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Prestarlike Functions of Order a and Type ft 
with Negative Coefficients

Funkcje pregwiaździste rzędu a i typu ft 
o ujemnych współczynnikach

Презвеэпообразные функции порядка or и типа ft 
с отрицательными коэффициентами

1. Introduction. Let S denote the class of functions normalized by /(0) = 0, 
/'(0) =s 1 that are analytic and univalent in the unit disk U = {z : lz| < 1}. A 
function f € S is called starlike of order a (0 < a < l), denoted / £ S*(a), if 
Re (t§9 > a> 2 e u* “d is called convey of order o, denoted / £ K(a),

if Re ^1 + > a, z & U. Further, let T, T*(a) and C(a) denote the

subclasses of S whose elements can be written in-the form

/(*) = *“ 52 !*• I*“ ’ • (1J)
•=2

The Hadamard product (convolution) of two power series:

/(*) = 52tt«2"
»=0

and

= 526*2"
•=O
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is defined as the power series
oo

■=o

Let

= /(«)» , *>-l. (1.2)

In the sequel, we let

II (* + <* -1)

C(0,h) = . 0 = 2,3,;... (1.3)

Thus
= 2 + '^/C{a,n)z'>

(1 - 2)-+* „=4 

Let Ra denote the class of all analytic function /(2) satisfying the relation :

Re '
D°f(z) 2

a > -1 (1.4)zeu .

Ruscheweyh (3) called this class prestarlike of order a, see also Al-Amirifl]. 
Ruseheweyh obtained the basic relation Ra C Rp, a > /3 > —1. Since 
Ro = S* ^0 CS, it follows that Ra consists of univalent functions

for at least a > 0.
Now we introduce the class of all analytic functions /, denoted f E Rjj(a) 

(« > 0, 0 < 0 < 1), satisfying

P«+7(z) a 4-2 d
Daf(z) 2(a + l)

= r(a,^) , zeU (.1.5)

R. Jenko vie, see (3,p.71 j, has shown that Rola) consists of univalent functions and 
the number r(o,0) can not be replaced by any smaller number without violating the 
univalence property of the class. Consequently, R^(a) c S. Further Ri/jfa) = Ra 
and Ro(f)) = We call R,j(a) the class of prestar like functions of order a and
type /3. Let

r;(a) = Tn^(a) . (1.6)

Note that r;(0) = T'(0) and r„+i/3(0) = C(/3) for 0 < /3 < 1.
The purpose of this note is to investigate the class TJ(a), the class of prestarlike

functions of order a and type j3 with negative coefficients. In section 2, we obtain a 
sufficient condition for a function / to belong to Rp(ot) and show that this condition 
is also necessary for the subclass of T^(a). In section 3, some distortion and covering
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theorems are obtained for TSlal. Further, in section 4. we obtain the order of 
stariikeness for TJfo). In section 5, a sequence of functions {/„}, fn + TJ(o). 
n = 2,3,..., which characterized the class Tj(a) is determined. Finally, we show 
that if / and g are in Lg(a') so is their Hadamard product J * g.

Some special cases of our results can be found in Merkes et al.(2i, 
Silverman (5|, and Silverman and Silvia (6i.

In the sequel we shall assume that the coefficients of a function in TJto) is given 
by (1.1) unless otherwise stated.

2. Coefficient inequalities. We begin with a theorem that relates the order 
and type of Rg(a) to the modulus of the coefficients.

Theorem 1. Let
00

/(z) =: Z + dRz" .
»=‘2

//

5^(2« + a - 2/J)<7(o,n)ia,| < 2 + a - ,
»='2

then { 6 ftpta). a > 0. 0 < < 1. and where C(a,n) at given by (1.8).

Da+lf „ .
Proof. It suffices to show that the values for —-—y- lie * circle centered at 

£>"/
, l. j- .2 + 0-23 ui = 1 whose radius is --------------- .

Ha 1)
Thus

Da+1f(z) I _\Da+lf(z)~ Daf(z)\
D°f(z) ! D»/(z) . !~

52(C(o + l,n) — <7(o,n))la,| (zl"_1 
< -----------------------------------<

1 ~ Sc(a’")ltf»l I2!*“1 
»=2oo

V C(a,n)(n - l)|a»|/(l - a)

i - 52
«=2

since from (1.3).
. (at + n)Cf a, rti

C'(o+!,«/.=------ —--------- ■l + o
The right hand side of the inequality is bounded above by

2 + o - 2d 
2(1 + o)
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provided

2 5? C7(o,n)(n - 1 )|a, | < (2 + a - 2ft) 11 - <7(o,n)|a»|
»=3 . \ »=»

which is equivalent to the inequality given by the hypothesis of the theorem. The 
proof is complete.

For functions in Tp(a), the converse is also true.
oo

Theorem 2. A function f(z) = z - V* la. |xr“ it in Tl(a) if and only if 
^2

Yj2r» + a — 2ft)(?(a,n)|al,| < 2 + a - 2ft , a>0, 0<ft<l. (2.1)
n = 2

Proof. In view of Theorem 1. we need only to show the necessary part. FVom 
the identity

2 _ z ( a z I z
(1 + 2)°+’ “ (1 - 2)“ + 1 * \ ol l ' 1 - 2 + tt+1 (1 -2)2 

one can easily show

2(PoZW)' = (« + 1)D“+1/W-oD“/W • (2.2)

Using the definition of the class T^(a) and (2.2) we observe that f £ T£(a) implies 
Pa/ e - ^). It is known from Merkes et al. [2] that g 6 T’(A) if and only 

if
£(n-A)|6.|<l-A ,

»=2

where
?(*) = 2 “ £ IM** •

•=2

Applying this inequality to

?(*) = Daf(z) = z-^2 C(n,n)|a.|2* ,
« = 2

we obtain (2.1) immediately. The proof of Theorem 2 is now complete.
Corollary 1. Let f 6 TJ(o), cr > 0, 0 < ft < 1. Then

I ' - 2 + a - 2ft
|d"‘ " (2n + o-2ft)C(a,n) ’ n = 2,3,... . (2-3)
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Equality hold* only for the function«

2 + a — 2/9
(2n + a - 2£)C(a,n)

(2.4)

Remark. Theorems 1,2 and Corollary 1 have been shown by Merkeset al. 
[2], or = 0, 0 < fl < I and Silvermanand Silvia(6j 0 — and o > 0.

1. Distortion and eoverlng theorems. In this section we apply inequality 
(2.1) to obtain some distortion and covering results for T^(a).

Theorem 3. Lei f e TJ(o), a > 0, 0 < 0 < 1. Then

r - M(a, ^,2)r2 < l/(z)| < r + M(a, £,2)r3 , where |ar| = r < I , 

and where
M(a,/9,2) =

2 + or — /9
(4 + a - 2/9)(l + «) '

(3.1)

(3.2)

Equality only for

/ f \ 2 + o - /9 2

Proof. Let

1
AL(a,/9,n)

- Al„ d nl- (2n + a~2fl)c(a.n) „ _ 2 3 
-A(o,^,n)~ 2 + 0-2^ ’ n_2’3’"’

Then
a _x _ (>n + o-*flnC(a,n-t-1) ,

A(a,3,n)- (2 + a_20)(n + a) -^(a,A» + I)

provided
n(2n + a - 2/9) < (n + o)(2n + 2 + a - 2/9) ,

which is clearly true for the specified range of a and /9* Thus A(a,0,n) is an 
increasing function of n. Since C(a,2) = 1 + a, the above result and (3.3) imply

•r4(a, n) > A(or, 2) — . . . , n —2,3,... , (3.4/

where is as given by (3.2). Combining (2.1) and (3.4) we get

A(a, ft,2) 52 la" I - 52 A(a> 3, n)la» i < 1
n=t »=t

which implies

52 ia«i - M(a,/9,2)
•=2

(3-5)
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Applying (3.5) to
OO 00

r - £ i®»i/mi -r+£ i®» tr’ > w -r
«=2 n=2

we get (3.1).
Corollary 3. The unit ditkU m mapped under any function f (a) onto a 

domain containing the disk

|IF|<
a* + 2(2 - 0)a + 2 
(a + l)(4 + a -2/9)

a>0 , O<0<1

Thu result m eharp for ft(e) given by Theorem 8.
Proof. Let r —> 1~ in Theorem 3.
Theorem 4. Let f e T2(a), a > 0, 0 < £ < 1. ThenP A

1 - 2M(a,/J,2) < |/*(*)l < 1 + 2M(a,0,2)r , for |z| = r < 1 (3-4)

where M(a, 0,2) is given by (3.2). Equality holds only for ft(z) of Theorem 3 at 
z = ±r.

Proof. Let

B(a,0,n) = 1 l i , where M(at,0,n) is given by (3.3).
nzvf p,n)

An argument similar to the one used in the proof of Theorem 3 shows that fl(ar, 0, n) 
is also an increasing function of n provided a2 + a + 20 + 2o>(n - 0) > 0, which is 
true for the stated range of ot and 0 and for n > 1. Thus B(a,0,n) > B(a,0,2), 
n = 2,3,.... This inequality and (2.1) yield

OO OO

B(a, 0,2) "l®»i 53B(<M,n)-n|®,,| < 1 .
»=2 »=2

Consequently,
OO

J2n|a«| < 2Af(a,)9,2) . (3.5)

Applying (3.5) to

OO OO

1-Jjnlajr2 < |f(z)| < 1 + ^nla.lr2 ,
«=2 » = 2

we get (3.4).
Remark. Theorems 3,4 and Corollary 2 have been shown by 

Silverman [5], a = 0, 0 < 0 < 1, and by Silverman and 

Silvia(6] a >0, 0 =
z
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4. Order of starlikeness and related problems. The following theorem 
determines the order of starlikeness of the class T^a).

Theorem 5. // f € TJ(o), a > 0, 0 < fl < 1, f/tert f G T’(A), where

Equality holds only for

a2 + 3a + 2(1 - q)3 
a2 + 4a + 2 - laß

2 +a-Iß
2 (4 + a — 23)(1 + o) * *

Proof. Theorem (2.2) shows that f G T*(A) if and only if

»=2
(4.1)

and f G T*(ß) if and only if

2n 4- a - IS 
?, 2 + 0-23

C(o,n)|aM| < 1 . (4.2)
n=2

A =

Consequently, it suffices to show that (4.2) implies (4.1). However, this is the case 
if

, . 2 + a - 23 n - A 1
0,0 - 2n + o - 23 1 - A C(o,n) ~ '

Since g(a, 1) = 1, we need only show that 0(0, n) is a decreasing sequence of n. In 
view of (1.3), g(a, n + 1) < 0(0, n) whenever

n(n + 1 - A) n - A
(n +o)(2n+2 + a - 23) 2n + o - 23 ’ 

or, equivalently, when

h(a, n) = 2on2 + n(o2 + o - 2o3 + 23 - 2oA - 2A) - A(o2 + 2o - 2o3) > 0 . (4.3) 

Since /t(o,l) = 0, and

A(o,n + 1) - /i(o,n) = 4na + A(o2 + 2o - 2o3) > 0 , 

inequality (4.3) is satisfied. The proof of Theorem 5 is now completed.

Corollary 3. If f G <7(o), then f &T" f —J, -i < o < i. This result is

sharp for
ft \ 1 — o/W = ’ - •



8 H.S. Al-Amiri

Proof. Since T^(l) = C (ft - Theorem 5 implies that a convex function

of order ft - is a starlike function of order A = —i—. Now replacing ft - by

a, we see that C(at) C T* I — ),for-i<o = ^- i< i.
\3“Q'/ 2 22

Remark. Theorem 5 is known by Silverman and Silvia [6] for the case 
ft = 1/2 and 0 < a < 1. Corollary 3 was obtained by Silverman [5] when 
0 < a < 1.

Theorem 6. If f £ T^(a), then for a < A,

Dx/(z) 2(A + 1)

it valid in the disk of radius

, . ( 2 4-A - 2d 2n4-o-2d C(o,n)l(„_D'<«' A A) = mm | łta_M • 8n + A_g • ctvo J

The result is sharp for

2-k a-2ft

(4.4)

/•(*) = z- n - 2,3...
(2n + or — 23)C(a, n) 

oo
Proof. Let /(z) = z - 52 l®«lz" ^(a). It suffices to show

ft —2

Dx/(z)
2 4-A-2/9 

2(A 4-1)

is valid for |z| < r(o,^,A) where r(ar,£,A) is given by (4.4). This will show if 

£c(A,n)(o-l)|a.| W-V^ + l)

.= 2

1-V<7(A,n)|o,||z|-ł 
» = 2

2 4-A-2ft 
2(A+ 1) ' ’

or
V C(A,n)(2n + A - 2ft)|a„| |z|—1 < 2 + A - 2ft
»=2

for ix| = r(a, ft, A).
Since f £ Tp(a), (2.1) implies (4.5) if

<?(A,n)(2n 4- A — 2 ft), J < C,(a,n)(2n 4- a - 2/9)
2 4- A -2ft |Z| _ 2 4-a-2ft

(4.5)
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is satisfied for izi < r(o, 3,A). This is obviously the case.The proof is complete. 
Remark. For 3 — 1/2, A = 1, Theorem 6 shows that the radius of univalence

and convexity for functions in /?„ with negative coefficients is

1
. f (2n + a - l)<7(o,n)

r° ~ m,n -------T7~.—-------» I (1 + a)'»

This results is also known, (6j.

n — 1 0 < a < 1

5. Extreme points for TJ. Theorem 7. Set /i(z) = z and 

2 + 0-23f,(z)=z- -z" . n = 2,3... .
(2n + o — 23)C(o, n)

Then f &Tp(a), a > 0, 0 < 3 < 1 »7 and only if it can be expressed in the form

(4.6)

/(*) = £ ’
w = l

where A, > 0, and 52 A, = 1.
«=1

» = 1
Proof. Suppose /(z) = 53 where A,, and f»(z) are as given by the

theorem. Then

V5 (2n + o - 23)(C(o, n) Aw(2 + o-23) _ v~' , _ , _ , c .
2 + o-23 ' (2z» + o-23)C(o,n) " 1"

According to Theorem 2 f belongs to T^(o). 
Conversly, suppose

/(*) = *- 52 i*«!-1* 6 T2(°) •
»=2

Then by Corollary 1

!*»»! <
2 + 0-23

(2n + a - 23)C'(a,n) n = 2,3,...7

If we set
a v oc

A, = ' C(Q’n)la«i >n = 2>3<-" , and Ai = 1 - 52 »
Z + O — Ip »=2
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we conclude by virtue of Theorem 2 that A, < 1 and consequently Ai > 0.
a—2

Thus f(z) has the desirable representation.
Remark. For ft = 0 < a < 1, Theorem 6 is shown in [6].

2

Theorem 8. IJ f G T^(a), g G T£(A), then

f*g G Tfa) n 37(A) .

Proof. Suppose
/(s) = s-f>.|s" 6 37(a)

a=2

and
f(x) = x-£>k* G 27(A) .

a=2

We observe that |aa| < 1, |i„| < 1 for n = 2,3,... . Thus using (2.1) for f and 
|6,| <1 for g we get

E 2n + a - 2ft 
2+a-2ft

<7(a,n)|aa| |6„ < 1 1

which implies /* g G T^(a). Similarly, we can show that /* g G T^(X) .This 
completes the proof of Theorem 8.
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STRESZCZENIE

W pracy wprowadza się funkcje pregwialdzlste rzędu a i typu ft. Otrzymano nierówności 
dla współczynników, które charakteryzuję funkcje pregwiafdsiste rzędu a i typu ft, mąjęee
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współczynniki ujemne. Otrzymano równie! twierdzenia o zniekształceniu I o pokryciu, a takie 
wyznaczono promienie jednolistnadei I pregwiaidzistoscL

РЕЗЮМЕ

В данной работе введено презвездообразные функции ряда а и типа /3. Получен­
ные неравенства на коэффициенты характеризуют презвездообразные функции ряда а 
и типа Д которые имеют отрицательные коэффициенты. Получено теоремы искажения 
и покрытия, а также определено радиусы однолистности и звездообразное™.
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