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Asymptotic Expansion of Total Error for a Discrete Mechanic Method

Asymptotyczne rozwinięcie błędu całkowitego w metodzie mechaniki dyskretnej

Асимптотическое разложение абсолютной величины ошибки в методе дискретной механики

1. Introduction. The numerical solutions of the dynamical problems obtained by the 
Greenspan’s method [3—5,8] have the analogous properties as the solutions of continuous 
mechanics equations, i.e. they conserve a total energy of isolated system of the material 
points [5], the linear and angular momentum of the system [8]. Moreover, basing on 
them, it may be proved an uniform motion of the center of mass of this system [8]. The 
Greenspan’s dynamical equations, which are the difference equations, are invariant with 
respect to translation, with respect to rotation and under uniform motion of the frame 
of references [6]. As application of Greenspan’s technique, the equations that describe 
the motion of material points in a rotating frame are also obtained [1, 11]. The discrete 
equations of relativistic mechanics are known too [2,7,8].

AU mentioned above equations are of the first order-accuracy. Therefore they have a 
comparatively small precision. In this connexion it comes into existence the problem of 
improving this precision. It is generally known that in order to increase the precision up 
to the order J it must exists, for a method under consideration, an asymptotic expansion 
of the total discretization error of the same order [13].

In this paper, basing oneself on the theory given byH.J. Stetter [14], the existence 
of mentioned expansion for the Greenspan’s discrete mechanics is deduced. Therby, 
a possibility for an precision-increasing for this method is also proved.

2. Preliminaries. Let us take into account the inertial frame of references X1X1X3 and
let Az = tjt +1 — fit = 0,1,2,...) denotes an arbitrary given time interval. In this frame 
let us consider the motion of an isolated system of« material points?,■ (/ = 1 (1) Ar) with 
coordinates xf — [x*/, x 2/, x3l- ] at the moment fjt and with velocities r* = [<4/. ^31 ]
at the same moment. D. Greenspan [3—5, 8] defines for this system the following 
dicrete dynamical equations
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(2.1)

4*' -4 *♦1 , k vli + vli

k +i 
»li ; I = 1,2,3; j = l(l)7V; * = 0,1,2,...;

21

where, in gravitational case,

(2.2) M - - Cm, S m, * " 1 > ,
l'} rii G/ (>ij + 7/)

and where G denotes the gravitational constant, nij — the mass of Pj (i = l (1)7V) and

r* - V* A2(2.3) (r*)’ = 2 (X* -
/■1 z

Undiminishing the generality, we restrict our consideration to the time interval [0,1] 
and record the discrete problem (2.1)—(2.3) in Stetter’s notations [14].

For (2.1)—(2.3) let us define an input (continuous) problem £ = [E, E°, 4>^ , where 
<t> : E -»■ E° is of the form

(2.4)

>p(0)- z°p 

>>♦3^(0)- z°p+3N 

yp ~ yp* 3N 

yp+ 3N ~ fp (>’)

S E° for y € E,

P = l (1)37V;

where yp =xn; yp.3N = t>u\ I = l(P -1)/^] + U • = P ~ [(p - 1)1 N]N;

£ = C(1)[0, l]X...XC(1>[0,1] ,

6 TV factors

E° = 1RX ...X IR X C<*)[0,1] X ...X C(1) [0, 1]., 

6 N factors 6 N factors

(2.5) fp(y) = fli l*(f)l - - C 2 mf 
/- !
/* *

*li ~ Xlj

r 3a

Let us introduce in the spaces E and E° the following norms
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6N
11/ Ilf = max 2 |/_(r) |,

>6(0,1] p»i

(2.6)
d||f« =llff ]ll£0 = 62 1^1+ max 62 |dp(r)|.

J p«,i p-i

respectively. In accordance with Stetter’s notations, the formulas of the discrete mechanics 
may be written in the form of a discrete problem <8 = {e„, E^, 4>„} , where 
and, in our case,£„ = (C„ -> IR6jV),^ = (<G„ •+ IR6jV), G„ ■= <(p/«) G IR : v = 0 (1) «} , 
and where (compare (2.1)—(2.2))

(2.7) <M^):

hp (0) zp

t?p + 3N (0) ~ zp + 3N

np + 3N(^) + T)p + 3N(-L7T'^

Vp + 3N ( „ ) Wp + 3JV ( n ) „rzp% , V - 1 x, 
-----------------^pb(«)’ ”(—n~

p = l(l)3W; p=l(l)n;

<2-8)
'■//(^)r//(-L7rL)lr«7(J) + r,y(2HrL)]

Apart from the discrete problem Z), let us define the discretization method JX - {En, 

£)!, A„, Ajj, (<Z) = (^)), where the mappings A„,AS and are defined as in
the below diagram

4,

input problem £>

*n = <t>n(V)
* A? discrete problem 5)

1
n

Let us assume that
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(2.9)

^ny)(7i) =
yP(^)

)>p + 3N ( n)

-p* 3N

P-1

for y€£,

2p(' 

zp*3N ( ” _ 1 )

f0'[f(,)]e£-

where z = z(t) denotes the exact solution of the input problem J2> . On the analogy of
(2.6). we introduce the norms in£„ and£$ respectively as follows

Il T? Il£„
(2.10)

Il Ô ll£*

= max 
» « o (l ) n

6N
2

P- i
6N

= 2 |6p(0)| +
p-i

In the further considerations we will use the definitions and the theorem quoted 
below [14].

Definition 1. The method Ji and the problem A (JB ) is called stable on Jb, if the 
discrete problem A(2>) is stable on £a„z} , where zEE denotes the exact solution of 2>.

Definition 2. The discrete problem J) is called stable on the sequence r? = pin} , 
T)„ &En, if there exist the constants S and? > 0 independent of n such that

II 4° - 4l) ll£„ < 5 II On № - O„ rj<2) 

holds for each rtf* (f = 1, 2) satisfying the condition

II O„ r)n} r?„ ||£. < 7 .

Definition 3. The method A (and the problem Jl(i)) *s called consistent with£ 
with order p, if for ally G E

|| <>„ (<I>) A„ y - A„ <t>y ||fn = 0 (n "p) as n -+ °°.

Definition 4. The sequence of mappings : E -*E° (« e N) such that

<t>„ (O) y = On 4. y = (4> + Afl)y
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for all y from a domain of is called a local ftrror-mapping of the method on JB.

Definition 5. We say that the local error-mapping {An} of the discretization method 
•/Ufor Jb has an asymptotic expansion up to the order J, if there exist nonempty subset 
DjC.E and the mappings ~kj : Dj -* E° (j = 1 ( 1 ) 7) independent of n such that

||A®(A^- 2 = as«-*«»
/-1 rt

for ally G£)j.

Definition 6. The mapping |An] is called (7, p)-smooth, if there exists

№ ( £ _ 4 r for zn = 0 (1)
k-p n

and

1J 1 
2 + t«» > "|=m-i m\ ‘ k-p nK K ’/« l r/

= A„(y+ 2 4- e^ + OCn’^*»)
AT ■ p Kl

holds for arbitrary y, eg^Dj (k = p (1)7).

Theorem 1 [14]. Let E°, <f>^ denotes the discretization method
applied to 2>= {f, E°, with the exact solution z. Let us assume that for -Maud & 
hold:

(i) sMis stable on 3;
(ii) JUis consistent with ■£> with order p and there exists the local error-mapping of Jit 

on b, which has the asymptotic expansion up to the order J and z G Dj;
(iii) fhe mapping <b has Frechet’s derivatives up to the order [J/p], that satisfy 

Lipschitz’s condition in some domain of the form Bp = G F: || y — z ||£ < F, /? > o} 
and the asymptotic expansion assumed in (ii) is (J, p)-smooth;

(iv) there exists Q'(zyl.
For j = 2p (1)7 let us define the mappings gj : Dj p X Dj p + 1 X ... X Djj _ p -+ E° 

by comparison of the coefficients of n~! in the following relation

X V ......e’-”) =

X/">(z)]( 2 4 e*)",+0(n-(-f*»)>
/■I n1 k-p n

and for j = p (1) 2p — 1 let us put gj = 0.
If the elements e/£E (J = p (1) 7) are defined as follows
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*'(*)e/ = I -X/z +' / X'A(Z)ej.k+ gj (ep......e/. p)] ,

then the total error fe„) of the discretization method J<L for the input problem 3 has an 
unique asymptotic expansion up to the order J, i.e.

en = A„ i — ^ + 0(n-(7+1>). •
p n

Using this Theorem, we will show that for the discrete mechanics method (2.7) applied 
to the input problem (2.4) a total error of discretization has an asymptotic expansion.

' 3. Stability. Let

(3.1) 0<r = minrw(t), * = maxr/;(r), M= max™/, 
t e lo, if re |o. i) /-i (OA
/,/-i(i)AT At

where r//(0 is defined by (2.3) and m,- denotes the mass of/’,- (i = 1 (1)^V). Existence of 
such constants exclude the collisions among the bodies. Moreover, they assure that the 
mutual distances between them remain finite at any arbitrary moment.

Let the function fp [j(r)] given by (2.5) be approximated by the function/^ [>>(r +
+ h),j(r)] with the following properties

Fp [X* + *), [XO] ash -+0,
Fp [XO, y (01 = fp 1X0] (compare (2.5) and (2.8)),

Lemma 1 [9]. If there exist constants (3.1), then for derivatives of the function 
Fp (JU), XOL where y(f) = y(t + h), and p, q = 1 (1) 32V the following estimations

tyq

^P

dyq

-^-(6/?r2 + l)

hold.

Lemma 2 (9). If there exist constants (3.1), then there exists M > 1/3N such that

|fp(M)-Fp(JU)l<^ 2 (\yq-xq | + \yq-xq I); p = 1 (1) 32V. 

From the above lemmas it may be deduced the following theorem:

Theorem 2 [9]. If there exist constants (3.1), then the discrete mechanics method
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(2.7)—(2.8) is stable on the input problem (2.4)-(2.5), and the constants r andS from 
the Definition 2 have the following values

( WtJ»)-#)-1-11-’"'ft'- 

L wf#]+i j

4. Consistency and local error-mapping. In [9] it was shown that the method (2.7)- 
—(2.8) is consistent with the problem (2.4)-(2.5). Now we deduce that it is consistent 
with order 1.

Theorem 3. If there exist constants (3.1), then for the discrete mechanics method
(2.7)-(2.8)

II ($) 4« y - AS ||£» = O(^) as n -* ».

Proof. Let us consider the difference (<1>) A„ y (v/n) — A„ (v/n) = (*). From
(2.4),(2.7) and (2.9) we have

(4.1) (*) =

0

0

Jp + 3Ar(^)+J'p + Jjv(J4r")

_1_
n

I Z 1 X , z 1 X

-yp ( —— ) + yp ♦ 3N ( —— )

yP*sN ( )~yp( n )

j_
n

-Friy&>

Jp + 3Af ( n ) ± fP[y ( n

Since

yP(^)=yP( J4r')+ s'->’p('î4r*)+ ^^tt)-where^e( p-1
);
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, V , v— 1 „ ,
yp ♦ 3N ( Tj ) =yP * 3N ( —) +

^yp^-iN J'p+sTvtti).

where £)
or

|jp + 37v(b). where €(^~ ,

s I , v~ 1 X, c r z P-1 X Z V — 1 XX

fp Lv (—^—)) = Fp [7(—J(—^-)J,

then

(*) = i[^'(O-7; + 37V(h)]

[y'p^N^)-{Fp\y^),y^-)]-W-4±)>X-L=i)]}

If there exist constants (3.1), then the functions jp,yp +3N andjp+3Ar are bounded. 
Moreover,

Fp -^p[y(J4-L).?’(241)] = ~

3jv 9/k(y) r ,v^ z»'-lxx_ 1 ^FP^y^ ..’zv x

>y, ’

where y e(j (^^),y (J)),b S(~-, J). From the Lemma 1 it follows that the

function SFp/dj’q is bounded. Thus

Fp -n?1)] - Fp [y(-r-), yf2—)} = 0 (|) •

Therefore we have 
'o

(*) =
0

0(1/«)
0(l/«)J

Taking into account (2.10), i.e. the definition of norm in the space E%, the Theorem 3 
follows readily.
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Now we show that there exists a mapping of the local error and that this mapping has 
an asymptotic expansion up to the order J.

Theorem 4. For the method (2.7)—(2.8) applied to the problem (2.4)-(2.5) there 
exists a mapping of the local error having an asymptotic expansion up to the order J and 
zEDj = «C*7*1* [0,1] X ... X C(7tl) [0, 1],.

6/V factors

Proof. From the Definition 4 we have

(4.2) (4>„ A„-A°4>)y = A° /^y .

Since = <t>n (4>), when we may rewrite (4.2) in the following form

0* (*)A„^-Ag = A° \„y.

Hence and from (4.1) the mapping {A„} may be defined as follows

(4.3) \n-.y

0

0
Jp0 + ^)-Jp(O yp + 3N(t+ ^)-yp^3N(t)

-yp(f)

n

n

/(')]} - jp+aAr(0

Therefore, there exists the mapping of local error. Now we show that {a.,} has an 

asymptotic expansion up to the order J. We have

„ zx yP(n) yP(" n') , ,
(4-4) --------------;-------------- =yp(——>+S

1
n

2 _L -£------- 5—1 + o („-(/♦ 1 ) )
/-in7 (/+1)!

or
/-1 , ^‘V2^1) ,
2 _L -JL---------- "------ + 0(„-J\

/-i n7 0 + 1)!



10 I. Albrycht, A. Marciniak

if yp (0 G C<7 **> [0, 1], but it follows from (2.4) and (2.5). By the same reason 
W(')ec('+1) [0,1], and so

Jp + 3A’(W) Jp + 3A( „ ) , k
----------- ~ yP^3N(—fi—)+ 2 —j

, , V(/+D
-1 £ 1 yp + *N( n 1

l*ti£ (z + 1)!

+ 0(n-</+1)),
(4-5) V z P— 1 „ (/+l)z P~1 x

Jp+3Ar(n) Jp*3Ar( n ) 1 v — l £ 1 yp+3N{ n )
------------------ ;------------------- yp.3N(-fr~) +Z----------------------------/-1 2ni + l V+iy.

+ 0(n~J).

If we assume the existence of constants (3.1), then the derivatives of arbitrary order 
for Fp are restricted. Therefore

J d’Fr,

where
dipP _ l a'/p[x£)] /

/! /! i„.... fy«i dyit ... dyj. r-i
. L £ Il to,(£)-»,<-V>l-

Hence and from (4.4) we get

„ p-1 p-1 'if V* Wr»
W£,x^)l - W—).X— » - X, 7

(4.6)

;
n

r»l
A,;A?Ma2I1+<x»-‘'-,>>-it!

1
n

+0(n-<'•■)),

-X £

•(5r)t + °(n’(/*,)).

From the relations (4.3)—(4.6) we obtain
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(4.7) A°A^) =

0
0

J 1
2 ~1/-i n 0+1)! 2/! 

p-1

+ 0(zi^7+1l)

p-1.£ _1_ / ypdi ( n ) 1 /, 3N [ dkfp[y( n )]

/-t \ 0+1)! .....3^... dyik

. z +o(W-</+*))

4 > o

The mappings X/ (Def. 5) may be defined as follows

+ _ J^aAfO)

(/+1)! 2/! 
#&0)

0+1)!

(4-8) X/:y X)_I ' % f 3*/p[X0i

! /!*■>/,..... ik~i "• dyik
, z XZi)o)...4/fc)«}

lj > 0 '

I 1Finally let us take into considerations the norm || • of the element A?, [ A^y — 2

From (2.10), (4.3),(4.7) and (4.8) we have

i viMt =„.7»,^ 1^71

, ^(^>1 

2/! 0+1)! 2/! J

3N J i+ 2 2 -U
p»i /«t n1 L

+ 0(n"^+1))| f = max 0(n-<7*1)) = 0(n-(/t,)), 
iJ v»i (i)n

0+1)! 

-(/♦«))

_ £ / ^^(^Hr) + 2 /

0+1)! /! *-i /! /!*-'

where
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9Vp[j-(~L)

(*) =
3N
2

K li > 0

Since y is an arbitrary element of Dj, then the above conclusion is true for y = z too 
(z denotes the exact solution of î>). Thus the Theorem 4 is proved.

5. (J, p)-smoothness of local error-mapping. Let us deduce first that the mapping 
given by (2.4) has the Frechet’s derivatives.

Theorem 5. The mapping defined by (2.4) has the Frechet's derivatives of arbitrary 
order. If there exist constants (3.1), then for this derivatives the Lipschitz’s condition 
holds in the domain Br = £r € £: || y — z ||f <R, R > o} , where z denotes the exact 
solution of 3

Proof. From definition of Frechet’s derivative we have

(4.9) $'(y)h= lim 
h G E a ■* “

+ oh) — $09

M°)
/*p+iw(0)

/*p(0 ^p +aW(0

no Bti&hSl
a -- a

hp<P)

hp*3N(fy
hp(t) — hp +3y(t)

, 3JV df„[y(f]
hp.3N(.t)~ S *,(')

<7-» àyq

(4.10) 4><m>(7)/i'" =

0
0
0

3N
2

ti......*m 1

9W/p[T(01

dj/, -
(0-^(0

This means that there exist Frechet’s derivatives of an arbitrary order for the mapping 4>. 
Now we deduce the Lipschitz’s condition || 4>'O') — *'(J) II < £ II y —y ||. From (4.9) 
we have
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II *’O)-*'(?) 11= sup II «f'O)/1 - H^, =
II h || < l

But

3N
= sup max 2 

II h II < i t e (o, tl p-i . 3/,

3N 3N
< sup max 2 2

II h || < i t e (o, tj p-i <?«i

3/p[y(Q] = 9/p[J(f)] + 3N 

tyq byq »-1

W(Q]

tyq

tyq

W(Q]1

J

[»&-»(<)}

hq(t)

lfy(')l-

where £ € CxCO, J* (0)- there exist constants (3.1), then the derivatives 
bounded for example by some A. Hence dyq ?>ys

are

II <h'O) “ &(y ) II < sup
n h || < l

3N
max 2 

felo,il p-i

3N 3N
2 2 A | ys(t)~ 54(01*1^(01 =

Q ■ 1 S « 1

3N 3N
= sup max 3№4 2 | ys (t) - % (f)1 2 |h?(f)|<

ll h it <i re[o, ij s-i <7-1

<2 IIy~y II sup || h || <L ||y —y ||. 
II h || < i

For the derivatives of higher order (m > 2) we have

||<I><w>(y)/Im - 4><mV)/iz" || =

3N
max 2

3N
2

r ^pWO] 9m/p[J(r)]
■ hi (t) ... hi (t)

relo.il p-i h......‘m “*
l3^ -3^n 3a - hJ •i v z in

and the proof is similar.

Theorem 6. If there exist constants (3.1), then the mapping of the local error, i.e. 
{ A,,} defined by (4.3), is {J, Ifsmooth i.e. the mappings (4.8) have Frechet’s deriva
tives and for arbitrary y, ek e Dj = [0, 1] X . X C*7*0 [0, 1 ], (k = 1 (1)7)
holds 6/V factors

relo.il
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/ 1 /-/ 1 (m) ( J i \in
2 [X^+ 2 ± x 2 A ] =

/«i re m = i m\ J \k«i nK ]

(411) / 1
= A„(j+ 2)+0(«-(/+*)).

A = i« K

Proof. From (4.8) we get

A/(y) h = lim
a ♦

fyQ + o/i)-\(y)
. (/+1)

(0

0+1)!

377(0
2/1

- ta (•) 
(/+1)! a-o

where

1 / 3N
lim (•) = - 2 2 lim

a ■»o j\ k-i /,...... ik«r a -> o

9*/p [X0 + <^(0]

9^, ... 9;7jt

, + +\.; M3(r)+(r)] - №(f)+(,)] "
h > o

9*/p (y + ah) Zkfp (J)

. H- *yik
k(

~ 9 Z~J(f)1 2
dyi,...Zyik l,*...*lk’l * \

* lj > o J

Let us consider lim {•} . Since the derivativesyps^ (0 are bounded, then 
a »0 • '

lim {•} = lim 
“ *® ° *0 t uz’i •”

„ el r (13 Wp (y + ah)
' . 2 , , yf,‘)(t)-y^k)(O+ Urn -- ------- - ---------

ll*...*lk-J k a-» 0 ... tyj.
If > o *

•, 2 £ j’//‘\o...>'Z/f7*)(ojZ/:;>)(o...4*)(o>»//i)f
/,♦...♦<*■/ »-1

If > o

But
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9kfp(y + ah) = 9% (j) +a 3N Zk"fpW +a2R

dyi,...dyik dylt...dyik (j.i tyi,... Zyiktyiq

z
where R is bounded, because d3fp / 9j/(... dyis are bounded (it follows from the existence 
of constants (3.1)). Hence

(*)=. 3s 2 .4/,)(o-4fc)w+

/, > o

+ 9 .. 2 £ /,(/,) n y№.

<>yi.---tyik »•» «■' q
1 lj > o q * s

Thus we have

(4.12) tfy)>i =
(/+1)! 2/!

1 £ £ 3N
2

(j +1)! k-i l-o i,...... ifc + J-i

dk + lfply(t)l

dyi,...dyiktl
h»k + i(O”hifc + |(O

2 2 /t,(./»>)(f)
»i...... . 1

// > o »/ *»/ for i */

...•^'».-/(f) n yfy>(t) . 
— I ■ 1 *

1*«.-
In the analogous way it may be deduced that



16 J. Albrycht, A. Marciniak

(4.13) =

0
0
0 1 / zn w

t 2 (?) £
/! k-i Z-o z,......+

a**7pir(z)l
to, •••*»*♦/

• 2 Z h№(t)-

// >o * sj for / * j

n yip<ty .

q^Sj

This means that the mappings (4.8) have Fr^chet’s derivatives of an arbitrary order. Now 
we prove the formula (4.11). Lety, ejt €Dj and let us note that (compare (4.7))

(4.14) \y =

0
0

7
V

^aZV(Z)

/-» L O' + i)! 2 ft
+ 0 (n

2 -7 
/«1 n'

aN
£

(7+1)! /! k»i i,...... ik~i
rfplyV)}

Ito, - 3y<Jt
1 £

)

£ n yfri>\ \ + 0(zz'(/ + 1))
i, <7-i ’ | IL ‘‘ > 0 J /

From (4.8), (4.12)—(4.14) we see that the equality (4.11) for the first and for the 
second component is self-evident. Hereunder the right-hand side of equality (4.11) for 
the z'-th component (z = 3, 4) will be denoted by Pj and the left-hand side — by For 
the third component we have Aj"’\y) It'” = 0 for m > 2. and so (77 =y,(Z), e,- = e,(z))

/’32|An(y+ 2
' 1 pff»0 ^3.v 

/1' 1(7 + 1)! 2/!

J
+ £ 

t«i

k = 1 zz

(7+1)!

Q)Ij = 2 
/•1

+ O(zz*<>Z*,b =
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/=t n‘ k’i zi
= L,

I 1Finally, for the fourth component of (4.11) we get (for simplicity we denote 2 — ek 
bye) k" n

J 1 /f>,y++3^ ^+3^ 1 L 3N
(4.15)P4^[A„(y + e)]4 = 2 2 2 -

/« i rv \(/ +1)! (j + 1)! /! s°i

• +o(«-(/+,))=

= f 1 1 { % IT |
/-i z/ \<7 + 1)! (j +. 1)! /! ,-i /,...../,-t [L3>/t... 9^

j-} i ^lfP(y) - I
1-1 fl !,♦,...... 1,U-1 ^.-H+Z ’,*«”'^+zJ Z,

• T nWM + 72 I 2 ^,)...e^p. 2
U=1 ^^r/fo?,;1/ j;1, W

+ O(n'</+1))= 2 A(f- 
/-i n< \(Z

zy for / 4 i 

№

(j+iyi /! x-i f„ .... IS

1 / iN
2 2

Z,+ ...+ 1S‘] q-l q 

lj > o
0 + 1)!

a%09_

H 

9%00_

9>vx

f—
if La»,

iffy №
/! *-i bi..... «i-i L^z, ...

I ,,, s 3N r 9s*yp(j) _
2 2 n y$> + 2 --------- e, •

Z,+...+ ZS«/ r-i <7“t Z„ ...<»♦,-1 L 3Jr, •••. Sj'Z,
Z/>o 4”

li > o

IV1 1 f 37V r 
2 •JJ /! »-1 (/,. ...,z*-iL

2 % eSlr,\..e^t') • n yffi]
Z,+...+ IS‘j t-2 f! r,,..., ff-i 1 f fl-i q J

rpry — -

l~ 9' + ' 

i L 9^/,

. Zf > 0

37V 
2

1*3 /! i,,..., ij +1
/2^ fP(y)

ei,.. - eh.l 2
z,+

li> 0

• II +1 — 2^ —-—----- e/ ... e/ , •
q~i q J Z-t /! pi L 9^, ... dyis. f **' **



18 J. Albrycht, A. Marciniak

2
z, + ...+ ZS=/ 

Z, > o

2
z!

+

+ 0(n-<7**>) = [[ 2 + >/0)e] + 0(n"<z*»)]l4-T7 2 •
/-in' ;! j«i

f z’-1r 3N r
2

\ m = 2 m! Ji......7“i .

3%0’)
. dyit ... 3yI$ Zj- / r„ ’r>

2 &<Z7)...e,<z7rP-

Zf >o 7* 7

•ny,^|+ Z
q^i
<l*'i

'i.... 's* m “1
e‘s*i"‘e's+m Z,+...+Zs»/ 

Zf > o

• n y#P
q^l

+'z'i 5? ..
*“* /! 7..... 7*z*’ L^z,... 3yIj+/

V 1z — •- 2 eAP... n
r-i t\ ri,...,rt = \ *7 ’7 <7 = 1

Z,-> o rjtrj . q*r{

Now we show that

(4.t6) l-'i */ . *-fei . 5 ...5. .
7» I ^s»/

•7*i — e7+/ ’

+ O(rT(/+1>).

I- i...... 7*/ “i L dy,; ... 9y/j+/

<,-/ 1

! 7
7 * rj Q*ri

2
z,+ ...+ Zj«/ 

Z/ > o

2 e/^P n ^«)l=/2/— *2 ’ (?)
t“i Z! rt 7 ? = i ? J m=2 m! Z-i ‘

3rN r ^7p(y) r . y »
** ••• ^Ir J* 2/ w Zs

..... 7*Z‘* L^/, —^7*/ s*' Z,*...*Z,-J r,.....
Zj > 0 r/* iy

• n y#P
1 771 — i <7 = 1 -<7’ 

<Z*7

Let us denote the left-hand side of (4.16) by L and the right-hand side by P. We have
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fZ=i /! h......‘s.r1 I 8^Z, dyiSti e's*t e>s*l 2
!,♦ ...*z,=/ 

7/ > o

£ 5<<r.) d yft’+J- £ 3<<',>«<<'.> n +
Lr,-i » <7 = 1 q 2! r„rt-i ' ’ q-i q (J-/)'.

r,", <l*ri

i • n j#7>jj =/'/21-

n. -.a-/“* 1 <?=i q J| i-i n z,
ri fij q + rj J

3N
2

G» •••» / *1

C‘S4.'
• 2 2 eA,) n yllq>~\

S*‘ r,-t r> q-i,q J
li > 0 q * r,

+ 0(n,-(/-/+D) + /‘,22 - — 32 ds+lfp oo

Z-i /! 2! Z,..... Z,*, -1 L ••• 3j/,<s*Z
e,’y>j ••• e«j./

2 2 n + 0 (n’<7-/+*>)+...+
Z1+...*ZX-/ r„r,-i '» ’ <7 = t q J

lj > o r, *r,

(J

-i— $ [22

-/-1)! z,....z^.-tL^

<7*7

’"‘«w ,
------------------ e. . 2/

ZI+... + Zf-/ 
7,- > o

2 4?^ ...e&J-j n^l+O^*«),
ru-.rj./.t-l 1 -Z-/-1 <7 = 1 q J<7 = 

<7*7
•7-/
7*7

i.e..

= A/ 1 3N
2

■2 l-i J!(m-1)! Z,......zJ+/-i dyit... dytStJ

•a, ...Q. , 2 2 • ej№rJ ...e$rm-J II yfcfl +
’♦» Z,*...*ZI»J r,..... rm., r‘ . '«•« q-i q

4 > 0 ZJ)» Tj qtri

+ 0(n’(/'/*1)).

From (4.16) follows that L = P if and only if



20 J. Albrycht, A. Marciniak

(4.17) 2' S’
m =2 /=l

dmI = 22 Bml
m »2 Z = i

where

d-ml —
3jV
2

/!("’-!)! /,....../,*/-1 3^... 3^
x g

e,S»Z
s*Z

• 2 2 e,;'
Zj ♦ ••• ♦ Zj ■ / Tp ..., f j *

z,>o r/*7

fizziZ =
3N
2

'm-i h
q^rj

VlfpW -

Z! (m - /)! ....../»♦/-1 • • • 9^Z,+/ ‘$♦1 *,.1'

' , Z 2 -Z> n y№
ll*...+ ls-J r,+ ...* r> m-‘ q = i q

li > o ri^rj qtri

»
2

Let us note that

^mi = Bm l f°r zw = 2(l)/ —/,

-^m! = Bm +1,2 f°r zn = 2(l)/ — / — 1,

■dm3 ~ Bm*2,3 f°r m ~ 2 0)^ — ~ 2,

dm,J-i-m*\ ~ f°r tn = 2,

i.e.

dpq — Bp + q -i, q f°r ? — 1 0)^ — / ~ 1 > P = 2 (1)/ — / — <7 + 1.

This equality precises the relationship between all components of the left and right sides 
of (4.17). So we have

/-/

m »2 Z- i

J-i-1 J-j-q*\2 £ dffii — i 2 Ann —
q-\ p = i 'P4

J-i-i J-]-q*i J-j m-i „
= 2 2 Bp + q-x q— 2 2 Bmi.

q-t p-l m-2 J»i

Thus the equality (4.16) is truthful. Since (4.15) and (4.16) yield
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Pa [^ + X/0')e] + 0(n-(/+»)^

then from (4.13) follows that

P4 = IT 2 -7 [fyy + +7i/ -L + 0 («*(/+1))T = i4 .
IL/« 1 n' m-im\ ’ -U4

Thereby the equality (4.11) is proved. This brings the proof of Theorem 6 to an end.

6. Expansion of total error. The Theorems 2—6 ensure the fulfilment of conditions
(i)—(iii) of the Theorem 1. From (4.9) it follows that there exist 4>'(2)_1, where z 
denotes the exact solution of (2.4)—(2.5). So the condition (iv) of the Theorem 1 is 
satisfied too. Therebywe have

Theorem 7. If there exist constants (3.1). then the method of discrete mechanics 
(2.7)—(2.8) has an unique asymptotic expansion of the total discretization error up to 
the order J, Le.

e„ = A„ I ±je, =0(n-(/ + 1)),
/-in'

where e, G ,C(l) [0, 1] X ...X C(1) [0,1] .

6/V factors

From the above theorem follows [13] that if (M is the sequence of nets on the 
time interval [0, 1], where (E* = l/Pkn, {ftt} is the exactly increasing sequence of 
natural numbers and r?(it)p (P = 1 (0 6/V) denotes the solution obtained by the method 
(2.7)—(2.8) on the net (E^, then the solution

np(n)= Jt^ifl*’l(*)p(«)’ »' = 0(1)«, 

where the coefficients a* are calculated from equations
£ fl* = l, £ akl(pkn)> =0. /=1(1)/-1 . 

k-1
has a precision of the order J.
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STRESZCZENIE

W pracy tej autorzy badają istnienie asymptotycznego rozwinięcia dla błędu w metodzie Green- 
spana mechaniki dyskretnej. Pewne zastosowanie tych wyników zostało podane w pracy drugiego 
z autorów [12].

РЕЗЮМЕ

В этой работе авторы исследуют существование асимптотического разложения ошибки 
в методе Гринспана дискретной механики. Некоторые применения этих результатов при
ведены в работе второго автора [12].


