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The Topological Degree and Fixed Point Theorem for 1-Set Contractions

Stopieri topologiczny i twierdzenie o punkcie statym dla wielowartosciowych odwzorowarn
nieoddalajgcych

TononoruyecKufl HHAEKC K TEOPEMbl 0 ReNOABHXHOR TOUKe 1T MHOIOIHAUHEIX OTOGpaxkeHUA
yOOBJIETBOPAIOIIMX YCIOBHIO JIMMIMLA C KOHCTaHTOf 1

In the papers [5] and [7] the topological degree for maps of the form / — T, where
T is set-valued analogue of the ,limit compact* mappings of Sadowski [6], is mention-
ed. We extend this notion to the multivalued 1-set contractions.

1. Condensing maps and lset contractions. Let G be an open bounded subset of a Ba-
nach space X.

Definition 1. A mapping T: G —» 2X is said to be upper semicontinuous (USC) at x, €
€ G if the set T(x,) is closed and convex and for any € > O there exists § > 0 such that
T(x) EB(T(x,), €) for x € B(xy, 5).

By B(T(x,), €) we mean e-neighbourhood of the set T(x,), i.e. the sum of the balls
B(q. €),q € T(xo).

T is called USC on G if it is USC at each point of G.

Definition 2. The measure of noncompactness of a bounded set D C X is defined as
follows:

a(D) =inf 7> 0: there exist sets B, , ..., B, C X such that UB; DD, §(Bi) <7
fori=1,...,n.

where
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8(Br)= sup llx-yl
XYEBy
(comp. Kuratowski [3]).

Definition 3. The USC mapping T: G - 2% such that T(G) is bounded is called:

1) k-set contraction (k 2 0) if for every D C G satisfies the condition a(T(D)) <
< ka(D),

2) condensing mapping if for each subset D of G with a(D) > 0 we have o(T(D) <
< a(D). b

For multivalued mappings S, 7: G = 2% and a scalar @ we introduce the operations:

$S+7)(x) ={y +z:y€S(KX),z€ T(x)}, @S) (x) ={ay: yE€ S(x)}.

Using the degree theory for k-set contractions (k¥ < 1) we will show important fact,
very usefull in further considerations.

Theorem 1. Let Ty be a multivalued k;-set contraction for ki< 1, T;: G~ 2X, i=0,1,
which satisfies the assumptions:

Ti(G) is bounded and x € Ti(x) for any x € 3G.
Let H: Gx [0, 1] » 2% be a segment homotopy between To and T, i.e.
H(x,)=T,(x) +(1 — )To(x),xEG, t€ [0, 1].
Assume that
| xE€H(x,t)for(x, )EIG X [0, 1].

Then deg (I - Ty, G, 0) = deg (I — T,, G, 0), where deg denotes degree in the sense
of [7),1 is the identity mapping.

Proof. According to Theorem 3 Webb [7] it is sufficiently to show that H is USC
mapping (it is easy to see) and that G = G (H) is compact (possibly empty), where

G, =T (H(G X [0,1])), Gp = H(G NGy-,)X [0,1]))
and
G.= N G,.
n=1

Let k = max (ko, k,). We can show

a(H(G X [0, 1})) < ka(G)
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and using the mathematical induction
(Gnoy) = a(H(G NGn) X [0, 1])) < k™! «(G) =+ 0asn - .
Hence G.. is compact since it is closed.

2. Topological degree for 1set contractions. For 4, B C X we define

d*(A,B)= sup d(a, B)= sup inf |la-2bl.
a€A a€EA beEB

Let T be a 1-set contraction, T: G = 2x, and let
n=d(0,( - T)(3G))>0.

Choose strict set contraction T such that
(1) d*(T(x), T(x))<(1/3)nforxE€G.
For example condition (1) is satisfying if 7' = T, where 1 — ¢ > 0 is sufficiently small
(because T(G) is bounded).

It is easy to show that
() dO,d-T)@G)>(2/3)n.

Moreover we obtain
(3) d(O,d-T)RG)>(2/3)n
since I - T is closed.

Definition 4. Let T be a 1-set contraction and

d0,(=T)(@G)>o.
We define the topological degree o1 T as follows:
deg(/ - T.G,0)=deg(/ - T, G, 0),

where T is a strict set contraction satysfying (1) and the right hand side denotes degree
in the sense of [7].

Lemma 1. Definition 4 is independent of the choise of T.
It follows from theorem 1.
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Theorem 2. Ler T: G - 2X be a I-set contraction and 0 & -T)(aG). .

Then the above defined degree has the following properties:

a) If T is a strict set contraction then deg (I — T, G, 0) from definition 4 is the same
as for strict set contractions.

b) If I — T) (G ) is closed and deg (I — T, G, 0) # 0, then there exists x € G such that
x € T(x). ;

¢)If G,, G, are open sets, G, VG ;=G,G, NG, =9 andOE (I - T) (dGy)fori=
=1,2, then Lo

deg(/ - T,G,0)=deg(/ - T,G,,0)+deg(/ - T, G,, 0).

d) Let h: [0, 1] =+ {I - T:Tisa I-set contraction} be a continuous mapping in the
following sense: for all t € [0, 1] and € > O there exists § > 0 such that

sup_ d*(h (t"), h(t) (x))<e for ' E€[0,1], | t'—¢t]| <5 .
xeGC
Suppose that 0 € h(t) (8G) forall t € [0, 1]. Then deg (h(t), G, 0) = const (¢).

Proof. We will show only d). For this proof it is sufficient to verify, that if T: G - i
is a 1-set contraction,n=d(0,( - T) (8G))>0,S: G~ 2% is a 1-set contraction such
that [ — S € U(T, (n/4)), where

U(T, r)= {1 — S8 .S is 1-set contraction and sup_ & - S)(x), (I - T)(x)) <f} 3
X€E G
then
4) deg(/-T,G,0)=deg( - S, G, 0).

In fact, it is easy to check, that for / — S € U(T, (n/4)) and A €( 0, 1) with 1—X suf-
ficiently small, we have I — AT, I - AS € U(T, (n/2)). By definition 4 it is

dee(/ - T, G, 0)=deg(/ - AT, G, 0) and deg (/ - S, G, 0) = deg (/ — S, G, 0).
We will prove the equality of degrees of / — AT anc J —AS. Consider the mapping
H(t)(x)=1(1 = AT) (x) + (1 = 1) (I - AS) (x).
Using the property
d*(a4 +bB,ad +bB)<|a|d*(4,A) +|b|d*(B, B)

wc can show that H(1) € U(T, (n/2)) so that 0 € H(r) (3G). Hence, in view of theorem 1,
we obtain
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deg (/ — AT, G, 0)=deg (I - S, G, 0)
and so (4) is true.

3. The fixed point theorem. Theorem 3. Ler G be an open subset of a Banach space X
and T: G = 2% be USC I-set contraction such that (I - T) (G)and (I — T) (3G)are clos-
ed. Suppose that there exists w € G with

(5) T(x)—wd m(x —w)forx€3G, m> 1.
Then there exists x € G such that x € T(x).
Proof. According to theorem 2 we have to show that the homotopy
HO)x)=(I -t (x)+(1 —)w, t€[0,1],xE€G,
satisfies the condition
0EH(r)(3G) forallt€ [0, 1].

But the sets H(¢) (3G), t € [0, 1], are closed: H(1) (dG) = (I - T) (3G) by assump-
tion, and H(¢) (3G), t € [0, 1) because T is strict set contraction.

Hence it is sufficient to check that 0 € H(t) (9G).

1) If 0 € H(0) (x) for x € 3G then 0 = w — x. It is impossible by w € 3G.

D) If0EH()(x),t € [0,1),x EIG, then 0E H(t) (x)=x — tT(x) — (1 — t)w. Hence
1/t(x - w) € T(x) — w. Contradiction with (5).

3) The case 0 € H(1) (x) for x € 3G may be omitted since it implies that T has fixed
point on 3G.

Finally, from theorem 2 we obtain

deg(/ —T,G,0)=deg(I-w,G,0)=1

and there is x € G such that x € T(x).
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STRESZCZENIE
W pracy tej zdefiniowano topologiczny stopieri odwzorowania dla nieoddalajacych odwzorowan
wielowartosciowych.
PE3IOME

B nanHoft paboTe KOHCTPYMpYETCA THMONIOFHYECKHR HHOEKC ANA MHOMO3IHAYHHIX OTOGpaceHmMt
YROBAETBOPSIOUIHX YCIOBHIO JIKMUKHUA ¢ KOHCTaHTOR 1.



