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SanfordS.Miller((1], p.554) posed the following problem : Let w(z) be a
function regular in E = {z € C : |z| < 1} such that w(0) = 0. Does the condition :

lw(z) + z0'(2) + -+ 2w 2) <1, z€E, 1)

imply that |w(z)| <l forz€ £ ?
S.S.Millerand P.T.Mocanu|5] have shown that this implication holds for
n = 2. This paper contains the afirmative answer to this question in the general
case. Moreover, the bound for |w(z)| in the general case obtained here is sharp
and equal -;— for n = 1,2,.... The author is grateful to Prof. J.G. Krzyz for his
encouragement and advice. :
Miller’s problem is related to Euler’s differential equation:

Lo 442w +w = f(2). 2)
It is easily seen that for any function f(z) regular in E there exists a unique solution
of (2) regular in E which can be obtained by comparison of Taylor coeflicients of
both sides.
.Let B denote the family of functions regular in E of the form:
g(z) = byz + bgz® + bgz® + -+ (3)

which satisfy [g(z)| <1 forz€ E .
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The above problem may be reformulated in the following, equivalent way. Is it
true that the holomorphic solution of (2) belongs to the class B if right hand side
of (2) belongs to this class?

We shall need the following :

Lemma 1. We have:

o0
def 2y -9 1 r 2 1
= k = - t —_ - - =10.3068... .
S ;_‘i‘(l+ ) 4[tCOht+(sinh1r)] 3

Proof. The function f(z) = (1 + 22)~? is meromorphic in the finite plane
C and has poles 1, —f none of which is an integer. Moreover, 'lim z2f(z) = 0.
— 00

N
These properties of the function f(z) imply that the limit N“T S f(k) exists
—t00
k==-N
and equzls to — res (f,7f(z) cot #z) — res (—1,7f(z) cot #2). The proof can be
completed by finding these residues (cf. [4], p. 69).
>

If g € B then obvieusly E 16¢]? < 1. We shall prove Miller’s conjecture under

k=1
this weaker assumption. Then we have:

Theorem 1. If w(z) is regular in £, w(0) = 0, and (2) holds for some n > 2
o0 -]

and all z € E with f(2)= zbi")z' such that S |b£")|2 < 1 then:

1 ]
lw(z)] £ $2 =0.5539.... (4)

The bound ts sharp for n = 2 and is attained for:

] S '
w(z)=5 23 (14837224, ()
k=1
l .
f(2)=5 2% (1+K)14, (6)
k=]
Proof. Suppose that n > 2 and:
w(z) =eyz+egz® +egzd +-0- ze kE (7)
J(2) =w(z) + 2w’ (2) + oo+ wl?(2) = bg""‘: + l).""l::2 + e, (8)

Heuce, for k£ < n we have:

8% = e[t + k4 k(k = 1) = k(k = 1)(F - 2) + - + ks
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if £ > n, then :
B = el + k+ k(k = 1)+ oo+ k(k = 1)(k = 2)- (k- n +1)].
Thus in both cases:
B> jeal(1+ k+ k2 k)= (1 + kD)), k=12,3,.... (9)

If n = 2 then the above inequality becomes to an equality. Now we will find an
estimate for the modulus of w(z). We have:

wE@ <Y el Y+,  zeE. (10)

k=1 k=1

Using the Schwarz-Canchy inequality we obtain :

i(ch’)-’ <VS§, z€E. (11)

k=1

- o0
'w(z)} € J e,

h=1

The example of functions (5) and (6) shows that the estimate (4) is sharp and this
ends the proof of Theorem 1.

The estimate (4) is sharp in a wider class then B, but is not sharp in B,
because the extremal functions (6) does not belong to B. Now, we shall give a
detailed solution of the S.S Miller’s original problem. First we prove:

Theorem 2. If w(z) is a function regular in E such that w(0) =0 and
lw(z) + 2u'(2)| € 1 for z € E then |w(z)| < —;-. This eatimate 13 sharp.
Proof. Put:
aw'(2) + w(2) = [zw(2)]' = 9(2)
where ¢ € B. Then we have:

zw(z) = JI;‘ -g(t)dt

N ] 1 1
u@l= | [ ared| < [eslstae = it
0 i~ Jo 2

1 ; 1
The last inequality implies |w(z)| < 3% ¢ € E. Consider now uw(z) = 7 Then
w(z) + 20/ (2) + - + 22 w*)(2)| = |¢] < 1 in E and |w(z)] < % in B Rhisshane

that the constant % is best possible in case n = 1. We shall prove that it is so for
n2>1 as well
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To this end we need following lemmas. A sequence (¢, ) of nonnegative numbers
is called a convex null sequence if t, — 0 as n — 0o and

tao1 — 6 2 6 — thy, k=§{3,-'- . (12)
Lemma 2. If ¢, = t7! satisfies:
0> (mana)’?, k=23, (13)

and lim s, = +00 then (¢,) is a convex null sequence.

Proof. From (13) and the well-known inequality between the geometric and
harmonic mean we obtain:

2 a2
it ) 1t

6 =0 > (1)) 2 G

which is equivalent to (12).

Note that the converse is false. The sequence ( exp (—n?)) is a convex null
sequence whereas ( exp (n?)), does not satisfy (13).

Lemma 8. (3], p. 103). Suppose (ta), t1 > 0 s a convez null sequence. Then:

pa) =14 3t
s =2

satiafics Re (p(2)) >0 for z€EE.
Lemma 4. Let hy = 1, hy, hg, ... be complez numbers, let g € B aatiafy (3)

and put T(g)(z) = S hyby 21, Then T(g) € B for allg € B if
k=1

3 .
Re (1 + th.z""‘) >0 forz €E.

k=2
This Lemma is a slight modification of a theorem due to Goluzin(cf.[2], p.

493). We now prove :
Theorem 8. If w(z) is regular sn E, w(0) = 0 and (2) holds for some n > 2

and z € E with f belonging to the claas B, then |w(z)| < ; The bound sa sharp

Jor all n and s attained for w(z) = %z and f(2) = 2.
Proof. As in Theorem 1 we put ;

w(z)=c1z+ep2® +egzd +---, ze kb, (14)

f(2)=w(z) +20'(2) + -+ + 2w (z) = o™ 4 8722 4o (15)
We have:

B =itk k(k—1)+ -+ k(k=1)(k=2)---(k=n+1)]. (16)
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Let us denote:

) = (L ke k(= 1)+ k(- l)(k—z)---(k--H-‘)l"l - (17)

If k is fixed then the sequence ti'l is weakly decreassing and t‘l"' = % for n > 2.
By the formulas (14)-(17) we have:

o0
2iw(z)| = |3 28l 41 = |T(s)(2)] (15)
k=1
Let us consider the function:
1 : x
p(z) = ;+Zt},‘]z"‘ (19)
k=2
We shall prove that forn > 2 :
Re (p(z)) > 0 forzekE. (20)

If n = 2, then tf’ =(1+k%)"" Letusput ¢, = (1 + k%), k =1,2,.... The
sequence (#;) satisfies the conditions of Lemma 2. By Lemmas 2 and 3 we obtain
(20).

If n = 3 then 43) = (k-2 +2k+1)"". Let usput o = [t{¥] 71 k= 1,2,....
The sequence (e¢) satisfies (13) for ¥ > 3 and tils) - t%s) > zi‘” - :g”’. The above

condition implies that sequence (t;,s)) is a convex null sequence. From Lemma 3 we
obtain (20). .

If n > 4 then
I o8 C (3
p(:)=z+23£ 1:""+Z[ti“-tbl]:"" ¢ (21)
b=2 CE I
By Lemma 3
’ L= <]
Re (E+£t‘:}z*"") >0 for z€E. (22)
=2

Now we will estimate a remaining term in (21):

o0 ] 00 o0 _ 1
Y - A s e < Ykt mo30 < 5 forzeE. ()
k=2 | k=4 k=4

From (22) and (23) we obtain Re p(z) > 0 for z € E. From the equality (20) we

have:

o
Re (4p(z)) = Re (l ~ S -lri'lz"") >0 forz€ E . (24)

=l
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Using Lemma 4 with k, = 2t£" and taking into account (24), (18) we verify
that T(f) € B and this gives an estimate |w(z)| < ‘— for z.€ E. The example

w(z) = ;—z, f(2) = z shows that this estimate is sharp.
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STRESZCZENIE

Praca dotyczy nastepujacego problemu Millera ([1], str.564): ®Niech w(z) bedzie funkeja
regularna w £ = {2 € C : |z| < I} taka, ie w(0) = 0. Cry warunek

fw(z) + zw'(2) + -+ 2*w®)(2)| <1, z€E

implikuje taletnoéé jw(z)| < 1 dlaz € ET
1
W pracy wykazano, ie s (1) wynika mocniejary warunek : |w(z)| < 3 da z € E.

PE3IO ME

B oanHoR paGote paccMarpusserca caenylomas npoSaema Munepa ([1), cTp.554): "IMycts
w(z) obosusraer pynxumw peryaspnyw 8 £ = {2 € C : |z| < 1} raxymn, wro w(0) = 0.
Byner an pepno, wrto ycroeue :

lw(z) + z0'(z) +--- + 2*w!*(2)| <1, z€E,

BACIET SABHCHMOCTH Iw(z)[ < 1 ana z € £ 1" B paSore nokasano, 1o us (1) sbiTexnst

. i o
CHNBHER LIEE YCAOBHE ¢ |w(z)! < 3 oz ecex z E E.



