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1. Introduction. Let U(p), 0 < p < 1, denote the family of functions
meromorphic and univalent in the unit disc K = {z : |z| < 1} which have a simple
pole at the point z = p and the power series expansion:

f(z)=z+as2®+--- for|z|/<p. (1)

In this paper we will be concerned with the class UR(p) € U(p) defined as
follows:

UR(p)={f:£€Up)A(f(z) ER &z €{(-1,1) - {p}}},

where R denotes the set of all real numbers.

The class UR(p) is contained in the class TM of functions meromorphic and
typically-real which was investigated by A.Goodman|2]. The bounds, obtained
in [2] for some functionals in the class TM are also valid in the class UR(p),
sometimes they are even sharp, e.g. in the case of upper bounds for the coefficients
f{a) eacK,a¢R. -

Im (a)/’ 7 ’

In Section 2 of this paper we will obtain the variational formulae for the class
UR(p). Using these formulae we will derive a differential equation for a function
J € UR(p) corresponding to a regular boundary point of the set:

aa of the expansion (1) and for functional

R(z) = {w:w=g(2),9 EUR(p)}, forzg#p.
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This differential equation is solved effectively only when zg is real (Section 3).
Finally, in Section 4 we give a characterization of the set of extreme points of the
class UR(p). We prove that each function such that the set C — f(|z| < 1) has
zero area is an extreme point of UR(p). This shows that the set of extreme points
of UR(p) is too large to be of value in studying linear extremal problems over this
class.

I wish to express my sincere gratutide to Professor E.Zlotkiewicz for his interest
in this work and for his remarks, and also to Professor Z.Lewandowski for helpful
discussions and criticism.

3. Varlational formulae for the class UR(p). Let T denote the class of
functions F':

A
F(c)=;+Ao+~;‘~+---, ¢! > 1 (2)

analytic and univalent in K* = {¢: |¢| > 1}, and let (::)| 0 < p < 1, denote the

subclass of all FF € L vanishing at ’l’
In 1963 Z.Lewandowskiand E.Zlotkie wicz[4] obtained variational formu-
lae for the class U(p) using a simple relation between the classes U(p) and (:7) ]

The way we will derive the variational formulae for UR(p) is quite similar to that
of [4]. '

We shall prove the following:

Theorem 1. Suppose f € UR(p), 20 # p 18 an arbstrary fized posnt of the unit

dusc K, A 1s an arbitrary complex number and o = — Then a poastive

res (p, f(2))’
Ao can be chosen so that for A €< 0, )g) the functions:
e (AWRL(2) | A9gf(2)
re=1-a (2800, SHEE) L o), ®)

where wo 18 an arbitrary point of the complement of the set f(K),

i = 1o [AOP ) AP )
120 =S S e, il )

- (LL) Tapie) -y (£ + :+:2)+

Ptz  1+pz I*(20)
+af’(z)(3o P+l_pz:)] u(”,(z) 2/(2)-

N z+lo l+z% p+% 1+pik
i 1222) oo (52 228)] .
4
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\

a4
@ =10+ [ - @ (FE )

2 e — 2

+af?(z) (p'-f- 2 L hs g )] +o(A) ,

el? — p e P

(5)

where 0 18 an arbitrary real number, belong to the class UR(p).

Remark 1. In the case p — 1 the formulae (3)-(5) turn out to be the known
variational formulae for the class of functions analytic and univalent in K with real
coefficients (8].

Proof. Let £y (25 (:—’)) denote the subclass of all F € £ (F € (E (;’-)\)

for which the coefficients A,, n = 1,2,..., in the power series expansion (2) are real.
According to the Goluzin-Shlionsky variational method [6] the following variational
formulae for the class Ep can be obtained:

Fo0) =P + 3 555 * Fp o) o0 @)
) N A A ,
P20 =F0+ (5 “FG TG - Foi)

W 1 N §+6 , o+1
2’“(@5"(:9)) [zp(;) s.F(’.)( -0 €s‘o-l)]+
l

*3

2
1 $+¢ , ¢ot1
La( ) o - (28 B2 .
(coF'(co) (6) - sF () ¢-f <(Pp-1 o) y
4
where A is an arbitrary, fixed complex number and A €< 0, Xg,Upy € C-F(K"*),

Il > 1.
From (3’) and (4’) we derive the following variational formulae for the class

(i)

Lol AF(¢) AF(c) o
Frig) ~BOYT {WO(F(s) “Wo) T WalF(s) - Wo] b el 48]

WoeC-F(K"*),

S AF(¢) fiF(f)
F**(¢) = F(g) + A {F(go)(F(g) -F@) "~ Fl@)F() - Fleo) |

1 £ =80 v (£ 50 §§o+1)
+2AA(§0F'($0)) [zF(g) {F(g)( k) (s’o—l 4

a(uﬂ+w)]+1,\j(__i__\ [2F(¢)-
1-¢p ¢0-°p 2 soF'(%0) /

i g+§o ¢fo + ) (l+s‘op m+p\ A
‘F(‘)( g P Ferrie e G

(4")
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dhiide= ip ( %) . Next using the fact f(z) € UR(p) if and only if

F(¢) = _ll_ €Xg (1) we obtain the formulae (3) and (4).
A e e
In order to obtain (5) let us first consider the function:

EAT) l—cos ¢ 1 l1+4cos ¢
Fo(f)=(( ) $(€+ ) , B#€R
defined in the exterior of the unit disc (K°®). This function is univalent in K° and
maps K° onto the plane C with two slits emerging from the origin and symmetric
with respect the real axis. Hence the function:

A =F Ul R, A>0,

maps K° into itself and:

LY

) +o(N) .

e/

6A)=¢

- L\ (14¢e? 1+¢e"

} 1-¢c?  1-ge

If G € £g then the function ¢(¢) = G(¢*(¢,A)) is univalent in K° and has real
coefficients in the power series expansion. Moreover:

—i'
¥6) = 66) - 25e') (‘ S

Taking into account the normalization of the class Ez we have:

i) _ (i)
V(o) 141 R

Now putting F***(¢) = G°(¢) - G° (:—)) , F)=Gk)-G (%) we have the

)+005.

&) =

following variational formula for the class g (:—,)

F".(f) _F(g)——[zp(f)"‘fr(f)(c +:+ ::+:)+

pe?+1  pe 41
+a(’m‘,_l*}-N_“,_l +o(X) .

-

Hence we can obtain (§) in the same way as above.

3. Values assumed by functions of the class UR(p). In this section we
shall use the variational formulae (3)-(5) to find the variability region of f (z), z
being fixed and f ranging over the whole class UR(p). Let

R(z)={w:w=yg(s),g€URp)}, a#p.
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Assume that b is a regular boundary point of R(z) i.e. there exists a point a
in C — R(z) and r > 0 such that R(z) N K(a,r) = {#} (K(a,r) denotes a dise
of radius r centered at a). Let f € UR(p) be the function corresponding to the
regular boundary point b i.e. f(z) = 6. Then:

1f(z) - al < lg(2) - a]
if g is any function of UR(p). In particular:
[f(2) = a| < |f**(2) — a (i)
where f** is given by (4). If we write (4) in the form:

f"(z)=f(_z)—AW(Z,Zo,f)'f'O(/\), A€<O0,)),

where:

_APG ) | AL (2)
W‘I‘;(”’)’ )= e - 1) T T -1

1 %) \ 9) z2+29 1422
b e (Zo!’(zol) [21'(4') whad o ( o "o) e

ot (525 )] (i)

2
1 I*(z) 3+10 1+2%
14 (25 oo (23 122

af'(z)(’“" if:’;’o)]

+

then (i) is equivalent to this inequality:
1£(2) - af? < |f(2) —a — AW(3,20,f) + o(N)? =
= |£(2) - a* - 22 Re [W(z,20,1)(f(2) - a)] +o(}) .

Hence:

Re [W (2,20, NG - )] <0 (i)

Because the complex number A in (i) is arbitrary we conclude from (jii) that the
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extremal function satisfies the following equation:

( i L (20) | o L) (20) ) (zof'(zo))’ =
\* 1@ -1 " ° 1) - 1@ \ ()
= {5 [re-arew (24 22204

1-2z2x
+af=(z)(‘°*: :f:::)] + ()

5 1o - (2 4 )

2 (zo+p 1+p20\]\
el QN P+1"on).|J

where ¢ = arg (f(z) — a). The right side of equation (6) is real for |z| =
Applying the variation (5) we conclude that it is a non-positive number. Using
the formula (3) we can prove that the complement of the set f(K) has no interior
points. In the case z = r, r € (—1,1), r # p, in view of the compactness of the
class UR(p), the set R(r) is a segment of the real axis, so our problem reduces to
that of finding max g(r) = Ri(r) and min g(r) = Ro(r).

sEUR(p) sEVR(p)

a)

Ry(r), O0<r<p.

In this case Ry (r) can be determined by using the following Goluzin’s result
([1] p.127-140). If F € T then:

( E St ot (f;)_::(i-‘ ) <- Z Yeet log (l - (-‘,—:—_'—‘) (%)

ne'=1 v,of=]

for arbitrary, fixed ¢;,¢2,...,¢a € K° and equality holds only for the function F'
defined by the equation:

Z stog FE)= ) _ Z'i-'ot(l-T)

If we take n = 2, 7y = 73 = ¢'® then we obtain from (s):

Re | % log F(¢1) = F(g)
[ 1 —¢3

Teg ==

-1
u 612

. 4
Hence, if @ = 3 then we have:

Fla) - F(a)! .1 A A
20y ) e g (P $152

(s2)
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and the equality will ocurr only for the function F satisfying the following equations:

1
F(5)=Flg) + (s = ) (l - M‘) ST o
If f € U(p) then there exists the function F' € I such that f(z) = o ST, J T
F(;) —F(;)

Hence by substituting ¢1 = }, ¢ = ; in (»3) we obtain:

rp
e for f€U(p) .

OIS —E—0  forfeUG)
Moreover:

R < sup I£()] bt

Tertsl (r—p)r->)
P
Equality occurs precisely for the function f(z) = —-l———-—l—— which belongs to
(z - p)z - ;)

UR(p). This result can also be obtained using the equation (6).

b) Ry (r) , 0<r<p.
Let f € UR(p) be the function for which ex{r}lgzn( )g(r) occurs.
) ?
Then z = r, ¢ = 0 and the equation (6) takes the form:
/zf'(z))’ 14(r)
\ 7@ ) 1@-10)

where we have replaced z by z and:

=Q(a), | @)

e B =Py ___PL_ |
Q) = - {1t - ) s a2
Q(z) < 0 on |z| = 1. Making the substitutions: f(z) = w, f(r) = a > 0 we obtain
the equivalent form of (7):

— duw'=
‘(W a)

It follows from the elementary properties of quadratic differentials [3], (5] that the
trajectories of the differential:

(7)

a?

2
md\l} 5 a>0,
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in some neighbourhoods of its critical points, are: near the origin—closed Jordan
curves each of which is contained in the annulus

n(l-¢)"'<|z|<n(1+6), “en>0,

and the half line w > a emanating from the point a. The boundary slit f(|z| = 1)
is contained in a trajectory of (8). Points f(1), f(~1) belong to the negative real
axis, but neither the slit f(Jz] = 1) nor any its non—degenerated subset can be
contained in the negative axis (the half line w < 0 is contained in an orthogonal
trajectory of
(8): w < a).

Hence f(|z] = 1) is an analytic are, symmetric with respect to the real axis.
This arc intersects the real axis at the point f(1) = f(=1) < 0. In this case Q(z)
can be written in the form:

(2 = ¢P)3(z — e—8)?

Ml Py T Ty Ty R ©)
A=-rpf(r)
In order to determine the parameter 8 we use the equation ([7],p.112-114):
e T PI P e
[ eeiza= [ e@)za
2 e

From this, due to the periodicity of the function Q(e**), we obtain:

/" cosf 2
o |e? —rllei* —p|

’f l -
/o' 7 P g

Next, if we multiply the both sides of (7) by z—r and take z — r then we

obtain:

re)_ o lr-éo*

fir) — r(-ri)r-p)(a-rp)’
It follows from (7) that:

N VIOTO-ivIn| _ e
R ll W—;)—m} t for lzl=1.

TR LTS LA B
Let A(z) = ;'((z)) and &(r) = r(l—r )irlr f)cf'”4 p)1 rp)

(10)

cosf =

The function 2 maps the unit circumference onto the analytic arc defined by the

equation:
vw —R* - ivVR*
vw — R* + iVR*

= const .
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Moreover the function k satisfies the equation:

{zh'(z)\’ R® (z - eP)3(z - e—9)2
\%@ ) M-~ = PG -G -p(-2p)

Hence
L A oo (it (1w e 1
“’“‘\/ R “'“’7[. ¢V -1 —¢ - p)(1 - 5p)
and
MY (¢ — &2)(s — e~®)dg 1 :
e g\/(s‘—r)(l-s")(f =—m "

The extremal function f has the form f(z) = , 80 we can calculate:

0
Ra() = () = s =

<Le- [ B = £2)(s - =) - VE— T =G - DIGEITI
A ¢/(s =) =¢r)(s - p)(1 - ¢p)

Where cos 8 is given by (10).

Determining R;(r), Ry(r) for r € (p,1) U (—1,0) reduces for the analoéous
consideration, e.g. we can prove that:

Ry(r)= — L —— <0 forre(pl).

v-mo-p

c) R(z0) , 20 € K , 2o € R The function f corresponding to a regular
boundary point of the set R(z) satisfies the differential equation:

o f@=c (@)
T -n0@-H\ 1@ )

=Q(2), : (11)
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where

b =f(20),
_ b2 (ef*E + e=*b)
T eibh? 4 o2
d =8+’ R,

) =-{—— 2/(z0) - zof'(ao)(‘+‘°+'*“°)+

1—229
+a!,(20)(z+p+l+pz)]+ .

ER,

p l-pz
+—[2f(ib)—?of‘(0)(z+2 :i§2)+
o) (2224 12221}

and Q(z) <O on |z| = 1.

Q(z) is a rational function whose denominator is a polynomial of 6 degree and it
follows from the form of the equation (11) that the numerator is also a polynomial
of 6 degree. If ¢ € f(K) then Q(z) has the form:

(2 = 6P (z - )z - 2)(z - )

(z - 20)(z - 2)(1 - 220)(1 - 220)(z — p)(1 - 2zp) ’

Q(z2) =4 B#0,x, (12)

(e =1 + 1Pz - 2)(z - )
PR | PRSP | gy e (e

Q(2) = A( (12')

2z 2
where z € {(-1,1)-{p}}, c¢=/[(2), Azci!‘b??'

(w — e)dw?
(w — 8)(w — 0)w?
and a zero of first order at the point w = ¢. At zero is a pole of second order. So,
if ¢ € f(K) then by analysing the trajectories of both sides of (12) and (12’) we
conclude that the function f reduces to the mapping of the unit disc XK onto the
complement of a segment of the real axis (if d < 0) or onto the complement of
an analytic arc symmetric with respect the real axis which meets it at the point

J(1) = f(-1) (if d > 0).
If ¢  f(K) then the function [ satisfies the equation of the form:
AP I .
NPED P EAWE
(z- €9z —-e"9)2 (22 - 1)
(2 - 20)(z — 20)(1 = z20)(1 — 220)(z — p)(1 - 2p)

The differential d

has three simple poles at the points &4, §, co

(13)
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In this case the set f(|z| = 1) consists of two analytic arcs symmetric with respect
the real axis. The point ¢ = f(1) = f(—1) < 0 is their common end and the points

J(€7), f(¢~®) are their symmetric endpoints.The parameter 3 can be determined
as in the case b).

4. A remark on extreme polnts. Let £ (i) denotes the class of f@ctions

univalent in the exterior of the unit disc which have the power series expansion:

d_
F(s’)=¢1$+¢o+—?l-+"', gl >1,

with ¢; € R, + = 1,0,-1,..., a; > 0, and satisfy the conditions: F (5) =0,

()

There is the following relation between the classes UR(p) and T} (::)

1
l‘P2 p—; - + l
ferevrm o E | | =Fo emi () |

i €1 -
F(g)m 3¢+ ag+ == beey T ig=ires (p,f(2)) < 0.
Let A denotes the linear space of functions
el
F(¢)=a ¢ +ao+ -;l-i—

0

that are analytic in K* and satisfy the condition: ana_,l"’ < o0o. For each
a=1
- b_ ; L7
F(¢)=aic+ao+ GTI +-.--and G(¢) = bi¢ + bo + -$—l+ in A the hermitian
product: »
< F,G>=ab - E na_.b_,
n=1
is well defined.
Let

C
1 - @]
A(;)={F€A:F(g)=a1§+ao+-—§-—-+---, el > 1,
{1 1
a.-&R,s':!,O,—l,...,al>0mdF(;)=F'(;)—l=0,

and < F,F > 2> 0} .
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We have
Lemma. A (1) is convex and closed in the topology of locally uniform co-

nvergence and

{F:FEA (%) and <F,F>=0}CEA (%) i

where EA (;) denotes the set of extreme points of A (%) -

(k) :
Proof. Let Fi(¢) = ag")g + a.,g" + a—':‘— +--- € AA (i—) and suppose that
s \

Fy — F locally uniformly in [¢| > | where F\(¢) = ay¢ + a0 + 1;-1 +--- . Then:
lim a.(.') = a; for 1+ =1,0,-1,
&— 00

Moreover:

fv‘ n(a™)? < E n(al*)? < o®

2
=

and by letting £ - 00 :
N .
Z n(a_.) <a} foreach N.

Hence:

in(u_,)’ <a} .

a=l

Therefore < F,FF > >0 and F € A (:—,) 50 A G) i_s closed. Next let us take

F=tF+(1-t)F, ,F,F, € AA (,-:-). t€ (0,1) . Then:
<FF>= <F,F1> 401 -t) < F\,F; >+(1 - <F,F,> . (%)

We first shall prove that if Fy,F, € bfA (},) then < Fy, £y > > 0.

y Lt b
Let F,(g):a;g+ao+¢Tl+---, Fz(§)=bxg+bo+—‘-!-+---.BytheCauchy‘
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" Schwarz inequality:

<F,F> =ab - v na_ob_a = ayb; (l - v na_.b_, ) >

a:et n—‘.l albl
>albl( G "Ia;:‘.’llb--l) >
a=1 l 1
[ 2 et M2l S n(b-.)’\i
2ot 1= { 3 =55 (S @) | =°
=1 w=l

The last inequality follows from the fact

= Z ——"((“:)“2) e "——((b:;g’ >0

n=| n=l.

for Fy,Fo € A (;?) 5

It follows from above and from () that < F, F > > 0. Therefore F' € A (;)

£\ . 2
and A (;) is convex. Moreover if < Fy,F; >= 0 then Fy = F,. Suppose now that

FeA (:—J),<F,F>=0andFéEA(-:;).Sowehave

0=<FF>=t!<A A>+1-t)<FA,R>+01-t < F>
Hence F; = F, which is a contradiction.

IfFeXy (%) and B=C - f(J¢; > 1) then 0 < < F,F >=

1
So. ©F (%) Cc A (:—,) Hence if F € EA (;) and F

1
b (—) then
P

F e EXy (i\’ . Because the formula (14) defines a linear homeomorphism of

L\
UR(p) onte T (%J we have:
Theorem 2. If f € UR(p) and f maps the unit disc onto a domain whose
complement iias the zero area then f is an extreme point of the class UR(p).
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STRESZCZENIE

W pracy rozpatruje klasa UR(p) funkeji okreflonych w kole Jednastkowym, meromorfice-
nych | Jednolistnych oraz preyjmujacyeh wartodel reecrywiste dla argumentu reecrywistego. Zo-
staly podane weory warlacyjne dla klasy UR(p), za pomocy ktérych otrzymujemy réwnanle
réinkcckowo-funkeyjne dia funkcjl odpowiadajacej regularnemu punktowi brzegowemu tbioru
R(20) = {w : w = f(20),f € UR(p)}. Podany jest réwnlei warunek konieczny na to,
by funkeja f byla punktem extremalnym klasy UR(p). )

PE3IOME

B manmod paSore paccmorpen raacc UR(p) dynkunf onpenesennmix B exmmmsnon
KpYTe, MepOMOPOMM X H ONMONHCTHAIX, H NPHHHMAIOMHX BEMECTBEHNLIE SHAYEHUS ONS Be-
mecrhennoro aprymenta. [losysennue sapnsunonnme ¢popuynn nam xiacca UR(p) ¢ no-
MOmBI0 KOTOPMX HoAyXaeM NHPPepenuuarbHO-GYHKUHONARLHOE ypaBHEHME OAR PYHKLMH
COOTBEUTRYIOMEA peryasproffi rpannINof TOYKE MMOXECTBA R(Zo) = {w LW =
f(Zo), f € UR(p)}. Taxxe Moryweno QOCTATORHOE YCAOBME Ha TO, XTo6M dynxuns [ Guias
sxcrpemansnoft roxxoft xaaces UR(p).




