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2. SWIETOCHO WSKI

On the Inequality of Type A7! + A7 > 4(A, + A7)~!
O nieréwnoéci typu A;* + A7* > 4(A; + A2)7!

0 nepasoncree tums A7! + A7! > 44, + 4,;)7F

In (1] the following questions has been posed by W.Andersonand G. Trapp:
if Ay, A; are quadratic Hermitian positive matrices, does the inequality

AT 4+ AT 2 (A + Ap)F

hold? We shall consider this problem and amlogoul questions in the case when
A}, Az are operators.

Theorem 1. Let H be an Hilbert space and let Ay, A2 : H — H be linear
bounded, symmetric and positive definste operators
(A1 2a, A28 ; a, 8>0j. Then
AT + AT 2 4(Ay+ 40)70 (1)

1/2 1/2
m

Proof. Let us denote by A,

, the positive deﬁnlte square roots of 4, Aa,
respectively, and by 4, 172 yAg

the inverses of A} A;” Because the operator

A_” *A, Ay 1/% {5 bounded and symmetric, we can use the spectral representation
of it:

ATV 40472 = [ XE) ; 0<m<M<oo, (2)

I= f dE, , (3).
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where I denotes the identity operator and E} is the spectral family of A} v -hA-'I/z.
Thus

Az = A2 f XEAY? |

A7 =.4,‘"’f XT1AE ATV

) -x/z . -1/2

A=l -1 _ 4-1/2 < -1 -1/2

M
(Ar + A7) = ATY? f (1+A)"'dE\ATYV?
m

and the inequality (1) is equivalent with
.4;‘"’/ (1+A7 =41 +2)")dE ATV > (4)
But we have: 1 + A~! — ¢(1 + A)~1 > 0 for all A > 0, thus

M
c ¥ [Tuiar 1+ dE 20

/m

and therefore (4) holds, provided that A;”z is symmetric and positively definite.
Theeorem 3. The equality

A 4 AT = 4(A + Ap)!

holds if and only sf A, =
Proof. Suppose

AT+ AT = 4(A; + A2)7) e
N .
AP [ (427 - 41+ ) YdEA AT =0,
m
which is equivalent to
M .
/ (142~ = 4(1 + N)")E, =0 . (5)

We have:

l+,\"-4(1+,\)"=((_’\..)l/2_( A ))t>0for,\#€l.

A+1 AA+ 1)
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Because tne function A — (£,z.2) is non-decreasing cn m. M| forany z < H. it
follows that (Exz,z) is a constant on the intervals {in,1 — ¢, [I = 2, M] for every

¢ > 0.
Hence, by (2) and (3) we have:

slre
(Al—l/ZAzA‘-h-:‘z) = ! Ad(’E;\zsz) [
Jl—¢

1+e¢
Exdis j‘ " d(Exz,2)

and ;
l(Al—l"gAgA‘_"': -z,z){ < elz]® foranyz€H ande >0

which means that ‘ .
Al—lﬂAgA;l“ =010 dile Bge=" A5

Remark 1. Using the method of induction we are able to prove a more general
resuit: if A;, ¢ =1,...,n, are as in Theorem 1 then

AT+ r AT >4 + e+ A (6)

Proof. Assume that

AT + AT s AT 2 (n - )3 (Ar oo+ Aa) T

and consider the following spectral representation:
e ; rR
(Ap+ oot Aac)) Vi AL (AL + oo+ AP = [ AdE, , (7)

“r

R
l’=/ dE, , (8)

We have:

R
A- = (Al + o4 -‘.-—l)llz j ’\dE*(Al SE7 Sk Ai—l)llz L]

r

R
A:l = (Al 4= ...+A._l)—l_'2 I A—ldEx(A[ +-..+‘4-_‘)-l!2 ’
-
A+ et Aacy = (Ap+ o0 = Aa)V* ! dE)(A1 + o+ Aac)'?,

i fx o -] i
(A, et A1) Y = (A +...,-,A._l)7°1/-j GEA(Ay + -+ Aa1) o

R
A+ oot Agoy + A0 = (A +-0-+ Aa)V/? f (1+A)dEx(Ay ++-++Aa)'E,
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,
]

3 .
(Ar++++Aa1+42) 7" = (A1 4+ +401) "2 J (1+2) " E (A1 +-+-+Aac1) V2

and, under our assumptions
AT 4o+ AT =3 (A 4+ -+ A 2 (R - 1Ay 4o+ Ay) M+
+A7 - n?(A1 4+ A)E =
R
=(A;+---+A._1)"/’/ (n=12+27"1=n?(14+2) " )EL\(Ap + -+ -+ Aay) V2

But

1/2 1/3\ 3
(n—l)’+z\°'—n’(l+k)_l=((n—l)(%ﬂ—) —(m) )zo,

and thus Remark 1 is proved.
Remark 2. Similarly, by induction, one can prove the following:

AT' 4+ AT =n*(A +--+A) Vifandonlyif Ay =--- = A, .

Proof. Suppose A7! + .-+ A7, = (n - 1)%(A) + +++ + Aury) ™! implies
A; =--+ = A,_; and assume that Al_l+---+A,Tl =n¥(A; +---+ A0
By (7) we have

AT 4 AT (A et A7 2
(n_ l)z(Al+"'+An—l)—l +A‘_l +n2(A1 +"'+An)-l 20,
hence
AT 4+ AT 2 (N2 1) (A + oo+ Aay) P+ AT 2
n(Ay+- -+ A) V= AT 4+ AT

Thus ;
AT '+ 4 A7 = (n- 1)} (A1 + o+ + Aa)™?

and by assumptions A; = --- = 4,_,.
Now we have

(n - 1AT  + A7 = n?((n - DA, ;L-A.)“

and using once again the spectral family
Q q
ATV A AT = / ME\ , I =f dE, ,
' ]
we obtain

Q
A,‘""f (n-1-2"1=nd(n-1-2)"N)dE\A;? =0 .
A
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Here

(n=1)(A=1)°

TR o SR Y SIRTI O o (PR Cal ol i
n—-1-2 n‘(n-1-1) =N

>0forA#1

and, similarly as in Theorem 2 we deduce that
Ai-x/zA-A-l-x/z -
eg. A1 = A,.
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STRESZCIENIE

Zakladajac, te Ay,..., A, sa liniowo ciaglymi, symetrycznymi i dodatnio okreslonymi ope-
racjami dzialajacymi w przesirzeni Hilberta, dowodsi sle nleréwndéei

AT 4+ AT 2 YAy + o+ AT

oraz pokazuje, te réwnoéé jest moiliwa tylko wiedy, jedli A] = --- = A,.

PE3IOME

NMpeanoxaras, x¥o Aj,..., A, AHNCARLIE OrPAHARCARME, CHMET PHIECKUE H IOAOX HTBABLHO
onpenaieHHM ONCPATOPM B MMALGEPTONON NPOCTPANCTEC, JOKAIM BRETCA HEPABENCT BA

AT 4t AT 2 nP (A 4 ALY,
"

8 TAKXE, WTO PARENCTRO BOSMOXNO TOAMKO TOrQS, ECAN Ay =.--= A,.






