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v 00
1.Let S denote the class of functions of the form: g(2) = z + Z bn 2z® that are

=3
analyticin U = {z: |z| < 1}. Denote by S*(a) and K(a), (0 < a < 1) the subclas-

'
ses of functions g in S that satisfy respectively the conditions: Re { z:(s) } >a

and Re {l+ ’:"(f)} >aforzel.

‘()
o ¢)
Let T denote the subclass of functions in S of the form: g(z) = z - S bRz®,
n=1
ba > 0. Also set T*(a) = TN S*(a) and C(a) = TN K(a). The classes T*(a) and
C(a) possess some interesting properties and have been recently studied in detail

by Silverman and others (See, ¢.g., [10] to [14]).
Let T denote the class of functions of the form:

h(z)=l-+ia.z", (L1)
5 a=xl
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which are regular in D = {z : 0 < {z| < 1}, having a simple pole at the origin.
Let ©5 denote the class of functions in £ which are univalent in D and £°(e) and
Tk (a) (0 € a < 1) be the subclasses of functions f(z) in ¥ satisfying respectively
the conditions:

zf'(3)
i { 1(z) } ) (13)
‘"d f"(2)
{ 1+ —— 73) }>a for z€U, (1.8)

it being understood that if @ = 1 then f(z) = 1/z is the oanly function which is
in £°(1) and £x(1). Functions in £*(a) and Ex(a) are called meromorphically
starlike functions of order @ and meromorphically convex functions of order o
respectively.

The classes £°(a) and Ex(a) have been extensively studied by P o m m e-
renke (7, Clunie(2], Kacamarski(5|, Royster(9| and others.

Since to a certain extent the work in the meromorphic univalent case has paral-
leled that of regular univalent case, one is tempted to search for a class of functions
which are regular in D with simple pole at the origin having properties analogous
to those of T°(a). To this end we introduce in this paper such a class of functions
which are regular in D and which demonstrate properties similar to those of T*(a).

Let £p4 denote the subclass of functions in Eg of the form:

f(z) = ; + E a,z" withay, >0 (1.4)

a=1

and let

In Section 2 we find necessary and sufficient condition in terms of a/, for a
function f in Ias to be in 3 (a). Sharp coefficient estimates are obtained, these
bounds being sharper then those obtained by Pommerenke(7] and Clunie[2].
Section 3 is devoted to obtain distortion properties and radius of meromorphic
convexity of order 8 (0 < é < 1) for functions in L3 ,(a). In Section 4 we study
integral transforms of functions in I}, (a). In Section § it is shown that the class
EX((a) is closed under convex linear combinations. The last section deals with
certain convolution properties of functions in' L} (a).

3. Coefllcient Inequallties for the class L}, (a). We first obtain a sufficient
condition for a function f(z) in ¥ to be in Z°(a).

o

Theorem 1 Let f(2) = %+ z aaz" be regular in D. If
a=1
[}
Y (n+o)aulsi-a (0<as<) (2.1)
a=1

then f(2) € £*(a).
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Proof: It is easy to see that (2.1) implies f(z) # 0 im D. Suppose (2.1) holds.
If @ = 1 then (2.1) gives a, =0 forn =1,2,...2and so f(z) =1/zis in T*(1). For
0 < a < I, consider the expression:

H{f,f)=zf'(z) + f(2)I = lzf'(2) + (2a = 1) f(2)! (2.2)

Replacing f and f’ by their series expansions we have, for 0 < |z| =r < }:

o0 | 00 |
H(f.f)= E(n+ l)a.z"' - :2(0 - l)% + S(n+ 2a - l)a..z": (2.3)
n=1 a=l
or
rH(L /) <)+ 1) aalr ™t -2 - a)+ Z(n +2a - 1)|a.rtt

2(n'+a)lagfr*t! - 2(1 - a).

I
b

Since this holds for all r , 0 < r < 1, making r — 1, we have:

H(,/')< Y 2(n+a)laa| —2(1-0a) S0 (2.4)

=1

in view of (2.1). From (2,2), we thus have:

PRTPA.
o I'(z) |
Re {__ ‘f(z‘; } ) o

Hence f(z) € £°(a).

0
Theorem 3. Let f(2) = %+ za.z', a, 2 0 be regular in D. Then f(2) €
a=1
T}/ (a) sf and only if (2.1) 1 aatisfied.
Proof. In view of Theorem 1 it is sufficient to show the only if’ part. Let us

1| — ts !
assume that f(z) = r + Z agz”, ag > 0is in B} (a), i.c.,

a=1

zf'(2)
n { )

Replacing f(z) and f'(z) in (2.5) by their series expansions we have:

} <-a, z€D. (2.9)

Re 2=l . <-a z€D (2.6)
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z2f'(2) .

values, (2.6) becomes:

is real and since a, > 0, making z — 1 through positive

When 2z is real

o0
-1+ E nag
a=1
o
14+ ) aa

a=l

< -a (2.7)

00
Since (l + 5_: a.) > 0, from (2.7) we have:

2 (n+a). <1l-a
n=1

Hence the result follows.

o0
Corollary 1. If f(2) = -i-+ Z a.z", a6, > 0 18 in E3,(a), then:
n=l
Yo—tyl- :
lag] € o n=12... (2.8)

with equality, for each n, for functions of the form:
l-a _

f'(z)=;+n+at

(2.9)

oc
Remark: It was shown by Pommerenke(7] that for f(z) = l;+ Z agz"

. a=1
L ; la). The coefficient estimates obtained in (2.8) are

in £°(a), one has |a,| <

sharper then the above estimates.
8. Distortion properties and radlus of convexity estimates.
Theorem 8. If f(z) s in D,'u(a), then:

| S, l -a
< < e —
- l+ar f(2)] < l+ar for O0<|z|=r<1. (3.1)
Equality holds for the funetson:
1 l-a .
= - = p .2
Si(2) - + iTa” at z=ur,r (3.2)

L

>
Proof. Since f(z) in L}, (e) implies that E(n + a)as €1 — a one has:

a=]

(l+a)Zc,5 2(n+a)c.<l—a,

=1 n=1
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or
- l-a
N g o (3.3)
= l1-a
a=| ']
Now
g T R %,
If(2)| = |—+Za.z" S'—_'+Za.|zl <——rrLu.f_
'ﬂ a=1 = a=1 a=l
Y (e N
<
- 1 +a

by (3.3) for 0 < |z| < 1. This gives the right side of (3.1). Also

~n

1 & n 1 = 1 i o
U(Z)IZ;.— Za,.r ZF—rE::a-z;_,l‘H]

a=l LEH

which is the left side of (3.1). It can be easily seen that the function f;(z) defined
by (3.2) is extremal for the theorem.
Theorem 4. If f(z) i in T},(a), then f(z) is meromorphically convez of order

1
(n+a)1-6) |n+1
n(n+2-48)(1 - a

6(0<é<1)mn lz|<7=7(a,6)=ir:f[

and the result 18 aharp /or each n for /uncu'ona of the form (2.9),

Proof.Let f(z) € £3,. In view of (1.3) it is sufficient. to show that:
2 (2)] | |
2+ for - |z| < ¥(a, 3.4
| | S1- l2| < 1@, ) (3.4)
where 7(a, 8) is as specified in the statement of the theorem; or equivalently, to
show that: () "y | :
i—w—l <1-4 for |zl < yla,p). (3.3)
f'(2)
Substituting the series for f'(z), (zf'(2)) in the left side of (3.5) we hava:
l‘w _1‘ s+l
|Sn(n-¢-l)a 2™ 5l Zn(n-o—l)a,.ln 5
iu=l J n=1
| 1 e ] )
| m—— 4 Sna Sl I—Enanlz("'l
{ ¥ a=1 i a=1
This will be bounded by 1 — 4§ if :
oo / o0
2n(n+!)a.|z|"“ <1 —6)( T‘m..|z|-+‘)
a=1 a=1
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or
oo

) Bhachdla P L PER (3.0)

Since for f(z) € L},(a) we have:

iﬁ"“’a.sl

l1-a
n=xl

(3.6) will be satisfied if

nn+2-4§). .. n+a
1-§ 1-a
for each n, or
1

gl ra0-6 1ok
lz] < inf [n(n +2-6)(1- O)J -

Sharpness can be verified easily.
4. Integral transforms. In this section we consider integral transforms of
functions in £3,(a) of the type considered by Bajpai(l] and Goel and Sohi(3].
Theorem B. If f(z) € L},(a), then the integral transform

= q(a, ).

F(z)= cj/l uf(uz)du, for 0<e<oo (4.1)
0

10 in L3,(8), where

(M+a)2+e)-c(l -a)
(I1+a)2+e)+e(l +a)’

B =(aye)=

The reault ss sharp for the function

) T
1+ o

[(z)=;+ 3

Proof. Suppose
I(z) =

N | -
+
i[Je
£
h‘

m
g
O

then

F(z)=e¢ fo o f(uadu = S+ B

It is sufficient to show that:

BN (n + B)can
Z (1-8)(n+ec+1) &1 (42)

a=]
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Since f(z) € £} (a) implies that 5_‘ (n Ta a < 1, (4.2) will be satisfied it
n= l

e(n + B) n+a

1-f)n+e+1) - 1-a

for each n or

(n+a)n+cec+1)—en(l —a)
(mn+a)(n+e+1)+e(l —a)

The right side of (4.3) is an increasing function of n, therefore putting n = 1 in
(4.3) we get:

g < 4.3)

(1+a)(2+e)—¢(l -a)

[ S .
(1+a)(2+e)+e(l —a)

Hence the theorem.

Remark. It is interesting to note that for ¢ = 1 and a = 0 Theorem 5 gives
that if /(z) € B}, (a) then F(z) = [ uf(uz)du is in 2;,(%).

8. Convex linear comblnations. In this section we shall prove that the class

I3, (a) is closed under convex linear combinations.
Theorem 6. Let

Jo(z) = -
f,(z)——+:+a: 0<a<1),n=1,2,. (5.1)
Then f(z) € B3 (a) if and only if it can be ezpressed in the form:
[(2) =" Aufu(z) with Ay 2 0 and 3" Ay =1. (5.2)
a=0 n=0

Proof. Let

J(2) = iA.I,(:) with A\, > 0 and i). =g

a=0 a=0

Since

Y Aafal@) =dofo+ Y Afal@) =

n=0 n=0
=(1- ZA )folz) + S,_‘,A.f.(z) =

a=xl a=]
_(1.2,\ 42 +§.\.( +n+o

SN
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and B
—-aon+a )
=]1-)\<
L'\ n+al—a .}:IA' l ost,
the coefficients of f(z) satisfy the coeflicient inequality (2.1). Thus from Theorem
2, f(z) € B}(a).
Conversely, suppose f(z) € S3,(a). Since

l1-a . L n+a ‘-ﬁ;‘
= forn=1,2,..., setting Ay = l—_;a,.,n: 1,2,... and o = 523 Anie

a=1

aq <

it follows that

1(2) =) Aula(d) .
n=0

This completes the proof of the theorem.
6. Convolution properties of functlons In Z3,(a). It was shown by
Robertson [8] that if

(o ) 30
1 _ 1
f(2)= -;+ E a,2" andg(:)=;+ E b 2"
a=1 =N
are in ¥s then so is their convolution

He)egl) = T+ Y aabaz®.
;- n=1

For functions in £} (a) much more can be said.
Theorem 7. If -

o

+Za,2“ \ 9(3)2

f(z) =

e | =
By | -

e

+ Z b.2"
a=1

are clements of L3 (a). then

h(z) = f(z)tg(z)_—+> anbgz"

a=1

18 an element of

Al—g) -

l o
The result is best possiblie.
Proof. Since f(z) and g(z) are in £3,(a), (2.1) gives

}_:——g-. <1 (6.1)

|

e
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and

“n+a
S ba S 1. (6.2)
;—:il—a

Since f(z) and g(z) are regular in D = {z: 0 < {z! < 1}, so is f(z)* g(=). Further,

2a

o nt+ —— o 2

z |;aza‘b-=zn(l+a);—2aa.b-s

a=xl | — - =i (l ¥ a)
+a*

<y (';*"),n.a. <{y 'l'j"a.) (E ';f"b.) <1
a=1 ‘\n:l s a=1 &
in view of (6.1) and (6.2). .Thus, by Theorem I,

2a

h(z) € E3,( ¥,

_ 1+ a?
The result is sharp with equality for

|l -a

[ =9 =2+
2 i

Z.

Remark. If f(z) and g(z) are in £3,(0), then, according to above theorem,
f(2)%g(2) is also in L3,(0), the result being best possible. This is in sharp conrrast
with corresponding result for T*(0) (¢f. Remark following Theorem 1 of Schitd
and Silverman|10]).

Theorem 8. If f(2) € E3,(a) and g(z) € EX,(7) then

a+q
1+ oy

)i

/ -
Jrg e Dpl

the resull being best possible.
Proof. The lines of proof are the same as thoses of Theorem 7! In fact:

haatT
0 = *® % o
. l+a&, .b,:_\,_‘n“ ay) + (a _1)d.b.$
Sy =1 = (-ai=q)
L3 CRY

o §dnt ollo $a) L EyPmba A Sy
= -al-7) \=4'T—a ]\ —

since f(z) € () and g(z) € Z3,(7). Thus

s @+
f-gc}.,‘“('—-—-—) 5

I1+aq
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The result is best possible for

1 1-a 1 1-¢4
f(z)—;+l+az, 9(:)—z.+l+1z.

Theorem 9. I/

L S i e 05 e e
J(2)= ;+‘Z=:l a,2" € Iy (@) andg(2) = ;+§ baz™ with [ba| <1 forn=1,2,...

then f 3 g € L},(a).
Proof.

n+a A n+a o= N+ a
Y. AREDY aalbal < Y T <1

_=ll—a _=‘l—a

a=1
Hence by Theorem I, f2g € L*(a).
Here it may be noted that g(z) need not even be univalent. For example, if
1 2
9(z) = - - 22", then

2 R S R g
= <l,butg(z)——‘—’—-z——;—’—(l+—z)—Ofor

3 3
3\ 1/3
= (—I) which lies inside D.
Corollary. If

/(z) € T}, and g(z).= ;+ e

an=l
with 0 < b, <1, for n = 1,2,..., then f 3 g € I},(a). o
Theorem 10. If f(z) and g(z). are in T}, (a) for 3 — 2v/2 < a < 1, then

R seye, (de-(1-a)
=24 35 @+ ) e ()

The result 1a sharp for the functions

)=+ oar=g(a).

Proof. Since f(z) € L}, (a) we have:

oo

En+a¢..‘§l,
l-a

a=1

(32e) as (i "“a-)' <1

ax=]

therefore
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Similarly
< (n+a) 2
Z(l_a) <y
a=1 .
hence - | o !
- "+°) a? +82) <1, (6.3)
X5 (i) @

We want to find largest § = f(a) such that

E'l'+ﬂ(a +82) <. (6.4)

On comparing this with (6.3) we see that (6.4) is satisfied if

n+pf l/rl-}-t:r\2
-8 S3\1=
or +
(———':_:)2—211
ﬁs—(_lfT:F_&)T— forn:l,z,.... (6.5)
L)
- a S

The right side of (6.5) is an increasing function of n, hence the minimum value
is obtained by setting n = 1. This gives

(:t:) it ta - (1 - a)?
ASPe)=- = w@isi<ar
( ) 42

l~-a

. 4a-(1-a)
Remark. Ii may be noted that the quantity m
0 < a < 8 — 2V/2 (compare with Theorem 8 of Schildand Silverman{10]).

is negative for
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STRESZCZENIE

o
+ Z aa2", regularnych w D = {z: 0 <

=1
< |z| < 1}. Przez £*(a), 0 < & < 1 oznacza sig podklase tej klasy, skladajaca sie ¢ funkeji

J, spelniajacych warunek:
"
Re I zf(z)})a, z €D,

U /(2

e | =

Niech L oznacza kiase funkejl f(z) =

" a przeg E;\l(a) podklase klasy £°(ar) skindajaca siq ¢ funkeji o nieujemnych wspdlezynnikach.

W pracy podano warunek konieczny i wystarczajacy na to, aby funkeia f € ¥ naleiala
do klasy E;u (a) Wykorzystujac ten warunek otrzymano twierdzenie dotyczace csracowsnia
wepdlezynnikéw, twierdeenie o znieksztaleeniu | wypukiodci funkeji f € I} (a) oraz pewne
rezultaty dotyezace kombinacji liniowych i splotu Hadamarda funkeji kiasy Eh{a).

PE3IOME

1 o
Mycre L oSosnauner xaace dynrunn j(z) = ; + Z a.z‘. PEryAsapHMX b D= {z :
P e

0<|z|] <1}, E%a),0 < a <1 ranccdyncuna f raxux, xro

2) |z
Re § — }:i))} > a, 2 € D. Yepes 2?\4(0) OGOSHETIMM MOOKABCC KABCCA 2-(0) oy
RIS TSy T HKTLY R TARL AR Pk OO G A - B pafore paccuaTpHBreT-a

KOHEWHMOE M AOCTATOWHOE ycAoBHe Hs TO, XTOSM dynruma us L npunamiexnia g kaacey
E‘M(a). ABTOpPHI NONYIBIOT OUECHKH KOODPHUHEHTOB. TEOPEMAI O 2eHOPMHPORKE ¥ BRIMYKAO-
crn GyHKUHR M3 m,(a) M OpYTHE PESYyALTATL.



