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On Normality of Almost r-paracontact Structures
O normalnosci struktur prawie r-parakontaktowych

O HOPMBABHOCTH MONTH F-NBPBKOHTBKTHLIX CTPYKTYP

An almost r-paracontact structure L = (i, £;3,7'") © =1,....r on a manifold

M is normal if and only if: N(X,Y) = N,(X.Y) - 2dn (X, Y)& = 0, (2], where
N, is the Nijenhuis tensor of . In this paper we give one more algebraic charac-
terization of normal almost r-paracontact structures and define the notion of the
weak-normality and give its geometric interpretation.

Definltion 1. [2]. £ = (¢,&,....&nn",...,n") on a manifold M is said to
be an almost r-paracontact structure if : :

n' (&) '—'5} s N =hK¥....r; (1)
ol G =T0) o, 5 = INEE AL (2)
Bop=0, §=1,2....r, (3)

p’=1d -n'®& (4)

where ¢ is a tensor field of type (1.1); &,..., §,are vector fields and
Nt ...,n" 1-farms on M. '
Put

&(X.Y):N,,(X.Y)—zdn'(X.Y)f.- p (S)
NY(X,Y) = (apx)(¥) - (apyn*)(X) (6)

Ni(X) = ~(agp)(X) | ()
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N4 (X) = ~(agn’)(X) ®)

where axis the Lie derivative with respect to a vector field X. ;
Theorem 1. [2]. An almost r-paracontact structure & = (p,f(;),n('));=‘.._.,,

1

on M is normal if and only {ff N = 0.

Define: ]
DY = {X; pX = X},
D= = {X; ¢X = -X}, (@)
D° ={X;pX =0}.

We also have: .
Theorem 2. (2]. An almost r-paracontact structure T = (p, E{;},ql'l);-:l,...,.-

4
on M is normal if and only if Nj = 0,(£.&;] =0, 1,5 =1,...,r and the distribu-
tions: D*, D=, D* ® D° ,D~ ® D° are integrable.

Let M and M be manifolds and £ = (g, 6(51,13.-(;],4__.', and I = (p, ?(.‘hﬁ‘“)i:l.".,v

be almost r-paracontact structures on M and M respectively. A vector field X on
M will be identified with the vector field X on M x M as follows: X(,3) = X, + Oy

for (p,f) € M x M . where Oy denotes the zero vector of M at p. Similary, we
identify X on A with X on M x M as: X(,,5) =0, + X5. Let X=X + X bea
vector field on M x M and put:

F(X+X)=pX +7 (X)& +2X +n' (X)E, . (10)

It is easy to see that : F? = Id ;.57 , 80 F is a tensor of an almost product
structure on M x M.

Remark 1. Observe that when M =R’ , =0, E = % , ; =dt' the
definition (10) becomes (7) from |2].

If T is an almost r-paracontact structure on /N then we define the following
tensor field ¥ of type (1,2) and differential 2-forms ' on M:

B(X,Y) =plX,Y]|- [pX.¥] - (X, 00 + ploX, oY |+

1
+{(X)n'(¥)) - (pY )(n' (X))} & , L,

#(X.Y) = n'[X. Y] - X(0'(Y)) + Y (0 (X)) + n'[e X, pY] . (12)

Similary we define ¢ and 8 for € on M. Now we prove the following:

I.emma 1. Let £ and T be almost r-paracontact structures on M and M respec-
tively. Then the induced on M x M an almost product structure F given by (10) is
integrable sf and only if the following conditions are satssfied :

v=0 and [Et"fjl=0v l',}.=l.2.--.,f ’ (13)
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v=0 and [§.&|=0, ij=12,...,r. (14)

Proof. All calculaticns are similar to those in {1], so they are omitted. The
integrability condition of the induced almost product structure F on M x M is the
following:

FIX+X,Y+Y|+F[F(X+X),F(Y +Y)| =

] L 1 A = (15)
= [FX+X),Y+T |+ [ X +X.FY +T)] .
The first term of the LHS of (15) is: i
FIX+X,Y +Y|=F(X.,Y]|+(X,Y]) = 9

ol X, Y]+ 7T [X, V)& + B,V + 0 [X, Y& .
The second term of éhe LHS of (15) is:
FIF(X+X).F(Y + )| = ¢ [pX +7 (X)&. 0¥ + 7 (N +
+7 [PX + 0/ (X)E;,BY + 0/ (Y)E;] &+
+% [PX + n'(X)E,8Y + n/(Y)E;] + (%)
+1' [pX + 7 (X)&r 0¥ + 77 (V)$1 it
+f‘(.¥, Yy }’, ?)fi ar T(‘era Yl ?)?n )
where
(XX Y,7) =7 (X)E(n' (V) + o(X)(n' (V) — o(¥)(n' (X)) = 7 (V) &(n' (X))
F(x,X,v,Y)= 7 (X)), (V) +7X) 7 M) -7V (D)) -n/ (V)E,(7 (X)).
The first term of the RHS of (15) is :

PX+X).Y +7] = [pX +7 (X6, Y] +

Ifegke ELT LR (18)
+ [BX + 0" (X)E, Y] - V(I (XNE - V(' (X)E; .
The second term of the RHS of (15) is:
X+ X.F(Y +Y)| = (X, oY + 7(V)&)+ (19)

+iX,8Y + n(V)&| + X(n(Y)E + X(HY )& .
Hence, (15) is equivalent to the following two identities:
PIX, Y]+ ploX +FX)E, oY + 7Y E1+ RIX, V&G
+7PX +n(X)E;,BY + (V)& )6 + (XX Y, V)& = (20)
= [pX +7 (X)&, V| + (X, e} + 7 (N)&] + XT (N)& - FIT (X))
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PIX, Y|+ B(pX + 0 (X)E,8Y +n' (V)& + 0’ (X, V|E+
+1'lpX +A(X)E;, 0¥ + P (NEIE + T (X, 1, V)E) = (21)
= [PX + 7' (X)€Y + [X,8Y + n'(Y)&] + X (n* (Y))E; - ¥(n' (X))E; .
Now, putting X =¥ =0 in (20) and (21) we get:

(X, Y) +n' (X)) (VW (E, €16 =0 , (22)
8 (X, V)& +n (X’ (V)P(E. &1 =0 . (23)
Putting X = Y =0 in (20) and (21) we have:
7 X, D& +7 @7 Dl &) =0 , (24)
$(X,Y) + XMV (&, &€, =0 . (25)

Putting X = ¥ = 0 in (20) and (21) we have:
ple X, 7' (V)& + 7' [0 (X)E, 8T & - (X0 (N)&] - 7 (D& (' (X))& =0, (26)
Bl (X)&, BY | +0'[0X, 7 (V)& ~ [n' (XE, Y]+ (X)E;( (V)6 = 0. (27)
Inserting X = ¥ = 0 into (20) and (21) we obtain:
ol (X)6i, oY |+ 77 [BX, 0 (V)16 - [T (X)&, Y]+ 77 (X)&;(n' (V))& = 0, (28)

BBX,n' (V)] +n' 7 (X&), ¥ & = (X n' (V)E ] -0’ (NE,(X)NE = 0 . (29)

The system of identities: (22) through (29) is equivalent to (20), (21). We have the
following identities:

¢(x’€i)=¢[x1€i]°[¢x’&] ’ l'=l,...,r ’ (30)

(X, Y)+ 09 (X,Y) +0' (X)¢(&, oY)+ 8 (X.V)E = n' (X)P (Y)[&,&] - (31)

We may write similar identities for the structure ¥ on M It is easy to verify that
the LHS of (26) may be expressed as:

LHS of (26) = 7' (V)P (X)[6:, &) + 7 (P)b(pX, &)
and the LHS of (27) in the following way:
LHS of (27) =n'(X)$(¢,,8Y) - (X)W (N(E,,E;] . (33)

Moreover, (26) is equivalent with (28) and (27) with (29). Now, if we assume that
F is integrable, then acting with n* on (24) and with #* on (23) we obtain:

#(X,Y)=F(X,¥)=0 . (34)
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Hence and from (23) and (24) we get:
W[fh f)l =0 and 5[3.-.?;] =0 . (35)

Putting X = &, Y = & in (22) and X = &, ¥ = ¢, in (25) and making use of
(30) and (35) we obtain:

n'l&. &l =7"&. &) =0 . (26)
Hence, from (22) and (25) we get:

v=0 and ¥=0. (37)

Because of (35) and (36) we obtain:
(6,é1=0 sod [§,&]=0 (35)

and this means that (13) and (14) are satisfied. Now, if (13) and (14) are satisfied,
then from (31) : = 8" = 0 and from (32) and (33) all identities (22) through (20)
are fulfilled, and F is integrable.

In case of M = M and £ = T we give:

Definitlon 2. An almost r-paracontact structure £ on a manifold Af is said
to be integrable if an only if the product structure F given by (10) on M x Af is
integrable. We have the following:

Theorem 8. Let L = (p, e“l‘"(ﬂ)l l be an almoat r-paracontact structure

on M. Then L is integrable if and only ::'/t.};'c"/ollom'ng condslions are salisfied:
=0 and [&,&]=0, 5. =1,...,r. (39)

Combining Lemma 1 and Theorem 3 we get:

Theorem 4. Let T and £ be almost r-paracontact structures on M and M
respectively. Then the induced by © and £ almost product structure F on M x M
i sntegrable if und only if £ and T are both integrable.

If in Theorem 4 we take M = R and £ = (0, d%’dti) then we get:

Theorem B. An almost r-paracontact structure & on M is integrable if and
only isf T is normal.
In particular we have:

Corollary 1. An almost r-paracontact structure £ on M is normal if and only
i/ the condition (89) is satisfied.
Let:

Fi=p-&on ) BR=p+&on ,
then:
Fl=F}=1d

Analogously as in [1] we can give the following:
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Definitlon 8. An almost r-paracontact structure £ on M is said to be weak-
normal, if both almost product structures F, and F, are integrable. Similarly as
in [1] we prove: :

Theorem 6. An almost r-paracontact structure ¥ on M is weak-normal sf and
only sf:

Y(pX,pY)=0, (40)

(o) X,&)=0, s=12,...,r (41)

Jor any veetor fields X and Y on M.

We also have:

Theorem 7. If an almost r-paracontact structure & on M s normal, then T
is also weak-normal.

Now, we give geometric interpretation of weak-normality of an almost
r-paracontact structure .

Theorem 8. LetY = (p, 5“},11{‘]) be an almost r-paracontact structure '

I=1yenr

on M. Then the followsng condstions are equivalent:

() T ia weak-normal. '

(1) The distrsbutions D+ , D~ , Dt + D° , D~ + D° are integrable.
Proof. We have: |

D* = {X;pX = X} = {X; A(X)= X} =D ;
D ={X;pX =-X}={(X;Fm(X)=-X}=D"F
On account of Lemma 2 from (2] we have:
D*+D° = {X; R (X)=X}=D*f ; D~ +D°={X;F(X)=-X}=D""1 ,

In virtue of the definition of the weak-normality and Remark 3 from (2] both con-
ditions are equivalent. From Theorems 2 and 8 we obtain:

Theorem 9‘. Weak-normal almost r-paracontact structure & on M is normal
sf and only f: N'; =0and [&,&] =0, i =1,2,...,r.

We also have the following:

Theorem 10. For an almost r-paracontact structure £ = (gp, fm,q“))

1= lyeeny?
on M the following conditions are equivalent: e

(5) ¥(eX,pY) =0 ,
(51) The distributsons Dt and D~ are sntegrable.

Proof. If T satisfies ¢(pX,pY) = 0, then for X , ¥ € D" we have:
0= ¢(pz,py) = ¥(X,¥) = 2(p[X,Y] - [X,Y]) or [X,Y]€ D*.
For X , Y € D~ we have:
0=¥(pX,pY) = $(X,Y) = 2(p|X,Y]+ (X,Y])
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which means that D™ is integrable. Conversely, let D*¥ and D~ be integrable.
Then for X,Y € D* X, Y € D~ and X € D*,Y € D~ we have: -,b(sz,goY) =0.
Now consider an almost r-paracontact £-structure:
= ( Id -n ®6.,$(.),n( ))|=1 K From Theorem 12 [2] we know that L is
normal if and only if: dn' = 0 and [§;.&] =0, ¢ = 1,...,r. Now we prove the
following:
Theorem 11. An almost r-paracontact &-structure £ on M 1s weak-normal of
and only f:
(s) dn =n'Ad*' , foreomel-forma' ,s=1,...,r
('-'.} l&)fj] ='I.[fhfj]fb ’ '.: j ' k= L...,r

Proof. In our case: D+ = {X;n*(X) =0}; D~ =0; D°= Lin {&,....&,}. If
T is weak-normal, then these distributions are integrable, and since D+ is described
by means of Pfaff’s system n' = 0, ¢+ = 1,...,r, then the integrability of this
distribution, from Frobenius’ Theorem, is equivalent to: dn* = n' A a', for some
1-forms a*, s = 1,...,r.

Theorem 12. For any almost r-paracontact £-structure T the following condi-
tions are equivalent:

(i5) dn' =n' Ad' for some 1-formas a'.
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STRESZCZENIE

W pracy podajemy warunkl algebraiczne charakteryzujace normelncdé struktury prawie r-

Parakontaktowej. Ponadto wprowadamy pqjecie slabe) normalnodel | podajenty Jej interpretacje
geometryceng.
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