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Curvature and Torsion Tensors of Quasl-connection
on Manlfold with Singular Tensor

Tensory krzywizny i skrecenia quasi-koneksji na
rozmaitoéci z tensorem osobliwym

ToH30pM KPHBHSHB M KPYTEHHA KBASH-CBASHOCTH HA MHMOrooSpasuu
C CHHTYASPHLM TEHNIOPOM

Let (FM,M,Gl(n),w) be a bundle of linear frames on M with a connection w .
It is well known that for any connection following structure equations hold:

40" = 8° Aw] + ;T,,0° A ©7

(N
dwy = w] Aw} + 3R}, ,0° A©F

where w7, 84, @, #, v = 1,...,n are the connection form and canonical form on
FM, resp.

Let's consider n + n? vector fields E{,E, on FM, dual to w7 md_e’. Usually
we call these vector fields fundamental vector fields and standard vector fields, resp.
We have the following identities for these vector fields :

O (E,) =462 OA(E5) =0

(2)
wh(Ea) =0 wi(ES) =636,
We can write the structure equations (1) in the dual form :
(B5,Ef] =#ES-8E; ,  (Ea,BY)=-8E) u

[EayEn] = "T:OE"I e R:aﬂE:
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Yung - Chow Wong has considered the natural question vhat is the set of n vector
fields Eo on FAf which satisfies the equation:

[EQ,E:] = —6:E,\.

In this way he obtained a generalization of the linear connection viz. the so called
quasi-connection. The standard vector fields E, of a quasi-connection are given
locally by

i @ pgi O
£ =24 (057 - 210 o)
where C_';., Q}# are functions of z* only and such that on U NU"* # 0 with coordinate

systems (U, z'), (U',2'") we have

A§'Cl = Ch A,

S AL = CIAL, + AT AV @,
where !
aa" AT = _.__82:"
Oz’ TIRT Qpigk
It is easy to see that, if the tensor C is non-singular on M, then

r, =0y e,

L] Ai’z

are components of a linear connection.

We assume that rank C = m < n throughout this paper. We also assume
that the distribution in C is involutive (i.e. there exist functions A}, such that
CiCije = M Ce s of. [6]).

In 6] Y- Ch.W onghas proved the foilowing theorem :

If (C,®) 12 a guasi-connection on M, then for any tensore X,Y.Z of type
(1,0),(0,1),(1,1), reapectively, on M

"D d

CEX|, + X° &),

VY, = CfYy, -oLYe (4)

VizZi = CfzZl, +Z;%, - 9,2,

AL

are componenta in (U,z') of tensors of type (1,1),(0,2),(1,2) respectively on M.
Moreover, the following equations hold :

Vi(X'Y;) (ViXOY; + X'V

Vi{X*Ye)

Il

CHX'Yo)ys .
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We call the operator V the covariant derivative with respect to quasi-connection
on M.

Having considered the third structure equation (3) Y-Ch.Wong established the
following .

Theorem (cf. [6]) Let (C,®) be any quasi-connection on M. Assume that the
tensor Cis of constant rank m on M and ite field of smage m-plancs ia snvolutive,
s0 that CL',C,"”. = A{,C. in every coordinale system (U,z'). Then there ezisls on
M a lensor S of type (1,2) satisfying the equation:

SWC} = (‘bqu -G (6)
in every (U,2'). Moreaver, for any such tensor S
Riy= Qfs"}m. - ®f By, — Ol B0, + SHEL, (7)

are components in (U,2') of a tensor R of type (1,3) on M.

However, this theorem is rather difficult for applications because the tensor S
given in involved form is not unique. In this paper we give reasonable assump-
tions under which we are able to determine curvature and torsion tensor of quasi-
-connection. We also give the formulae of Levi-Cicita quasi-connection and some
properties of above mentioned tensors.

Ve assume that C is a singular tensor of a quasi-connection (C, ®) on M such
that its Nijenhuis tensor

N(X.Y)=[CX,CY|- C[X.CY| - C[CX,Y|+ C*X.Y] (8)

is equal to zero. We hope that this assumption is reasonable because in the last
time many structures with singular (1,1) tensors-were considered and the condition
N(X,Y) = 0 often appears in these papers.

Theorem 1. If (C,®) is quasi-connection on M then

Tfe = ) + Cliwy + P - ®
are components in (U,2°) of a tensor T of type (1,2) on M where
Pc{PeTM @A2TM®; im P = ker C}.

Proof. It is sufficient to consider the transformation law of Cf;, and ®f,,
where the transformation law of C‘:i&*] is :
; i’ ’ 4 i’ i 2
CC'“,]A: = = II*CJ' ar A'UC: + q.ll.llA; A‘ .

Theorem 2. If (C,®) is quass-connection on M and the Nijenhuia tensor N
0of C 1s zero then the tensor T satisfiza the sdentity (6)

THOL = (®fyy — AW)CL
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Proof. A local expressions of the Nijenhuis tensor N is
Nb = ChCly. - ClyCl =0. (10
Let’s rewrite the formula (6) in the form
SHCL = &y Ch - ALCi = 814 CL - Oy, - (11)

If we substitute (10) in (11) then

i ("‘Ml + Cl.l,m )C: = (°l‘"| St Gl.tm + P:,]C: .

so Ty, = ®fyy) + Clayy + Pyy satisfies (6).
We shall call the tensor T the torsien tensor of quasi-connection.
Lemma 8. The torsion tensor T can be globally defined by

T(X,Y)= VxY - VyX - [X,CY| - [CX,Y]| + C|X,Y]| + P(X,Y). (12)

Proof. It is sufficient to consider (4).
Corollary 1. The torsson tenasor s skew-symmetrie:

T(X,Y) = -T(Y, X) (18)

Corollary 2. If T « the torsion tensor of quasi-connection (C,®) on M then

(C, ¥) where ¥ = & — ;T 6 @ new guasi-connection on M without torsion.

Lemma 4. The curvature tensor R can be globally defined by

RxyZ =VxVyZ-VyVxZ-VxcyZ-

(15)
-Viex.y1Z + Vex,v|1Z + Vexy)2 -

Proof. It is sufficient to express (16) in local coordinates. For an arbitrary
smooth function f on M we define: :
. 8
§zf = z‘c;f{. g Z= ZJE;' . (18)

Let’s introduce an exterior derivative § of 1-forms with respect to the singular
tensor C (with the condition N = 0) by

(Sw)(X,Y) = éxw(Y) - byw(X)+
-w(|X,CY|+[CX.Y] - C|X,Y] + P(X.Y)). (17)

Now we can state the following
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Theorem 5. [f (C,®) 1s gunss-connection on AL then the following structure
equations hold

§(dz') + wi Adat = %T}kd:ﬂ A dz* R
$ub + f A = RSy ds® A d2™

where wj- =& ,-d.r".
Proof is straightforward if one considers (18) and the definitions of TJ':, aud
;'l-m'
Now we can say what does it mean that the quasi-connection is Riemannian.

_ Detinltlon. The quasi-connection V on M is said to be Riemannian with
respect to scalar product g if

029(X.Y)=g(VzX,Y) +g(X,VzY), T(X,Y)=o0. (19)

Theorem 6. Let (M,g) be a Riemannian manifold. Then there ezists a unique
Riemannian quasi-connection for a given singular tensor C.

Proof. We do it in the same way as in the classical proof. By summing up the
identities:

bug(V,W) = g(VyV, W)+ g(V,Vy W)
Svg(W.U) = g(Vv . U) + g(W.VvU)
=Swg(U,V) = —g(VwU,V) - gtU, V¥)
we obtain with the help of (13)

29(VvU,W) = $yg(V. W) + & g(W,U) = éwy(U,V )~
-9(T(U,V), W) -yg(lU,CcY|+[CUY|-CIUV|, W)+
+9 (T(W,U),V) +g([W,CcU|+ CW,U]| - CW,U],V)+
+g (T(W.V),0)+ g((W.CV|+[CW.V]I-CIW.VY U).

(20)

It means that Vy U is completely determined by g, T.C and the derivarives of g and
C. In the local coordinates (U, z*) this quasi-connection has the following form:

—

";'i-: - :9“ ’:C}'y'u_-- + C::hu. = Cg'.’hq.“-'
i R
+yae Tk = 901 Clyy + JaaTyi — daaCly+ g

+ guTfy + '-'"C'_‘N]) i

It is necessary to check the transformation law of quasi-connection (C. P given
by (21) but the calculations are rather lengthy and are omitted here.
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If we put T = 0 we obtain the quasi-connection which is a generalization of
Levi-Civita connection

: 1 .
My = ;9“ (ct Irtje + Chouie — Cf ganje+

(22)
+9¢tCT”[| + 9“0i;lll + 9.!%'3') .
Carollary 8. One can check direetly that we have Vg = 0 for the above quaas-
connection.
Theorem 7. For the curvature tensor of Riemannian manifold we have follo-
wing identsties:
a) RxyZ =-Ryx2
b) RxyZ+RyzX + RzxY =0
¢) 9(Rxy2,W)=—-g(RxyW,2)
d) ¢(RxyZ,W)=g(RzwX,Y).

Proof.

a) is straightforward

b) is almost straightforward but one should use few times Jacobi identity and
our condition N(X,Y) =0

¢) under our assumption V(X,Y) =0 we have

fx.cyi+iox.y|-cixy|+P(x.y)I(W.2) = (bxby — bybx)9(W,Z)  (24)

and now the proof is similar to the classical case.

d) it follows from a), b), and ¢).

Taking into account the parallel displacementby Di C o m i t e[1] we will give
a geometric interpretation of the curvature tensor of quasi-connection. According
to 1] the parallel displacement of a vector field X holds along an integral curve of
a vector field C(Y) and is given by

dax*

a
VYX = (_dT- + Y‘Q!,-XJ) —_—

3.5 = O (25)
- . . ‘ 0 - - .

We shall move infinitesimally a frame A Yy (such that Aj(mq) = §;) starting

in the direction of the vector Y and then in the direction of the vector X ,afterwards

we shall subtract from this a quantity obtained by theparallel displacement of the

frame A}EF at first inthe direction X and then i the direction Y.

It is well known that in the case of linear connection we shall obtain an infini-
tesimal of second order that is just a curvature tensor, here we will obtain also a
curvature tensor but with a *correction®.
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Let’s now consider the equation
VxA;=0 (26)
that is ki
i i
T:L + 0L XAl =0 (27)
hence s
Aj(mo +tX + h.o.t.) = 8 — t0},;(mo)X"*(mo) + hoo.t. (28)
where h.o.t. denotes the higher order terms. Now we shall move the frame
Aj(mo + tX + h.o.t.) in the direction of the vector ¥ starting at the point
mg +tX + h.o.t.
Aj-(mo +tX +tY + hot) = (8 - ¢¢".J-(mo)X'(mo) +hot) -
~t®}, (ma + tC(X) + h.o.t.) Y* (mo + tC(X) + h.o.t.)
(& - t82,(mo)X* (mo) + hoo.t.) + huout. = (29)
=8 - e (25, X" + @, ¥Y) - (a0 XY
+®,6c(x)Y" - o".,@tjx'y'_)!m + haot.
If we perform it in opposite order theP we obtain
Ai(mo+tX +tY + hoo.t.) = & — (@, Y* + &} X*) p + N
-t’(@';,Jc(y)X" + Giﬁ.C,'Y'X' - i,GL-X'Y‘)l.., + h.o.t..
After subtraction we obtain
A} - A% = 2RL X'V + 8 ((CX,Y]*+ .

+(X,CY* - C|X,Y|¥ - PY(X.Y)| + hoo.t..

Thus the term at t? is just the curvature tensor of quasi-connection and the

) .
correction”

ICX,Y] +[X,CY] - CIX,Y] + P(X,Y]

(32)

which aiso appeared in (12), (15), and (17). The correction (32) has the following
interpretation - it is a counterpart of the Poisson bracket for the vector fields X

and Y with respect to the singular tensor C.
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STRESZCZENIE

Dia quasi-koneksjl speiniajace] pewne naturaine caloienia wyenacsono temsory skrecenia |
krzywizny oraz podano lch wiasnoécl. Podano sakie uogélnlenie koneksjl Levi-Civita

PE3IOME

AA2 KBA3K-CBASHOCTH BHINOAHANMEA MHEKOTOPhIC 6CTECT BENHME YCIOBUR MOAYIEHO TEH-
SOpM EPYREHHS K RPHBHSHL BMECTE C TeM mpeacranaeno kx ceoficraa. Iloayueno o6obmenue
cansuocru Jeon-Yusnura.




