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1. Introduction. Let X be a real Banach space with the norm || * || and let ¥ . X = &
be a functional such that

(1) There exists a function § : &, - & ,, nondecreasing, continuous and satisfying:
@EX, Nxill<r@=1,2;r>0)= ¥ (x;)) -V x)I<BE) X, —x2 |l .
(ii) For any t € (0, 1) and x, y€EX
Vx+(l-ny)<t¥(x)+(1 -n¥@)-T@lx-yl),

where T' (1, ) : = t7,((1 = £)5) + (1 = £) 7,(t5) (¢ € [0, 1],5 > 0), 11(s) ={’—,(r)dr =

a function v : & , = & is continuous, y(t) # + oo (t > + =), y(t) \ 0 (¢ > 0).

Such functionals have been defined and investigated by T. Lezanski [1]. The results
of [1] have been applied to a minimization of convex functionals [3].

The object of this paper is to study the problem of the existence of functionals, sa-
tisfying (i) and (ii). It is easy to see that if X is a real Hilbert space, then the functional
Y(x) = |l x I (x € X) satisfies (i) and (ii). In Section 2, we prove that if X is a super-
reflexive Banach space, then there exist an equivalent norm | * | and a constant p =2
such that the functional W(x) = | x | P satisfies (i) and (ii). In Section 3, we give an ex-
ample of such a functional defined on the Sobolev space Wk'p(G)(p =2). Num'cly, it is
the functional ¥(x) = || x ||7;_ p XE wkP Gy (Il - lix,p denotes the norm of WP (G)).

2. The Strictly Convex Functionals on Super-reflexive Spaces. To prove the main
result of this section we shall make usc of the results obtained by G. Pisicr [2].
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Let (Q,Jt P) be a measure space with P(2) = 1.

Definition 2.1. A sequence »{X,, n> o of Banach space valued dtmeasurable functions
Xy : 2> X (n=0,1,..)is called a martingale if there exists an increasing sequence of
o- subalgebras {,{,,J n>0 of 5& such that for everyn =0, 1,2, ... the function Xj, is 3
and g{s_) -measurable, integrable on £ (i.e. f I Xn(w) Il P(dw)< + o) and

£ Xn+1 dP=£ X, dP for every A € &,

For every martingale X,,} n>0 we shall denote {dX,,} n>0 the sequence of increments
of the martingale {X,,r,go,i.e.dX,, =Xp = Xp_y(n21),dXo:=X,.

We say that a Banach space Y is finitely representable in a Banach space X if for every
finite demensional subspace M of Y and every € > 0 there is a subspace NV of X such that
dM N<1+edMN) =inflTII T~! ||, where T runs over all the isomorphisms
from M onto N, with the convention inf @ = + =) (cf. [2]).

Definition 2.2. A Banach space X is called super-reflexive if all the Banach spaces,
which are finitely representable in X are reflexive.

We shall make use of the following theorem:

Theorem 2.1. (G. Pisier [2]). If a Banach space X is super-reflexive, ten there exist
constants p 2 2 and ¢ > 0 such that for all X-valued martingales {Xn} n>0

e)) JI1XIP+ 2 fIIanIIP<Cpsup IR P. AL
Q n=1a n>0 Q

Set 2 = [0, 1] and let VA be a g-algebra of Lebesgue measurable subsets of §2, P — the
Lebesgue measure.

Theorem 2.2. Let X be a Banach space with the norm || - || and let 2 < p < + oo If
there exists a constant ¢ > 0 such that all X-valued martingales X,.} n>0 satisfy (1),
then there exists a norm | * | such that
(2) IxI<Ix|<Clixllforeachx€X,

BG)lex+(1 -t IP<eIxIP+(-0DIyI1P=lix-yIP ¢ =)P +(1 — 1) £P)
forany t€(0,1)and x, y €EX,

Proof. For x € X set

. = inf ¥CP X VP = Z py1lp
(4 xt:=inf 4CP sup 1A 0P~ £ 1 yax, 1P 0P},
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where the infimum is taken over all X-valued martingales {X,,},,>o such that X, = x
and su% S I Xy | P <+ oo, It follows from (1) that | x | <+ and || x || <| x| for all
n>0Q

x € X. On the other hand, if we consider the martingale {X,,} n>0 such that X, =x (n =
=0,1,2,..),weget|x|<ClxI(x €X).
Let x, y € X. By the definition of | x | and | y |, for all ¥ > O there exist martingales
,,1 n>0 and {Y,,} n>0 such that

Xo=x,sup [ || X, |1P <+
n>08Q

Yo=y,sup f || Y, |IP <+ eand
n>0Q
(%) CPsup [ I Xy IP— 2 [ IdX, IP<|x|P+17,
n>0 0 n=1Q
(6 CPsup [ 1 YplIP— 2 [ IdY, IP<|y|P+¥y.
n>09Q n=10

Let f,ﬁ,} >0 denote an increasing sequence of g-subalgebras of cf relative to
{X,,} n>0 and {J},,} n>0 — relative to f}’,,} n>0 (cf. Definition 2.1).

Let usfix 1€ (0, 1). Forw €0 = [0, 1] set
%1 (w) = tw’
ni(w):=(1-NHwt+t
Observe that the functions ¢, and y, are increasing (hence one-to-one) and that ¢, (2) =

=[0st],¢2(9)=['»1]- 5
We define a new martingale 3Zp% o> setting

Zy(w):=tx+(1 —t)y forw€E€Q,
Xn—1(¢1" (w)) for wE [0, 1),
Zp(w):=
Yp_1(gi' (W) forw€ [, 1] (n=21).
Let e,, (n > 0) be the o-algebra or all sets the form
Ch=¢1(An-1 N[0, 1))V y2(Br_1) (n>1)
for some sets A, _ Evt,,_l, Bp_ G_B,,_l; fo ={(D. Q}. It is not difficult to show
that {Z,& n>0 (with {f,,} n>0) is 2 martingale (cf. Definition 2.1).

Observe that

L 12y P dw = f Il Xn_1(1/tw) I ® deo +;" I Yooy (11 = 1) (@ - D) 1P dw =
1]
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=t.:fz I Xn-1(w) 1P dw + (1 -1){1 I Yn_y(w) P dow,
SO su% J 1 Z, II P < + o=, Hence it follows from (4) (with X}, replaced by Z,) that
n>08Q
7) ltx+(1 =ty |P<CPsup f NZ,IIP— Z [ dZ, IIP.
n>0 90 n=19

We observe that
’ﬂ

dXp-1(o1" (w)) for w € [0, 1),

dZp(w) = t
dYp_1(¢:' (W) for WE [1,1] (n > 2)

and hence
Z [1dZyIP=Z (tf NdX, IP+(1—0)f 1AV, IIP).
n=29 n=1 0 o
Furthemore
(1 =) (x —y)for wE [0,7),
dZ,(w) =
t(y -x) forw€ [r,1],
SO

{1||dz,(w)||l’}1w={'||(1 —t)(x-y)llpdw+;r It =x)IP dew=

=t(Q=-DPlUx-ylIP+(A-0tPllx-ylP.

In view of (7). (5) and (6) we finally obtain

lex+(1 =)y |P<CPtsup [ U X, IIP+CP (1 —2t)sup [ I ¥, IlP -
n>0 Q n>0- 0
(@ =DPt+(=0DtP)lx-yIP -t Z flldX,IiP-(1-1) Z [IldY,lP<
n=19 n=10Q

<tixIP+(A=0IyI1P (A -0Pt+(1 -0)1P)lIx-ylIP+27.

Since ¥ >0 is arbitrary, we obtain the inequality (3). Remark that (3) implies also that
the function x = | x | satisfies the triangle inequality, so it is a norm on X. The proof is

completed.
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From Theorems 2.1 and 2.2 we obtain
Corollary 2.1. If X is a super-reflexive Banach space with the norm || « ||, then there
exists a functional ¥ : X -  satisfying (i) and (ii). For, put ¥(x): = | x | . To prove (i),
letx,, x, EX, lIx, I<r,|lx; | <r. Then
W) — W) | <pCP PPl x, —x, IKPCPrP Y x; —x, |l
The condition (ii) (with T'(t, s) =s P (t (1 = 1) P +¢ P (1 —1))) follows from (3).

3. The Example of the Functional ¥ on the Sobolev Space W k. p(G) (p=2).
Fortr€&Randt € (0, 1) set

@F@):=¢(1-0P+tP Q-+ A -0I7IP- 11+ (1 -07IP)(p>2).
First we prove the following

Lemma 3.1.If p 2 2, then there exists ¢ > O such that
) f@ 0/ =1r)P>cforalit€ (-1, 1)and t €(0,1).

Proof. Observe that f(r, ) 2 0 (7 E R, t € (0, 1)) and that for ¢ € (0, 1) fixed the
function 7 - f (7, t) is differentiable and

f(1,0)=d/drl,= f(r,£)=0,
1At |1 (L D= A =P +tP(1-1)" p -1 (1 -0,
d*/dr|,=) £ (7, 1)> 0 (k> 2).

Therefore, for ¢ € (0, 1) fixed

i d’/dr|,=1 f (1. 1)
f@t) = pe=y) T-1%+ s (r=1)P>+..(>0).
2((1-nPt+2P7h 2
Hence, if r € (1, 2], then
(1) >f(f.t) ik plp-1) )p(p—l)_

C-1DP @-12% 20 -0P 1 +P7h 2

Let now 7 € [1/2, 1); then
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P f(l/r, n, pe-1
(1-7° - R

But,since 7P f(l/r,0)=f (1,1 —1),

@) _pp-1)
(l—r)p’ 2

(10)

for any 7€ [%, 1) and t € (0, 1).

* Now if 7 € [-1, 1/2], then (1 — ) P < 2P. Therefore it suffices to show that there
exists ¢ > 0 such that f (7, t)> ¢ for any ¢ € (0, 1). Observe that the function 7 = f (7,f)
is nonincreasing on each of the intervals (=1, t/(t — 1)), (¢/(t — 1), 0)) (t € (0, 1/2)) and
(0, 1/2) (because of (d/d7) f (7, t) < 0 on these intervals). Hence

fx=2r30/2,0) (€ [-1,1/2],t€(0, 1)).
We have
1-(12P) (P! + et (B_)4 D)

f(1/2,0 = 3
tP- 11—+ -0°P

lim £(1/2,1)=1 -(p+l)/2">0,limf(1/2,t)=l/2p((p—l)+...+(”_2))>0.
"o trl P

If inf f(1/2,1)=0, there exists to € (0, 1) such that £ (1/2, 1) =0. But 1/2P(¢P~1 +
te(0,1)

+o 4 (P )+ 1)<lforall1€(0,1),ie.f(1/2,10)> 0. Hence inf f(1/2,1)>0,
p= t€(0,1)

so there exists ¢ > 0 such that £ (1/2,£) > ¢ forallt € (0, 1).
Therefore, for 7 € [—1, 1/2] and £ € (0, 1) we have

f(#.t) ¢
(a-n? >2"
and by virtue of (10)
(—{—%—)Cfor 7€ [-1,1)and 1 €(0, 1),

where C = min {(p (p — 1)/ 2,¢/2P% . The proof is complete.
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Let G C &" denote an open set. For k € N U {0} and p > | we denote by k. P(G)
the set of all functionsx : £ = (§,, ..., £,) 2 G > & such that x and its distrib lnonal deri-
vatives D%x = (3''x) / £azS- \o% . az‘ ) (= (1, ....sp)) of order [s|= Z [s;|<k
all belong to LP(G). W “*P(G) isa Banach space by the norm /=1

IxNgp:=( Z f|D’X(E)I"dE)”‘°
IsI<k G

Now, we can show

Theorem 3.1.If p 2 2, then there exists a constant C > 0 such that for all x, y €
ewk.P(G)and € (0, 1)

) Hex+(Q-0yI§ <tlixlf +Q-nlyng -

= €lix-yli} , ¢ —eP+tP (1 -1).
Proof. First note that, in view of Lemma 3.1 the inequality
(12) 1t+(Q =0D7IP<t+(Q=0)I7|P-Cl1 ~7IP@ (1 =P +tP (1 -1))
holds for all 7€ [—1, 1) and ¢ € (0, 1). It is easy to see that (12) holds also for 7 = 1.
Let «, f € R. Assume that @ # 0 and | f/a | <'1and put 7 =f/a in (12) (if | f/a |> 1
or a =0 we put 7 = a/f). Therefore, we have
[ta+(1 =)BIP<tlalP+(1=0IBIP-Cla-BIP (1 -1)P+
+rP(1-:))(|é/a|<1,a¢o,:e(o,1)),
[+ -=DalP<tIlP+(l-p)lalP-ClB-alP(e(1-1)P+
+tP (1 =1)(|Blal>10ra=0,1€(0,1)).
The above inequalities hold for any ¢ € (0, 1), hence for all a, $E & and ¢ € (0, 1) we have
(13) lta+(1 =) 1P<tlalP+(1 =) 1812 - Cla=BIP((1 =0)P +tP (1 -1)).
It is easy to see that (13) implies (11), so the proof is complete.

Corollary 3.1. The functional W(x) =l x |l % p sansf es (i) and (ii) (with T'(¢, 5) =
=CsP (¢t (1 —t)P +tP (1 = 1)) (cf. Corollary 2 l)
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STRESZCZENIE

* W pracy zajmujemy si¢ problemem istnienia funkcjonatu ¥ : X =+ & (X — rzeczywista przestrzen
Banacha), spetniajacego warunki (i) oraz (ii). W rozdziale 2 wykazujemy, Ze jesli przestrzen X jest su-
per-refleksywna, to istnieje norma | « | rtéwnowazna normie wyjsciowej przcstrzeni X oraz statap > 2
taka, ze funkcjonat w(x) = | x | P spetnia wyiej wymienione warunki. W rozdziale 3 podajemy przy-
ktad takicgo funkcjonatu okreslonego na przestrzeni Sobolewa WK.P(G) (k€ N U {0} ,p > 2). Dowo-
dzimy, Ze ¥(x) =l x “;'2;'p ar- "k,p oznacza norme przestrzeni W*'P(G)) spetnia warunki (i) oraz (ii).

PE3IOME

B pa6oTe npenHTaB/IcHO npoGieMy CylLIECTBOBaHMA (yHKUHOHana ¥:X—R (X — BellecTBEHHOe

6aHaxoBOIO NPOACTPAHCTBa ynoB/ICTBOpALLICE YOBHAM (i) H (ii). Bo BTopoRt yacry moka3nBacTcs
YTO €CNH NPOCTPaHCTBO X cynep-pedIeKCHBHO, TO CYILECTBYET HOPMA | ¢ | 3KBHBAJIEHTHA HCXONHOM
HOpMe NMpOCTPaHCTBa X H MOCTOAHHAA p > 2 TaKHe, YTo HyHKUHOHAN ¥ (x) =| x| P ynoBneTsopseT
3TMM YCNoBMAM. B 4actH 3 noctpoeH npHMep Takoro ¢pyHKUMOHANA, 3aAAHHOTO Ha MPOCTPAHCTBE
CoGonena u*,P(IG) (ke NuU-0,,p> 2). loka3biBaercs, yTo W(x) = |l x || R,p (raell « |l k,pHOpMa
npocrpanctsa WP (G)) ynosnersopser ycioBuam (i) H (ii).



