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On the Becker Univalence Criterion
O Beckera kryterium jednolistnosci

06 ycnoauu onHoncrHocTw Bewe pa

1. Let the function g (z) = bz + bo + b, 27! +...beanalyticin 1<)z <],
J. Becker [2] [3, p. 173] has proved thal if

(1zP -1z ‘,m|<x for [z]>1 (1)
£

then g is univalent, We want to show by a simple example that the constant | is best
possible.
Theorem. Let a > 1. Then the function
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= =y oo gn/ 2kt R L
£(2) 2"’_{[(1 79 &=z E‘( x ) 55— 0))
is not univalent in {|z| > l} but satisfies
(lz =1z x,"z) I<a for |21>1. 3)
£(@)

Proof. It follows from (2) that

aym_ 8”(1),.’ fz|? -1
(b=l ey 1= ¢

Substituting § = 1/ sin ¢ in (2) we obtain that
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g=1- 1" (eost)y o —1] ==L g,
0 sin~¢

Since a > 1 it follows that

cos?
gin¢

g)<i— [ [(cosr)? =1} ° dt = l-—tan-:~=0.
(]

Now g(x) € R for x € [1, + =) and g(x) + + = as x — + o Hence there exists xo > 1
such that g(xo) = 0. Since g is odd it follows that also g( — xo) = 0 so0 that g is not
univalent.

2. Let now f be analyticin {|z| <1} .Becker hasalso proved (1] [3,p. 173] that if

[
'@

then f is univalent.
Asan example, Jet b =4.2-10"%,r = 1.20613 and

a-izP)lz I<1 for |2]|<1 )

4
f(2)=°I=xp frt +orég*) dt (121<1). ®)

Numerical calculation shows that Im f(/) < 0. Since f has non-negative coefficients it
follows that f is not univalent. The bound in (4) is found to be < 1,121, Hence we sce
that the constant 1 in Becker's criterion cannot be replaced by 1.121. This slightly
improves the estimate 1.210 obtained from the exponential function [1]. The problem
whether 1 is best possible remains open.
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STRESZCZENIE

Autar konstruuje dwa pezyktady funkgi, aby dowiedé, 2o
(1) 1 — jest najlepszq staty w ksyterium Beckera dla funk @i holomorficznych w obszarze 1 < |2) < =s;
(2) dia {unkg@! holomorficznych w kole 15| < 1 stata Beckera nio przekracza 1,121,

PE3IOME

ABTOp KOHCTPYUPYS ABA OpuMepa QYHKUMA OKAILBAET, WTO
(1) 1 - camas nyvums xoMctadTa B ycnopusm Baxspa ans Qymxumfl ronomopdimix 3 obnacru
1<|2| <=,
(2) 912 KoHCTaNTa Ho Gonble, oM 1,121 B Cryuss GyHiamil ronoMopduNX B Xpyre §2 | < 1.



