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1. Introduction. Let L denote the set ot tunctions f analytic and locaily one-to-one in
U= {z: 121< 13 . which are norpulized by f{0) = 0, £ '(0) = 1. Also, let S and $*(a)
denote the subclasses of L consisting of univalent and starlike functions of order a (0 <
< a < 1), respectively. In this paper we continue the investigation begun by Ruscheweyh
[2]). Among his results is the following interesting theorem.

Theorem A.Let fES. Then, for <1< 1,

(1 +1)
a

run R f@. )

Ruscheweyh then asks whether (1) is also sufficient for f to belong to S. Using the notion
of subordination chain, we offer another proof of Theorem A, one which also shows that
many functions not 1n S may satisty (1) (see Theorem A’).

Definition. Let ¢ be defined on U X [a, b). We say ¢ (2, ¢) is a subordination chain
onfa b)ifa<ir <t Kb=¢(1, )< @ (2, £2) in U. Similarly, ¢ (z, ) is a inajoriza-
tion chainon fa, b} ifa<t, <t Kb =19 (2, 1) I<I1¢(2 t3)|in U

We requure the following:

Lemma 1. Let ¢ be defined on U X [a, b}, ¢ (0, 1) =0, ¢; (0,2) > 0, ¢ (2, t) analytic
in U for fixed t, and ¢ (z, t) continuously differentiable in {a, b) for fixed z. Then
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(i) ¢(z, t) is a subordination chain on [a, b) ifand only if for t € [a, b],0<| z| <1,
arg—?i,- l < w/2or ¢=0.
2¢z
(ii) ¢ (2, t) is a majorization chain on [a, b] ifand only if fort € [a, b],0< |2z <1,
argizf— f< n/2 or ¢=0.

For fE€ L, defineg,on UX (— 1, 1] by

s (l+')2(1-a)
gz t)= 4' "%t
2[4\, r=0.

f(@2),t#0,

We will show that under certain conditions g, (2, ) is a subordination (majorization)
chain on ( — 1, 1]. By this we mean that g, (z, ¢) is a subordination (majorization) chain
on[—1+e, 1] for each e, 0 < e < 1. Here, the conditions of the Lemma are met. In
fact, g, (2, t) may be regarded, for fixed z, as an analytic function of the complex variable
t, for|t|<1.

We shall also prove the following theorem.

Theorem B. Let fE L.

(i) fE S*(a) if and only if g4 (2, t) is a majorization chainon (—1,1].

(i) if f € S*(a), then g, (2, t) is a subordination chainon (—1,1].

(iii) the converse of (il) holds in the case a = 0.

We do not know if the converse of (ii) holds for other values of a.

2. Proofs of theorems. In this section we first state and prove a more precise version
of Theorem A.

Theorem A'. Let f € L. Then g, (2, t) is a subordination chain on [0, 1) if and only if

f(2) 1+]z|
Re (zf'(z) < e ,ZEU. )

Proof, A calculation for 0 <t < 1 yields

& _ L[l fe)
et Lt+1 mf@) ’ l_l' [

Thus, £5¢/2802 has non-negative real part in U if and only if

e[ J@) 1o 1% ey 0<e<, )

tzf'(£2) J 1—1
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By the maximum principle, (4) is equivalent to
1z L+
[ f(,)]< JNz1=1,0<1 <1,
1zf '(t2) g §

and the substitution w = rz gives the desired result.
Remark. Since a function in S satisfies

2f'(2) I> 1—|z| :
[(2) I 1+]z]

it must also satisfy (2), so that Theorem A is contained in Theorem A’,

Example. We now define a function f & S (in fact, of infinite valence) which satisfies
(5) and hence (1). Let

)

142

Q@)=e'exp ,ZEU,
Rt
and define f by
=il
f(2)=zexp IIM— dw
0 w

We observe that zf'(z)/f(z) = Q (2), and one easily verifies that (5) holds. On the other
hand, f grows too rapidly along the positive axis (0 <r < 1) to be p-valent for any p.
Prouf of Theorem B. A calculation for ¢ # 0 gives

gor =_l_!’r(l-—2a)-—l f('rz) +l] ®
77PN B B & 12f'(12)

and

Bar " 1[1(1—20)—1 i rz/.'(lz) ] -
£a ! r+t f(2)

With an argument analogous to that of Theorem A’, we obtain the following relations
(8)-(15):
8ot

28az

Re >0, —-1<1<0 (8)

if and only if
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2f'(2) ! 1+(1-2a)lz| 2 1+(1-20a)|2] ©
@ 20 —-1z]) 2(1-1z1)
Re(J%L\ >0,0<r<1 (10)
28az ’
\
if and only if
zf(z)_ 1-(1-2a)lz| - 1-(1-2a)l2| an
f(2) 2(1+1z210) 2(1+1z1)
Re(%i) >0, —1<1<0 (12)
if and only if
'@ ) 1+(1 -2a)z|
Re(f(z) ] < i (13)
Re (‘“‘) >0,0<r<1 (14)
if and only if
(zf(z)\ S 1-0-20)2) -

\ f () l} 1+12z)

Now, if f € S*(a), then the value of zf ‘(z)/f (z), for z fixed, lies in the disk with center
on the positive real axis and having diameter endpoints at

13(1-2a)lz|
1%z )

Thus, (9), (11), (13), and (15) are satisfied, and g, (2, #) is both a majorization and
subordination chain on ( — 1, 1]. Here we have used the fact that g5¢/285; and  g4/ga
are continuous at ¢ = 0. We observe also from (14) and (15) that if g, (2, f) is a majoriza-
tion chain on [0, 1], then f € S*(a). Finally, from (8) and (9) it follows that if g, (2, 1) is
a subordination chain on ( = 1, 0], then Re [zf '(2)/f (2)] 2 O so that f € $°(0). The
proof of Theorem B is complete.
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STRESZCZENIE

Niech L oznacza kias¢ funkcji holomorficznych i lokalnie jednolistnych w kole | 2 | < 1. Kilka lat
temu St. Ruscheweyh dowiédt, te w klasie S ma miejsce relacja podparzadkowania

A+ 04t fe <4 f@),0<1< 1.

Autorzy dokonujy pewnego uogolnienia tego wyniku w przypadku f€ L.

PE3IOME

Mycrs L 0603navaet kndce GyHKUKA ManoMophHbIX H TOKANMHO ORHONKCTHLLX B Kpyre {2 | < 1.
Hecxanbko net vomy nazag Cr. Pywescefl 0oKa3an, ¥TO B KNACCE S HMEET MECTO pelISLIMA BOAYMHEM S

A+ ar? f(u)z f@).0<r<1.

ABTOpM 0606WAT ITOT PEIYNMTET B Clywae [ € L






