raised in [1].

Notations and definitions. Let A, = {z : |2| <r}.0<» < 1 and let A} = A.
Suppose that the functions

(1.1) f(z)=z+§:a.,.z" ; g(:):an:"
n=1

n=2



2 Y. Avci , E. Zlotkiewicz

are analytic in A and that

(1.2) h(z) = f(z) + 9(2) .

Denote by HS the class of all functions of the form (1.1) that satisfy the condition

oo

(1.3) Y nllanl +lbal) S 1= 1bif, O<[|hf<1.

n=2

and by HC the subclass of HS that consists of all functions subject to the condition

(1.4) Y n(lanl + 1By S 1—[bs], O<|B]<1.

n=2

The corresponding subclasses of HS and HC with b, = 0 will be denoted by HS®,
HC?, resp. Let us notice that, if |b;| = 1 and (1.3) is satisfied, then the mappings
2z + b Z are not univalent in A and of no interest.

If f, g, F, G are of the form (1.1) and if
hz)=f(z)+9(z) , H(z)=F(z)+GC(z)

then the convolution of h and H is defined to be the function

(1.5) heH(z)=z+ Y anAnz"+ ) buByz"

n=2 n=1

while the integral convolution is defined by

(1.6) hoH{:)=:+§:a"A" z“+ib"3" ™.

n n
n=2 n=1

Following St. Ruscheweyh [4] we call the 6—neighborhood of h the set

(1.7) Ns(h) = {H : Y n(lan = Anl + ba = Bal) + |y = By| < .s} :

n=2

2. Main results. We start the presentation of our results with showing univa-
lence and starlikeness of functions in HS and HS?, resp.

Theorem 1. The class HS consists of univalent sense-preserving harmonic
mappings.

Proof. For hin HS and for |z;| < |2;] < 1 we have
|f(21) = f(22)] 2 &2 = 22l (1 = |22 Y mlan)
n=2

lg(z0) = az2)] < |2 = 22l (Iba] + 122] 3 mibal) -
n=2
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Hence
|h(z1) = h(z2)| 2 |f(21) — f(z2)| - lg(z1) — g(za)
2 |21 — z2|(1 = [by )1 = |22]) > 0.
If J(h) stands for the Jacobian of h(z) then

J(b) = 1f'()I* - l¢'(2)I?

and somne calculus similar to that above yields the inequality
J(h) 2 (If'(2) + l¢'(2))( = |1 )2 = |2]) > 0.

Rewnarks. (i) The functions ha(z) = z + 757 % are in HS and the sequence
converges uniformly to z + 2. Thus the class HS is not compact.
(inIf h € HS, then foreachr,0 < r _<_l,_r"'h(rz) is also in HS.

z) = M) hen ho € HSO, but h(z) = ho(z) +

(1) Ifh € HS and ho(z) = 1= 5P
— |0y

Theorem 2.  Each member of HS® maps A onto a domain starlike w.r.t. the
argn.

Proof. Let r, 0 < r < 1 be a fixed number and let C, = h(|z| =), h € HS®.
‘Thus C, i5 a simple closed regular curve. In order to show that h(A,) is a starshaped
domain it saflices to prove that

% argh(re'®) >0 for0<6<2r.
a

In view of (1.1) the condition (*) takes the form

(+)

Z [(" > l)a,,r""e‘("“)’ = (n + l)i,nrn-le-i(nﬂ)‘]
(#+) 1+ Re =2 - >0.

1+ Z(a"rn—lei(n—l)ﬂ o Bnrn—le—i(n+|]')

n=2

We now set

Ap =apr™ ', Bp=byr"', z,= =18 e iln+1)s

and we find that (*#) is equivalent to

1+ im,,:.. + B,.c,.)|i+
n=2

L\ Re{ (1 + i‘(A,.z,. + B,.(,.)) i[(n —1)Anza — (n+ 1)B,,<,.]} >0
n=2 n=2
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which can be written as

n=2

|l+ (A 2n + Bnln) + éZ[(n—l)A z,.—{nl)B,,(,.]I
" n=2

~ ‘11 Y [(n — DAnza — (n+ 1)13,,(,,]|2 >0.
n=2

We can now estimate the first term from below and the second from above by making
use of (1.3) and the triangle inequalities. After some calculus we obtain

d arg h(re'®) ad
—@ = SA 0 |Bal)) 2 4(1 1) >0
where A is a positive constant.
This proves starlikeness of C, and the remaining part follows from the formula

h(A) = JhaA,) .

Theorem 3. Functions of the class HC® map A, onto conver domains.

Proof. It is possible to give a justification along the line of Th.2 but we want
to give another one based on a result of Clunie and Sheil-Small.

Let us notice that, if h(z) = f(z)+g(z) € HC®, then for each real ¢ the analytic
functions F = f + e'“g satisfy the condition

Y n?lan +€¥bal < Y n¥(lanl + [bal) S 1.

n=2 n=2

It follows from a result of Goodman [2] that F(z) is convex and univalent. Now, a
result of Clunie and Sheil-Small [1, Th.5.7] implies the convexity of h(z).

Remark. If h = f + g € HS° then the function

G(Z)=[h(%2dt=ﬁ E‘“)d +/ W),

satisfies (1.4) with b, = 0, hence G(z) is a convex harmonic mapping. This resembles
the well-known analytic case. Convexity of G(z), however, does not imply starlikeness
of h(z) (or even univalence) in a general situation.

Theorem 4. Each function in the class HS® maps disks A,, r < 2, onto
convez domains. The constant 1 13 best possible.

Proof. We give a justification based on a trick. Let h € HS"andletr,0<r <1,
be fixed. Then r~'h(rz) € HS® and we have

oo [ o) oo

3 n¥(Janl + [bal)r*~ = Y n(lanl + [ba)(nr" ") < D n(lan| + [bal) < 1

n=2 n=2 n=2
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provided nr"~! <1 which is true if r < %

We conclude with some geometric considerations and a distortion theorem.

Theorem 5. Ifh € HS, then

. b
(i B < 14101+ i) + 2t fep
e z
(i (1= (1ol - EL) < hear
Equalities are rendcred by the functions

|51| 52

he(z) = z + |by |e'2 + :
for properly chosen real 6.

Proof. We shall justify the case (i) only. We have

lh(2)] < 1212 + [bal) + |21 D _(lan] + [Bal) -

n=2

But (1.3) gives

Ib1 ibr f

3 (lanl + Ibal) < 2500

n=2

Z(n—2)(lan|+lb ps izl

with all coefficients but a, b, vanishing.

It follows that the class HS is uniformly bounded, hence, it is normal. The class
HS? is also compact and convex. HS® has a non-empty set of extreme points. We
recall that a function h(z) € HS® is said to be an extreme point of H SO if it cannot
be written as a proper convex combination of functions in the class.

Theorem 8. The eztreme points of HS® are only the functions of the form:

e 1
24 apz" or 24 bpz™, with |ax| =L, lbm| = &

Proof. Suppose that h(z) = z+zﬂ_2(anz +b,2") is such that 3°7  n(jan|+
|ba]) < 1, ax > 0. Then, if A > 0 is small enough we can replace a; by ax — A,

ax + XA and we obtain two functxons hi(z), ha(2) that satisfy the same condition and
for which one gets h(z) = [hl(z) + hy(z)]. Let now h(z) be such that

(2.1) S n(lanl +[bal) =1 , @ #0, ki#0.

n=2

If A > 0 is small enough and if z,y, |z| = |y| = 1 are properly chosen complex numbers,
then leaving all but a;, b coefficients of h(z) unchanged and replacing a, b by

Az Ay
(2.2) @+ by — T
A Ay
(2.3) ag - —kf b + "
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we obtain functions hy(z), h,(z) that satisfy (2.1) and such that h(z) = %(hl(z) +
hz(£))~

We conclude our considerations with some statements about convolutions and
neighborhoods.

Let KY, denote the class of harinonic univalent functions of the form (1.2) with
b, = 0 that map A onto convex domains. It is known [1, Th.5.10] that the sharp
inequalities

2Anl<n+1 , 2Ba<n-—1

are true.

If H(z), G(z) are in K'Y, then H + G (or HoG) may not be convex, but it may be
univalent or even convex if one of the functions satisfies some additional conditions
(see [1], Th.5.14). In this direction we'have

Theorem 7. Suppose that H(z) = z + Y oo ,(Anz™ + Bpz") 1s in K§;. Then
(i) If h(z) € HC?, then h * H is starlike univalent and h o H is convez.

(ii) If h(z) satisfies the condition Y .o, n¥(|lan| + [ba|) < 1 then h +« H is convez
univalent.

Proof. We justify the case (i). If h(z) = 2+ Y nuy(anz" + bn2"), then for h+ H
we obtain

3 < Any iy 1Bl

(24) 3 rllan el + 8o Bl) € 3 (el [ 2]+ Bl 5)
oo

< an(lanl +bal)<1.

n=2

Hence, h + H € HS®. The transformation fol L'—”;“;} dt = h o H(z) now shows that
ho H(z) € HC®.

Remark. If h € HS® and H € K, then h «+ H need not be univalent. To see
that we take h(z) = 12" 4 z and as H(z) the extremal function far the coefficient
problem. It gives h * H(z) = z + 52*"—12". But ko H(z) is univalent and starlike. In
terms of Ns(h) the condition (2.4) reads that Ny(z + b;12) C HS®.

We now give an extension of this remark

Theorem 8. Assume that h(z) = 24512+ Y o0 ;(anz" +bn2") telongs to HC.
If 6 < (1 |b]), then Ns(h) C HS.
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Proof. Let H(z) =z 4 Byz+ Y e ,(Anz" + BnZ") belong to Ns(h). We have

1By] + )" n(|4n| +|Bal) < By - by |+

n=2
oo oo
+ Z n(lAn —an| + |Bn - b"|)+ lbll + Z "(lanl + |bn|)
n=2 n=2
1 oo
<&+ b+ ;§n2(|an| + [ba))

1
<é+ §(l+ ) <1.

Hence, H(z) € HS.
By considering the mappings

' 1
h(z)=z4 b2+ %(1 S HG) =24 bzt (1= )2

we conclude that the result cannot be improved. Problems of determining neighbor-
hoods for other harmonic mappings will be considered elsewhere.
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STRESZCZENIE

Rozwazane sg dwie klasy funkcji harmonicznych i jednolistnych w kole jednostkowym, wyrdéznio-
ne warunkami (1.3) i (1.4). Dowodzi sig, ze odwzorowujg one kola na obszary gwiaidziste i wypukle
oraz ze splot kazdej funkcji jednolistnej harmonicznej i wypuklej w kole z funkcja spelniajgca warunek

(1.4) jest funkcjq gwiazdzista
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