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Introduction. Let A = {z : (2! < 1} and let A denote the set of functions
analytic in A. Then A is a locally ennvex linear topological space with respect to
the topology given by uniform convergence on compact subsets of A . A function
[ is called a support point of a compact subset F of A if f € F and if there is a
continuous, linear functional J on A so that Re J(f) = max{RelJ(g): g € F} and
Re J is nonconstant on F. We denote the set of support points of such a family
by supp F and the closed convex hull of such a family we denote by HF. Since
HF is itself compact, the set of extreme points of HF which we denote by EHF
is non-void.

A function f € A is said to be subordinate to a function F € A if there exist
® € A such that #(0) = 0,|6(z)] < 1 and f = Foo . We let By denote the
set of functions & € A and satisfying |¢(z)] < |zi(|z| < 1). The set of functions
subordinate to F we denote by o(F) and note that ¢(F) = {Fod: 94 €B}. Itis
known that supp Bg consists of all finite Blaschke products which vani.h at the
origin i1],{4l. If F € A it was proved in |2} that supp ¢(F) C {Fo¢ :0 € supp Bu}.
This inclusion was proved in i6i under the additional assumption that F'{z) = 0
for z € A. :

In recent years a number of proofs of the Riesz-Herglotz representation for

. (: e ‘) have been given {5!,[8]. The basis of these arguments has been a proof
-7

that Ee (: = :) — {: 0 i [zl = l}. The desired representation formula then
-z -2z
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follows by appeal to Choquet’s theorem (9] or to the Krein-Milman theorem and
the weak star compactness of the set of probability measures on 8A.

In this short note we give a new proof of the Riesz-Herglotz representation. The
proof uses the knowledge of supp By mentioned above [1],[4]. It also depends on
the observation made in [7,p.02] that H F = H( supp F NEHF) for any compact

- 1
family F contained in A. We note that s (I £ :) =He (l ¥ :) since : %%

o is

convex and univalent. Also, in [6] the set supp ¢ was exactly determined.

We do not use this result since its proof depended in part on knowning the Riesz
- Herglotz representation.

We also give a new proof a generalization of the Riesz — Herglotz formula that
was proved in [3] by D.A.Brannan,J.G.Clunieand W.E.Kirwan.

The Rlesz-Herglots representation. Theorem. A function p € s (: . i)

sf and only if there ss a probability measure p on A such that

;a(:)=/l L2200 (sl <1). (1)

s=1| oy
+z -
since
-2

) has the form (1). It is known that

Proof. It is clear that each function p of the form (1) is in ¢ (:

is univalent and convex in A and Re p(z) > 0, p(0) = 1.
1+

1—-2
supp ¢ (-:—t—:) G {u— ¢ € supp Bo} (2], [6]. It follows from the fact that

-2

We now prove that each p € s

1
é € supp By and from lemma 4 in (4,p.82] that
5" DMy (<Y @)

where 0 < Ay < 1, Za\.:land l2el =1 (k = 1,2,...,n). Also, Ay =1

for some & if and only 1f ¢(z) = zz for some |z| = 0 It follows from (2) that if

¢¢E (:t ) Hence

¢ € supp Bg and ¢(z) # zz for some |z| =1 then
we deduced that

142 14z 1+z2
“:Pp'(l-:)nE'(l—:) c {l—u £ lzi-l}.

However, it is known in general that {F(xz): [x = 1} is contained in £H ¢(F) and
supp ¢(F) for any nonconstant F in A [7,p.50p.103]. So it follows that

suppo(:fZ)OE (:t:):{:t:: |I|=l.}. | (3)
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The proof that (1) holds can now be completed from (3) by appealing to the
Krein - Milman theorem and the weak star compactness of the set of probability
measures on 3A or by apealing to Choquet’s theorem [9].

Remark. The two proofs given in [1] and [4] that supp Bg consists of all finire
Blaschke products which vanish at z = 0 are independent of the Riesz - Herglotz
representation. We note that in [6] the set supp Bo was exactly determined by
an argument that depended on the Rijesz-Herglotz representation. In the previous
theorem, we reversed the procedure and obtained the Riesz-Herglotz representation
from the exact knowledge of supp By.

Finally, we give a new proof of the well known generalization of the Riesz-
Helglotz reprezentation that was proved in (3l.

a
Theorem. If a function [ E s ((llﬁ-—c:) ) where @ > 1 and |¢| < 1 then 13

a probabslity measure p on 8A such that

= (e ) aum e <.

&3

Proof. We assume a > 1 since a = 1 was essentially treated in the previous

theorem. By arguing as in the proof of the previous theorem, it is clear that we
need only prove that

1+ez\" I 1+e2\®) _ [[1+ex2\°® ,
’“"”'((1—:) )n“"((l—:) )&{(1-“) """}‘
i . 1+er\*\ _,
To prove this inclusion suppose f € supp s = ) We have

1

I(x) = (IT-E_%%)) for ¢ € supp By [2.6]. Note that for any |z| = 1,

a—1 -\
(l+cxz) (1+c¢(z)) is In o((l+c‘) ) since @ > 1. Now assume
1 —xz 1-9¢(2) 1-2

that ¢(z) #'zz and write A chofie) T l+cxk. where 0 < \; < 1,
1- ¢(:) ;—1 - Xk 2

g & a
Z'\' = 1and fz| = 1 (k = 1,2,...,n) [4]. If we write (1+Cd{’)) =
k=1 1-4(2)
1+ 2d(2) (1 ""’4‘(3)) and use the facts mentioned above we see that f ¢
l-9(2) \ 1~ ;p(:)

EHs ((ll+ C:) ) We conclude that ¢(z) = zz and the inclusion is proved.

The theorem now follows from the Krein - Milman theorem and the weak star
compactness of the set of probability measures on JdA.
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STRESZCZENIE

W pracy podano nowy dowdd reprezentacji Rleaza-Herglotza. Dowdéd Jjest oparty na tym,
te tbiér punktéw podparcia funkcji analityeenej ograniczonej w A = {z P2l < l} zawiera
wazystkie skoficzone produkty Blaschke’go.

* PE3IOME

B asHsof paSore NOABHO HOBOS AOKASATENLCTBO Npencrapackus Puca-Tepraorua. [lo-
KBSATEALCTRO ONUPAETCA HA TOM ,NTO MHOXECTBO ONMOPHLI X TOYEK AMAAKTHNCCKOA OrpAHM-
wetinod ¢ymxuun s~ = {z ] lzl < l} BKAIONALT BCE KOHEeUHMe nponykTh Baginke.



