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Introduction. In the present paper we will consider algebraic properties of 
3-structures induced on the hypersurfaces in the Riemannian manifold by genera
lized 3-structures given on the Riemannian manifold.

By MK, TMK we will denote a ^-dimensional C°°- manifold and tangent space 
to MK, respectively. The indices a, fi, 7 will run over the set {1,2,3}.

Let Min be a 4n-dimensional differentiable manifold of class C'x which admits
a set of three tensor fields (F} of type (1,1) satisfying the conditions:□

FoF = F2 = el , <= ±1 (1)a a

»F,art'i

a a

« = ±1 , art

a

a ft 7 # q , (2)

/ denotes here die identity tensor field.
The set of these tensors fields {F} , (0 = 1,2,3), will be called a generalized 

3-structure, or shortly 3-structure.
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The formulas (I), (2) imply the following conditions:

hence we have

Analogously

(FoF)oF 
o ff d

= «(FoF>, 
aff d d

F o (F o F)a 'ff d = e 11,' off d

F o ( e F) 
a 'ffd a'

= s e I 
a^-T

e e I 
a ffd = « « / . affd

e e = e e .
“ ffd affd (3)

F o (F o F) = g (F o F) ,a 'a ff' affa <

(FoF)oF = e e F , a a' ff affadff

i F = e e F ,aff off ad ff
and

e = e c a off ad
From (3) and (4) we obtain

e = ! e a ffa ia

(4)

(5)

There exist four types of 3-structures {F} on Af4" which satisfy the conditions 

(1), (2) :
I. .

F2 = F2 = F2 = -/, (e = e=e=-l).
1 2 S 'l 2 8 '

Taking into account (3), (4) we have

«=-<=< = ±1 , 
12 21

e = - e = -e , 
13 31

e — — f = e . 
23 32

This structure is called an almost quaternion structure ([l], [2]).

? = '• (? = ■•

Making use of (3) and (4) we obtain

e = e = e - ±1 , 
12 21

e = g = e , 
13 31

ff = e = ~s . 
23 32

This structure is called an almost quaternion structure of the first kind ([2J).
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III.

F’ = F’ = Z, F2 = -Z, (»=< = 1, r=-l).
12 3 12 3

Taking into account (3), (4) we have

«=-»=< = ±1 , «=-«=< 
12 21 13 31

e = - e = -e . 
23 33

This structure is called an almost quaternion structure of the second kind ([2]). 
IV.

F2 = F2 = F2 = I , (e = e = t = 1) .
12 3 'l 3 3 '

(3) and (4) imply

e = e = e ■= ±1 , 
13 21

e = e = e, 
13 31

8 = 8=8. 
23 32

This structure is called the 3-product structure.
The values e , « for these 3-structures are illustrated by the following tables a

III.

1 2 3

1 -1 8 —8

2 • -8 -1 e

3 e -e -1

1 2 3

1 1 e e

2 -e 1 -8

3 Î —e L -1

rv.

II.

1 2 3

1 1 8 e

2 e -1 -8

3 e -8 -1

1 2 3

1 1 8 e

2 8 1 8

3 s 1

(we denote e = s ).a aa
Theorem 1. Let AZ4" be a Riemannian manifold with a 3-structure {F}. There a

exists a metric g which satisfies the condition

g(F(X), F(Y)) = g(X,Y) (6)

4nfor all a = 1,2,3 and for arbitrary vector fields X,Y £ TM
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Proof. Taking an arbitrary Riemannian metric a in M4* we put

g(X,Y)= a(X,r) + a(F(X),F(f))+

+a(F(X),F(K)) + a(F(X),F(r))
hi d 3

(see [1]).
1. The 3-structures induced on the hypersurface in a Riemannian

manifold. Let A/4" be a Riemannian manifold with a 3-structure {F} and let a
A/4"-1 be an orientable manifold such that there exists a differentiable immersion 

» : A/4—1 - A/4"

A submanifold A/4“-1 will be identified with a hypersurface t(Af4“-1) in the 
Riemannian manifold A/4".

We denote by A' the unit vector field normal to »(A/4"-1) with respect to the 
Riemannian metric g satisfying (6):

g(N,N)=l. (7)

For an arbitrary vector field X <= TM* we put:

F(X) = Xi + X4 (8)
O Q O

where A\ £ TA/4“-1 , X* € TA/f“-1. Let us denote: o a

Xi = £(X), X2 = e&(X)N ,
o o a □ a

where £ : TM** —* TA/4*-1 , & : TM** —► R are given by the decomposition 
(8). We have

F(A') = #(X) + eti(X)N . (8')4X <X □ O
The condition

fi(X) £ TM**~lQ
implies

J(#(X),/V) = 0. (9)o

Putting X = AT into (8) we can find

F(N) = £(JV) + ed>(N)N . a a a a (10)
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Let

Then we have

rj = F(N) G TM4n~l . A = <Z(N) € R .
q Q Cl Q

F(N) = n + tXN .

(ID

GO')

The restrictions F\ 1 ,<2| of F and u will be denoted by F and 0.
a TNl*n~l a TM4"'“1 a a a a

respectively. F is a tensor field of type (1,1) on î'Af4’*-1 and « is a 1-form on a o
TA/4“-1.

In this way on the submanifold A/4"-1 there are given three tensor fields F of a
type (1,1), three vector fields t) and three 1-form fields w induced by F.

a a a

Thus the 3-structure {F} induces the 3-structure {F,w,>/} on the submanifold a □ û a
A/4""1.

We will consider the kind of the 3-structure {F,tv,r/}. From (1), (Sj and (11) a a a
we have

•X = F(F(X) + etv(X)IV) =
a a a aa

= F(F(X)) + r«(X)rç + f (wF(.Ÿ) + rw(.Y)A);V =
a a aa a a a a a a a

= Fi 2 *(X) + fw(À)r? + f (w o F)(.Ÿ);V + Aw(X)/V
a ûû a a a a a a

for an arbitrary vector field X € TAf4". 
From here, for X — N we have

rN = F(r/) sArj + fw(rj)N ■ a a a ad a (A)2JV

and
F(rj) = — eArj , w(rj) = 1 - «(A)2 .
a a aaa a a a a

However, for each vector field X E TM4n~l w have

F2(X) = eX-««(X)t?, or F2 = »(I-w®rj)
a a a a a aa aa

and therefore. i ■ \-
w © F = -e A w .a a a <k a
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In this way we obtained the 3-structure, {F,w,»y} which satisfies the conditions:tt a o

F* = s( I - w ® ij)
a a a a

uoF = —e Aw
» • “ ••• (12)

F(»j) = —»An a a tt a <5

w(»j) = 1 - »(A)» .
a aa a

It is a generalized contact or an almost contact 3-structure (with respect to the
values A = W(TV)). o a

We will consider dependences of this 3-structure derived from the condition (2). 
For an arbitrary X E TM** we have

F(F(X))=»F,® 0 7

F(F(X) + euj(X)N) = » F(X) , 
a A PP afi'l

F(F(X) + eu(X)N + e(w(F(X) + 'w(X)N)N = » (F(X) + w(X)N) .
* P PP ° Q P PP ap 7 77

Now making use of (11) we get

(FoF)(X)+»w(X)j, + »(woF)(X)N + »»A«(X)/V = eF(X) + »eu(X)N . (13)a (j 0 (t a a a p apap aPl apll
i
Thus we have

F°F = iF-tu®n , a p ap'l PP A
uoF - 11 m - eXw = e w — »Aw . a p aaP't'l pap pll pap

(taking into account the equality (3)).
Putting X = N into (13) and using (11) we obtain

F(n) + sXri + eu(n)N + eeXXN =■ e n + e nXN . a A PPa aa p apap ap 7 aP 77

f<3> =A?-}}3'

w(n) = e n - eXX.
«4 +»7 pap

It implies
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In this way we find: for a p ft / 7 a

F oF = iF - ew ® na 9 a9t 99 a
w 0 F = 8 U — eAw
“ 9 9l t 9 “3
?<3> = «nart'i

- eAn rtrta
= 8 A - eAA

9i 9“ 9

(14)

Thus we have proved
Theorem 2. The 3-itrueture {F} given on the 4n-dimensional Riemannian

manifold induce» the 3-structure {F,w,rj} on an orientable hypersurface which »a- 
a a a

tisfiee the condition» (12). and (14).
Collolary. A linear »ubspacc »panned by the vector» i|, y, y is an invariant

subspace with respect to linear mapping» F.a
Four types of 3-structures {F} on the 4n-dimensional Riemannian manifold o

given on the pages 3 - -5 induce four types of 3-structures (F,w,rri on an orientable a a a
hypersurface, which will be called: I - almost contact 3-structure [3],
II - generalized almost contact 3-structure of the first kind,
III - generalized almost contact 3-structure of the second kind,
IV - generalized almost paracontact 3-structure,
respectively.

2. A metric Induced on a hyperaurface. Suppose that on a manifold Af4" 
with a 3-structure (F) there is a metric g which satisfies condition (6):Q

g(F(X),F(Y)) = g(X,Y) , X,YeTM4'.a a

With respect to (7), (9), (10’) we obtain

g(N, F(N)) = 'g(N, r, + eAN) = eA . a a oo oo

On the other hand, using (6), (1) and the above equality we get 

g(N, F(N)) = g(F(N),eN) = eg(N, F(N)) = A .a a a a a a

Thus we have two cases:
1) e = -1. Then A = 0 and g(N,F(N)) = 0 . >a a a
2) s = 1. Then g(N,F(N}) = A For each type of the 3-structures we obtaino a a

I. A = A = A = 0,
12s

II. A#0,A = A = 0,
12 s
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III. A#O,A#O,A = O,1 t 3
IV. A#O,A#O,A#O.

12 3
The submanifold A/4*-1 will be considered with the metric g induced by g: 

g(X, Y) = g(X, Y) for X, Y € TA/4—1.

Theorem 8. The induced metric g satisfies the following conditions: 

g(F(X),F(Y)) = g(X,Y) — v(X)v(Y), g(X,r,) = v(X),a a a a a a

g(F(X),F(Y) = e e g(X,F(Y)} - teu(X)v(Y) , a * ft * i # a , (16)a p OQft ~t apa p
9(^U) = aty’

Proof. For X, Y € TA/4"-1 with respect to (6), (7), (8), (9) we obtain 

g(F(X),F(Y)) = gF(X),F(Y)) = g(F(X) - ew(X)N,F(y) - cu(Y)N) =
a a aa a aa a aa

= gF(X),F(Y)} - cw(X)g(N, F(Y))- a a aa a

-su,(Y)g(F(X),N) + U(X)u,(Y)g(N,N) =
a a a a a

= g(X, Y) - eu(X)g(N, F(Y) + eu>(Y)N))~ a a a a a

-eu(Y)g(F(X) + eu(X)N,N) + w(X)w(V) =
a a a a a a a

= g(X, Y) - w(X)w(V) - w(X)w(y) + w(X)w(y) =
a a a a a a

= ir(x;y)-w(x)w(y).
a a

In the similar way we can prove the equality:

g(X,r,) = g(X,F(N) - eAN) = g(X,F{N)) = g(F(X),F*(/V)) =
a a a a a a a

= j(F(X) + sw(X)/V, eN) = v(X)g(N,N) = w(X).
a aa a a .a

The third equality is obtained analogously. The fourth equality (16) directly 
results from the second one.

Similary, taking into account (I64), (12<) we obtain

0(q,q) = w(q)= 1 - e(A)4 . 
a a a a a a

The above equality implies the following conditions for e = 1 and Riemannian
a

metric g:
-1 < A < 1 , A # 0 , w(q) > 0 .

a a a a



On the Generalized >-»trncturea Induced on the Hypersurface in Riemannian Manifold 97

The second equality (16) and (14) give us

« A - eAA . 
di i d°d

Thus for each 3-structures we obtain

I. 9(n,n) =?(r/,n) = 0, pa a p
=1, a£0.

II. 9(7,7) = 9(7,7) = o, 
9(7,7) = 9(7,7) = 0,

=7(2^) = ®),

9(7,7) =1~^*> 

9(7,7) = *W=‘

Hl- 9(7,7) =9(7,7)= ^, 

.9(7,7) = 9(7,7)=®},

9(7,7) =9(7,7)=-®}, 

9(7,7)

9(7,7) =1_(|)î ’ 
7(7,7) =1-

IVl 9tytf = 9^'^ = 8}~ aj'

Making use of (I2<) and (144) we obtain

à( » A - eAA) 4- a( e A - eAA) + «(I - e(A)’) = 0. 
'l22 US7 'îll 2237 ' SV3Z
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We must compute the determinant of the matrix

A =

l-e(A)2 <A-eAA rA-fAA)
IT 23S 212 322 313'

eA-eAA 1 - «(A)’ sA-sAA)
133 112 2 2 311 328'

e A - «AA t A - «AA 1 - «(A)2 
L 122 11 3 211 22 3 s's'

det A = 1 + (A)4 + (A)4 + (A)4+

AAA(e e + e e + e e + e e + « e + e e + e e t + e e «)- 
1 23 123 132 213 231 312 321 122331 133221

-2(s(A)2 + «(A)2 + «(A)2 - 2(«(AA)2 + «(AA)2 + «(AA)2 .

For the I type of the 3-structures we have:

det A = 1
12 3

Thus a — a — a and the vector fields are linearly independent.
For the II type we obtain:

det A = 1 + (A)4 - 2(A)2 = [1 - (A)2]2.

The vector fields are linearly independent iff

1 - (A)’ * 0 .

For the III type we find:

det A = 1 + (A)4 + (A)4 - 2((A)2 + (A)2) + 2(AA)2 = [1 - (A)2 - (A)2]2. 

The vector fields are linearly independent iff

l-(A)2-(A)2#0. .

For the IV type we have:

det A = 1 + (A)4 + (A)4 + (A)4 + 8«AAA - 2((A)2 + (A)2 + (A)2)-
1 I 3 12 3 1 2 3

-2((AA)2 + (AA)2 + (AA)2) =12 'is' '23
= [1 - (A)2 - (A)2 - (A)2]2 + 8«AAA - 4((AA)2 + (AA)2 + (AA)21 . 

1 2 S1 123 "l 2 V13 23 1
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The vector fields are linearly independent iff

(I - (A)8 - (A)2 - (A)’]’ + 8eAAA - 4((AA)8 + (AA)8 + (AA)’j # 0 .

We have proved
Theorem 4. The vector fields are linearly independent for the I type.

For the types II, III, IV, we have: the vector fields are linearly independent

iff

1 ~ (A)2 #0 (П type)

1-(A)?-(A)’#O (III type)

(1 - (A)8 - (A)8 - (A)1]’ + 8sAAA - 4[(AA)’ + (AA)8 + (AA)’] # 0 (IV type)

I. A metric on the submanifold Invariant with respect to F. On a a
Riemannian submanifold A/4“-1 with the 3-structure {F,u,n} we can define such a a a
metric g that

g{F{X),F(Y)) = g(X,Y) (17)

for arbitrary X,Y € ГЛ/4*-1.
Considering an arbitrary metric g on Af4"-1 which satisfies (16) we shall look 

for a metric g on A/4*-1 of the following form

g(X, Y) = g{X,Y) + A[u(X)u(Y) + «(X)w(K) + w(X)«(K)| + В[ы(Х)«(У)]+ 

-Htf(*)"(V)l + ^(Х)«(У) + «(Х)«(У)) + D[u{XtyY) + «(Х)и(У)1.

We will choose the coefficients A,B,C,D in such a way that they satisfy (17). We 
must consider the system of linear equations

A = -1 + A[(A)’ + (A)’ + (A)’] + 2BAA + 2CAA + 2BAA 't' 's' ' 2S IS 12

В = -в в [AA + DA + <?A)
223 1 2 S’

C — —e e [BA + AA + BAI 
1131 1 2 з1

, B =-esjCA + BA + AA] (19)
1121 1 2 S1

В = eB1
C = eC

2

D = eD. s



100 M.Mftksym. A.Zmurek

We will find a solution of the system (19) for each of four types of the 
3-structures:

I. A = -1,B = 0,C = 0, D = 0 is a solution of (19). Thus we have

g(X, Y) = g(X, F) - MX)w(Y) + w(X)<4F) + w(X)w(F)]11 I i MM

II. We can rewrite (19) in the form

A = -1+A(A)2

B = -eAA 
, i

<7 = 0 

D = 0 .

The solution of this system exists, iff

(A)’^l (21)

and it has the form
A=—L_

(A)2 - 1 ’

-eX
R _ ____ i_ '

(A)2 - 1 ’

<7 = 0,

D = 0 .

Thus

g(X,Y) =P(X,K)+ (I^-ï^Y(X)u-(У) + ^^Y)^(У) + w(X)^(У)!-

eA 1 (22)

-(A)T-r^^(r) + Wr)’-

III. We can rewrite (19) in the form

B — eAA

C = -eAA
2

D = 0 .
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The solution of this system exists, iff

(A)2 + (A)2#1 (23)

and it has the form

A- 1
(A)2 + (A)2-l’

<A
B= (A)2 + (A)2-1 ’

-J A
°= ())2 + (A)2-l ’

I> = 0.

Thus

g(X,r) = g(X,y)+

♦(y+{)>*-! ++"<x^(r)]+

+(}).+*(>)■-1 [“(x)"(y)+* Wr)] - <M| IV.

IV. We can rewrite (19) in the form

A = -1 + A((A)2 + (A)2 + (A)2] + 2B AA + 2CAA + 2DAA

B = -»{AA + DX + CA]

C = -f[BA + AA + BA]

D = -e[CA + BA + AA]
1 l 2 3'

The solution of this system exists, iff

1(A)’ + (A)’ + (A)» - 1]’ + 8.AAA - 4[(AA)’ + (AA)> + (AA)’I i 0 (»)
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and it has the form

(A)2 + (A)2 + (A)2 - 1 - 2eAAA 
1 2 3' 123

A =

B =

C =

((A)2 * + (A)2 + (A)2 - 1]« + 8eAAA - «{(AA)2 + (AA)2 + (AA)2] 
eA[l-(A)* + (A)2 + (A)2]-2AA 

1(A)2 + (A)2 + (A)2 - 1]’ + 8«AAA - 4{(AA)2 + (AA)2 + (AA)2] 
«A(l + (A)2 - (A)2 + (A)2] - 2AA

1(A)2 + (A)2 + (A)2 - 1]» + 8eAAA - 4[(AA)2 + (AA)2 + (AA)2] 
eA|l + (A)2 + (A)2-(A)2]-2AA 

[(A)2 + (A)2 + (A)2 - l]2 + 8«AAA - 4{(AA)2 +'(AA)2 + (AA)2]

(26)

D =

The metric g has the form (18) with coefficients A,B,C,D given by (26). Theorem
4 and the conditions (21), (23), (25) imply the linear independence of the vector 
fields

Theorem 5. Let {F,w,»j} be a 3-structure on the submanifold A/4*-1. Then
there exists the metric g which satisfies the condition (17) iff the vector fields

are linearly independent. The metric g is given by (20) -1 type, (22) - II type, (24)
- Ill type, (18) with coefficients A,B,C,D given by (26) - IV type.

4. Eigenvectors of the tensors F and F. The real eigenvalues do not exists a a
for F,F2 = — I Let us assume thata Q

F2 = I (27)a

By k,X we denote the real eigenvalue and eigenvector of the tensor F, respectively.o
Thus F(X) = kX. Hence using (27) we obtainQ

X - F2(X) = kF(X) = K2XQ O

and
it2 = 1 . • (28)

I. Let us assume X — N. Making use of (8) and (11) we get

F(/V) = r, = 0 ,a a

w(7V) = A = k .
a a

Then the relations (12) can be rewrite as follows
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Fir)} = 0

u/(rj) = 0 , 
a a

wo F — — kw . 
a a a

Thus the 3-structure {F, w,r/} on M4n 1 is not complete.
II. Let us assume

F(X] = kX , A * N . (26)

The equality (8) implies
F(A) + w(A).V = kA . a a

Hence using (28), (29) and (12) we obtain

F(kF(A)) + w(A)N = kA .
a a a

kF(F(A) + w(A)/V) + w(X)(V = kA , 
a a a a

kA’ - Kw(A)r? + Kw(X)t) + w(A)7V + w(A).V = kA . 
a ' a a a a a

So w(X) = 0 and F(A) = kA. Therefore A € TM4n~l. a a
Thus we proved that the eigenvector A of F is the eigenvector of F.

It implies that A G TA/4*“1.
We will find ail eigenvectors of F. Let A G TA/4““1 and a

F(A) = pX
a

for some real p. Making use of the first equality (12) and (30) we get

F2(A) = e(X - w(A)rj) , F2(A) = pF(X) = p2X ,a aaa « a
e(X - u(X)ij) = p3X , (1 - ep2)X = w(X)n .
aaa a a a

The last equality of (12) and (30) imply

(w o F)(A) = pw( A) , -rAw(A) = jw(A) , (p+sA)w(X) = 0 a a a au a a aaa

Thus we have two possibilities:

1. p = -cA . 
aa

Then the equality (31) can be rewritten in the form

(1 - r(A)2)X = w(X)r? . w(r?)X = w(A)r? .

(30)

(31)

(32)
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(see (12)). The above relation implies that an arbitrary eigenvector of F and the a
vector tj = F(N) are iinearly dependent (In the case t — 1 we must assume that 

a a o
(Ą)ł # 1).

2. w(X) = 0.
tt

Then 1 - tp2 — 0. The real enginenvalues do not exist for e = ,-l.
a a

For e = 1 we have p = lorp=-l and we compute an eigenvector X from the a
condition w(X) = 0.

tt
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STRESZCZENIE

Niech M*n bedtie 4n-wymiarowa rótnkzkowalnę rozmaitością Riemanna z zadana na niej

»-strukturę {F} będącą uogólnieniem struktur rozważanych w pracach [1] i ,3). »-struktura 
tt

ta indukuje na hiperpowierzehni W4“-1 zanurzonej w A/4“ pewna »-strukturę {F , W, r?}.
a a a

W pracy tej badane sa algebraiczne własności tej »-struktury na hiperpowierzehni Min~ł.
W szczególności rozważania dotyczą metryki na Af4"-1 indukowanej prtez metrykę na Af4"

niezmiennicza względem »-struktury {F}. Następnie wyprowadzone zostały warunki istnienia 
tt

i poataś metryki na A/4"- niezmienniczej względem tensorów F. Rozważania w końcowe] 
a

części pracy dotyczą wektorów własnych tensorów F i F.

РЕЗЮМЕ

Пусть Л/4" есть 4п-мерное дифференциальное римановоемногообраэиес заданной на
нем обобщённой З.структурой {Е}. Эта 3-структура индуцирует на гиперповерхно- 

О
сти Л/4“ 1 погруженной в Л/4" некоторую 3-структуру {Е, и. Г,}. В данной работе 

а о а
изучены алгебраические свойства 3-структуры на Л/4" '. В частном случае рассма
триваем метрику на Л/4"-1 индуцированную метрикой на Л/4" инвариантной отно
сительно 3-структуры {Е}. Далее представлены условия существования и форма ме-

а
трики {Е,си , »7} нв Л/4“-1 инвариантной относительно тензоров {Е}. Дальнейшие 

а а о а
' рассуждения касаются собственных векторов для тензоров {Е } и {Е}.


