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€ OTPHUATEAbH LMK KOSDDHLUHEHT BMH

1. Introduction. Let S denote the class of functions normalized by f(0) = 0,
J'(0) = 1 that are analytic and univalent in the unit disk U = {z: |z| < 1}. A
function f € S is called starlike of order a (0 < a < 1), denoted f € S*(a), if

v
Re (‘;(S)) > a, z € U, and is called convex of order a, denoted f € K(a),

if Re (l + !f;())) > a, z € U. Further, let T, T*(a) and C(a) denote the

subclasses of S whose elements can be written in-the form

f(z):z—f:la.lz' JUEEU . . (1.1)

The Hadamard product (convolution) of two power series:

f(2) =) anz®

and
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is defined as the power series

(feg)(z)= Zdnbuz. .

a=0
Let
D"fi-)._f(z)t—m—l y a>-1. (1.2)
In the sequel, we let
[Tk+a-1)

C(a,n) = TN 2 (1.3)

(n-1)!

Thus g
S S

n=3

Let R, denote the class of all analytic function f(z) satisfying the relation :
] Dd‘i’l!(z}
De f(z)

Ruscheweyh (3| called this class prestarlike of order a, see also Al-Amirill].
Ruscheweyh obtained the basic relation R, C Rg, a > B > -1. Since

Re

>%, a>2-1, zeU. (1.4)

Ro=S* ( ) c S, it follows that R, consists of univalent functions

for at least a > 0.
Now we introduce the class of all analytic functions f, denoted f € Ry(a)
(@ >0,0< B < 1), satisfying

D**1f(z) a+28
Dof(z) ~ 2(a+1)

=r(a,f), 2€U . (1.8)

R.Jenkovic,see [3,p.71], has shown that Ro(a) consists of univalent functions and
the number r(c,0) can not be replaced by any smaller number without violating the
univalence property of the class. Consequently, Ry(a) C S. Further R)/3(a) = Ra
and Ro(B) = 5*(#). We call Rg(a) the class of prestarlike functions of order @ and
type B. Let

Ts(a) = TN Ry(a) . (1.6)

Note that T5(0) = T°(8) and Ty, /3(0) = C(p) for0 < B < 1.

The purpose of this note is to investigate the class T'3(a), the class of prestarlike
functions of order o and type 8 with negative coefficients. In section 2, we obtain a
sufficient condition for a function f to belong to Rg(a) and show that this condition
is also necessary for the subclass of T (). In section 3, some distortion and covering
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theorems are obtained for I'j(a). Further, in section 4. we obtain the order of
starlikeness for T3(a). In section 5. a sequence of fanetions {fo}. fo = Tilo)
n = 2,3,..., which characterized the class T5(a) is determined. Finally, we show
that if f and ¢ are in Tj(a) so is their Hadamard product f s g.

Some special cases of our results can be found in Merkes et al.|2:,
Silverman (5[, and Silverman and Silvia i6l.

In the sequel we shall assume that, the coefficients of a function in T3(~) is given
by (1.1) unless otherwise stated.

2. Coefilclent Inequalitles. We begin with a theorein that relates the order
and type of Rg(a) to the modulus of the coefficients.

Theorem 1. Let

fl2)=z+ za.z" |
=2

i

~
> (en+a-23)Clayn)iaal S 2+a =24,

=2

then f € Rgla). a > 0.0 < # < |, and where Cla,n) aas given by (1.3).

a+l
Proof. It suffices to show that the values for Bt lie in a circle centered at
o _n
w = | whose radins is M
2{a + 1)
Thus
| De+lf(2) . ll _|De* () — Do f(2)! <
D MR - S B ()t
}:(C’(a +1,n) - C(a,n))la,|!zi*"?
< a=2 % <
1- 3 C(a,n)laa} |2
= =2
Y Ca,n)(n - Dlaal/(1 - a)
< 8=2
= 0
1Y Clayn)jaa]
since from (1.3).
A (d+n)Cia.ni
Cla+in)= —————

I1+a
The right hand side of the inequality is bounded above by '

2+a—2t_i_
2(1 +o)
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provided

00 'l o0
23" Cla.n)(n - 1)laa| < (2 + a - 26) ! 1= C(a,n)!a.|)

n=2 . NS a=2

which is equivalent to the inequality given by the hypothesis of the theorem. The
proof is complete.
For functions in Tg(a), the converse is also true.

Theorem 2. A function f(2) = z - E laa|2® 18 in T;(a) if and only if

a=2
s.__:(Zni-a-Zﬂ)C(a,n)la.IS2+a—2ﬂ , a>20, 0<f<1. (2.1)
n="2!

Proof. In view of Theorem 1. we need only to show the necessary part. From
the identity

z 'y z ‘{ a L= 1 z e
(1+z)*? " (1-z)o+! \at1l 1-z a+1 (1-2)2)° i

one can easily show
2(D° f(2)) = (a + 1)D** ' f(2) — aD f(2) . (2.2)

Using the definition of the class T3(c) and (2.2) we observe that [ € T3(a) implies

D feT*(f - g—). It is known from Merkes et al. (2] that g € T*()) if and or-ﬂy
if Y '

oo

PIACEDVIAES TP

a=2
where

oa)=z2-) lbala® .

a=2

Applying this inequality to
g(z)= D*f(2) = z- ¥ Cla,n)lanls* ,
a=2

we obtain (2.1) immediately. The proof of Theorem 2 is now complete.
Corollary 1. Let f € T3(a), @ 20,0< f < 1. Then

2+a-28
(2n + o - 28)C(a,n) ’

aaj =

=2,3,... . (2.3)
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Equality holds only for the functions

" 24+a-28

@nte-28)C@m)” (2.4)

Ja(2) =2~

Remark. Theorems 1,2 and Corollary 1 have been shown by Merkeset al.
[2,a=0,0< 8 <1andSilvermanand Silvia[6] g = . and a 2 0.
8. Distortion and covering theorems. In this section we apply inequality

(2-1) to obtain some distortion and covering results for T5(a).
Theorem 8. Let f € Tg(a),a 20,05 S < 1. Then

r-M(a,p,2)r* <|f(2)] <r+M(a,B,2)r?, vhere|z|=r<1 , (3.1)

and where
2+a-48

4+a-20)(1+a)

M(a,8,2) = (3.2)

Eguality only for

)=z~ “+:t:p_)(f+a):’ , @tz=ctr .
Proof. Let
"m e d i +2°+_azf );;(a’ R R
Then .
oty < BT D
provided

n2n+a-20)<(n+a)2n+2+a-28) ,

which is clearly true for the specified range of @ and 8. Thus A(a,f,n) is an
increasing function of n. Since C(a,2) = 1 + a, the above result and (38.3) imply

A(aﬂgn") 2 A(alﬂlz) - m ’

ne2,3,.:. , (3.4)

where M(a,_ﬂ,!) is as given by (3.2). Combining (2.1) and (3.4) we get

A@,5,2) Y laal < 3 Ay A n)lanl < 1

which implies
Z |¢l| < M(O,ﬂ, 2) (3.5)
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Applying (3.5) to

=) o0
r- leal? SY@ISr+) loalr® , Jsl=r
a=l a=3
we get (3.1).
Corollary 3. The unit disk U 1s mapped under any function f € T3 (a) onto a
domain containing the disk

a? +2(2-fla+2

Wls G naTa-2p) °

a20, 0<f<1.

This result 18 sharp for f2(z) given by Theorem 8.
Proof. Let r — 1~ in Theorem 8.
Theorem 4. Let f € Tg(a),a 20,05 8 <1. Then _

1-2M(a,8,2) < |f'(2)| S 1+ 2M(a,B,2)r , for|zl=r <1, (3.4)

where M(a,f,2) w given by (3.2). Equality holds only for f3(2) of Theorem 8 at
ZI=Ikr]
Proof. Let

1

= < o 1 A where M(a, 8,n) is given by (3.3) .

B(a,p,n) =
An argument similar to the one used in the proof of Theorem 3 shows that B(a, §,n)
is also an increasing function of n provided a? + a + 28 + 2a(n - A) > 0, which is
true for the stated range of @ and 8 and for n > 1. Thus B(a, §,n) > B(a,§,2),
n = 2,3,.... This inequality and (2.1) yield

B(a,ﬂ,z)inla.l < ZB(a’ﬂ’n)'nIa-l 1.

=3 a=3
Consequently, g
E nje,| < 2M(a, 5,2) . (3.5)
a=J

Applying (8.5) to

1-Y nlsl? < IFE)S1+ Y nlal?

we get (3.4).
Remark. Theorems 3,4 and Corollary 2 have been shown by
Silverman (8}, =0,0< A <1,and by Silverman and

Silvial6] @ >0, f= ;
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4. Order of starllkeness and related problems. The following theorem
determines the order of starlikeness of the class Ti(a).
Theorem 5. If f € T3(a), @ >0,0< f <1, then f € T*(N), where

_a’+3a+2(1-0)8
T a4+ 4a+2-2a8

Eguality holds only for

.y 2+a—2ﬁ &
(4+a-280)(1+a)"

Proof. Theorem (2.2) shows that f € T*()\) if and only if

f2(z) =2

~ -\
Y il - (4.1)
a=2
and f € T () if and only if
-?nzn-&a—z.ﬁ.
3 Trasap Clmelst . (42)

Consequently, it suffices to show that (4.2) implies (4.1). However, this is the case
if ;
24+a-28 n-2A 1

. . o e
2n+a-23 1-\ C(ayn) ~

Since g(a,1) = 1, we need only show that g{a,n) is a decreasing sequence of n. In
view of (1.3), g(a,n + 1) < g(a,n) whenever

gla,n) =

n(n+1-2) n-2\

-

(n+a)(2n+2+a—2ﬂ)h n+a-28"

or, equivalently, when
h(a,n) = 2an® +n(a® +a-2af+28-2a2 - 2)\) - A(a® +2a - 2a8) > 0 . (4.3) .
Since h(a,1) =0, and
h(a,n + 1) - h(a,n) = 4na + ,\(92 +2a-2af) 20 ,
inequality (4.3) is satisfied. The proof of Theorem 5 is now completed.

Corollary 8. If f € C(a), then [ € T* (—’-), —é o4 !

. Thss result ¢
\3 -

sharp for e
f(l): 2 - ’—(i—%)—zz

—
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Proof. Since Tg(1) = C (ﬂ - %), Theorem 5 implies that a convex function

4
7T-28
a, we see that C(a) C T {‘—l—),for—l <a=ﬂ—-l-
\3-a 2 = 2

. Now replacing 4 — % by
1
'z'-

Remark. Theorem 5 is known by Silverman and Silvia [6] for the case
f =1/2 and 0 < a < 1. Corollary 3 was obtained by Silverman (5] when
0<a<l.

of order A — -;- is a starlike function of order A =

<

Theorem 6. If [ € Tg(a), then for a < A,

DMf(z)  A4p
D f(z) ~ 2(x+1)

Re

sa valsd in the disk of radsus

1
2+1-24 2n+a—28_6‘(a.'l)}(n-|)
2+a-28 2n+X2-28 C(\,n)

r(a,B,A) = m.in { (4.4)

The result s sharp for

2+a-24 P
@n+a-28)C(a,n). '

Ja(2) =2z - n=23....

Proof. Let f(z) =2z - Z laa|z® € Tg(a). It suffices to show

=32
|22 g Beacne
D [(z) 20+ 1)

is valid for |z| < r(a,f,1) where r(a,f,]) is given by (4.4). This will show if

> CAn)(n - Dlaal J21*~/(A+1)

a=2 < 2+ - 25'
1~ S ettt A
=2
or =
N oOun)(en + A -28)jaal 2"t <24 X -2 (4.5)

=2
for |z| = r(a, 3,A) .
Since f € Tg(e), (2.1) implies (4.5) if

C(A,n)(2n+ )\ — 2ﬁ)iz

e Cla.n)(2n + a - 28)
2+\-28

T 2+a-28
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is satisfied for Izl < r(a. B, \). This is obviously the case.The proof is complete.
Remark. For 4 = 1/2, \ = 1, Theorem 6 shows that the radius of univalence
and convexity for functions in Rq with negative coeflicients is

1
I'(Zn+a— DCla.n)1n—1
L (1 + a)n? J !

ro = min 0<acxl
[}

This results is also known, [6].

5. Extreme polnts for T3. Theorem 7. Set fi(z) =z and

2+a-24 -

Ja(2) =2 " (2n+a-28)C(a,n)"

n=23... . (4.6)

Then f €Tg(a), a2 0,0 < < 1if and only if it can be expressed in the form

1@ =S Afala)

a=1

e
where A\q > 0, and Z A=
a=1 R
Proof. Suppose f(z) = Z Anfa(2), where A, and f.(2z) are as given by the

a=1
. theorem. Then

)
v(2n+a 28)(Cla,n) - Xa(2+a-28) S Tar M LW Ay
P 2+ a-28 ‘@n+a-28)0(a,n) T M=
According to Theorem 2 f belongs to T3(a).
Conversly, suppose
o0
fa)=2-) jealz* € T3(a) .
ax=2
Then by Corollary 1
2+a-24
- =02, 3T
laa] < (2n 4+ a - 28)C(a,n) °’ e
If we set
Aq = 2 S -C(a,n)|a.| y=2,3,...,8nd \, =1 - Z»\. )

2+a-2p b
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= :
we conclude by virtue of Theorem 2 that ZA. < 1 and consequently A; > 0.
a=2

Thus f(z) has the desirable representation. ;
Remark. For § = 3 0 < a < 1, Theorem 6 is shown in [6].

Theorem 8. If f € Tj(a), g € T3(}), then
fsg € Ta(a) N T3()) .
Proof. Suppose

00
[)=2-)laals" € T3(a)
a=3
and
g(z):z—z [balz® € Tp(A) .
a=x3
We observe that |a.| < 1, |b.| < 1 for n = 2,3,... . Thus using (2.1) for f and
[ba] <1 for g we get

oo

2n+a -
2 e o(a n)laal lbal < 1,

which implies f g € T3(a). Similarly, we can show that f39 € T3(A) . This
completes the proof of Theorem 8.
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STRESZCZENIE

W pracy wprowadsa sk funkcje pregwiaddziste reedu @ | typu . Otrsymano nleréwnodel
dla wapSkesynnikéw, ktére charakterysuja funkcje pregwiaddsiste rmedu a | typu S, majace
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wapdiczynniki ujemne. Otrsymano réwnled twierdsenla o tniekastakceniu | o pokryciu, a takie
wysnaczono promienie jednolistnadel | pregwiafdsistoscl

PE3IOME

B nsnnof paGore mpeneno npessesnooSpasnuie Gyuxunu paas @ u runa J. Moaywen-
HhLIE HEPABEHCTEA HA KOSPPHIUHENTH XAPAKTEPHSYT npesnesnoolpasHsie QyHKUKMA piaa O
u Tume S, xoTopue HMEwT oTpHUATEAbHLE KosddHURenTM. JloAyaeno reopemal HekaReHNA

H MOKPMTHR, 8 TAKXE ONpeIeseHO PAGHYCH OQHOAHCTHOCTH W 3BE30006PAIHOCT H.






