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On Natural Transformations of Higher Order Covelocities Functor

O transformacjach naturalnych funktora kopredkosci wyzszego rzedu

Abstract. In this paper, all natural transformations of the (2, r)-covelacities functor 7°
into the (1, r)—covelocities functor Ty* and T5°, are determined. We deduce that all natural
transformations of T;* into Ty* form an (2r + ﬂ%”)-punmeter family linearly generated by
the generalized (3, t)-power mixed transformations A, ¢ for s = 0,1,...,rand t = 0,1,...,r
withs+t=1,...,r

Recently, we have determined in [2] all natural transformations of the r-th order
cotangent bundle functor T"* into itself, which constitute the r-parameter family
linearly generated by the s-th power natural transformations 4, for s =1,...,r.

In this paper, we determine all natural transformations of the (2,r)-covelocities
bundle functor Tj™ into the (1,r)-covelocities bundle functor T{*. We deduce that all
natural transformations of the functor TJ* into the functor Ty* form the
(2r + ﬂ'z;’)-)—pa.rameter family linearly generated by the generalized (s,t)-power
mixed transformations 4,y ors=1,...,randt=0,1,...,rwiths+t=1,...,r.

Moreover, we deduce that all natural transformations of the functor T;* into itself
form the 2. (2r + EL'a;u-)—para.meter family linearly generated for both components
by the generalized (s, t)-power mixed transformations A, of T;* into Ty*.

The author is grateful to Professor I. Kolar for suggesting the problem, valuable
remarks and useful discussions.

1. Let M be a smooth n-dimensional manifold. Let T/*M = J"(M, R*), be the
space of all r-jets from a manifold M to R* with target at 0.

A vector bundle my : T{*M — M with a source r-jet projection is called the
(k,r)-covelocities bundle on M.

Every local diffeomorphism ¢ : M — N is extended into a vector bundles mor-
phism T{*y : T{*M — T[> N defined by Tf*y : jIF — jI(F oy ~'), where ¢! is
constructed locally. Hence, the (k,r)-covelocities bundle functor T;* is defined on
a category M/, of smooth n dimensional manifolds with local diffeomorphisms as
morphisms and with values in a category VB of vector bundles.
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We have a canonical identification
(1.1) TOCM =T°M x ... xT{*M (k timen)

of the form jIF = (jIF',...,jif*) for F = (F',...,F*).

Consider the (2,r)-covelocities bundle functor T;* and the (1,r) covelocities
bundle functor Ty*.

We have defined in [2] the s-th power natural transformations A, of the r-th
cotangent bundle functor T = T}* into itself of the form

(1.2) A, : j F — ji(F)

where (F)* denote the s-th power of F for s = 1,...,r.
We define a natural transformations A, ¢ of the functor T;* into the functor Ty*
as a generalization of the power transformations A, of the functor T7* into itself.

Definition 1. A natural transformation A, of the (2,r) covelocities functor
T3 into the (1, r)-covelocities functor Ty* defined by formula

(1.3) Ao JiF v I(F Y (F?)

where F = (F',F?) and (F*)? denote the p-th power of F*, is called the gener-
alized (s,t)-power mixed transformation for s = 0,1,...,r and ¢t = 0,1,...,r with
s+t=1,...,r.

If (') are some local coordinates on M, then we have the induced fibre coordi-
nates (ui,... Wi, i, Vi,... %, i )on T7* M (symmetric in all indices) of the form

- OF! )
(1.4) uilisF) = 3|
............ 'O'Fl
Uiy i (s F) = dz" ...9r% |,
j OF?
vi(j; F) = y>
O

Uiy |r(J:F) -

0z ... 9z |,

2. In this part first we determine by an induction method all natural tranefor-
mations of the functor T;* into the functor Ty*.

Theorem 1. All natural transformations A : TJ* — T/* of the (2, r)-covelocities
bundle functor Tj* into the (1,r)-covelocities bundle functor T;* form the
(2r + @ )-parameter family of the form

(2.1) A= k]ALo +... 4+ k,-Ar_o + I|Ao'| o I I'Ao',--i-
+my 3 Ay +...o+meonaAa oo Emy 4
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with any real parameters ky,... ke 0y, .. lpymyy, .o me g4y ,my -1 € R and
are linearly generated by the generalized (s,t)-power mized transformations A, for
8=0,1,...,randt=0,1,...,rwiths+t=1,...,r

Proof. The (2,r)-covelocities bundle functor T3* is defined on the category Mf,
of n-dimensional smooth manifolds with local diffeomorphisms as morphisms and is
of order r. Then, its standard fibre S = (T;°R")o is G}, -space, where G7, means a
group of all invertible r—jets from R" into R" with source and target at 0.

According to a general theory, (1], the natural transformations A4 : Tj* — T7*
are in bijection with G[—equivariant maps of the standard fibres f : (T;°R")y —
(T7*R™)o.

Let @ = a~! denote the inverse element in G, and let (i,...i,) denote the
symmetrization of indices.

By (1.4) the action of an element (aj,a}, ;.,...,a}, ;)€ G} on
('lnl;, coa Uiy iy Wiy ey Vi i r) € (T"ORH)O and on (wia"'vwh...i,) €. (T{‘R")o is of
the form

(2.2) u; = u,~f

J

i oo
u'lin - u.}lhan u +qu i1ia

b A .o X . ~jl ~jr
Uiy.ip = Yjy..5, 05, - G50+

rl

e ~ Jo - Jr

+ Uy -] @, a4+
y r! ~)| ~Jz

e+ Ui [ T Bi) o[+

+u]|~1l

and is of the same form on coordinates v, . ;,, wi,. i, fors=1,...,r.

L. In the first induction step we consider the case r = 2. Considering equivariancy
of G2 —equivariant map f = (f;, fi;) : (T§*R")o — (T?*R")o in the form

(2.3) wi = fi(ui, uij, vi,v;;)
wi; = fij(ui uij, vi,vij)
with respect to homotheties in G2 : 1y = k6'. "'; & = 0, we get a homogeneity condition
(2.4) kfg(u,u.-j, Vg, U.‘j) = f.-(ku.', kzui,-, kv.-, kzv.',‘)
k’f.-,-(u.-, U5, Vj, v.',') = f,-(ku;, k'u,-j, kv.~, kzvi,’) .
By the homogeneous function theorem, (1], we deduce firstly that f; is linear in
u; and v; and is independent on u;; and v;; and is bilinear in u;,v; and is quadratic

in u; and v;.
Using invariant tensor theorem for G}, [1], we obtain f in the form

(2.3) fi = kiui + o,
fij = kauiuj + kaui; + lavivj + lyvi; + mayaugvj)
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with any real parameters kl,kg,ks,l],lg,la,mL] €R.
The equivariancy of f in the form (2.5) with respect to the kernel of the projection
G? - G: 71'; = 5; and 71'}. arbitrary, gives relationship for parameters

(2.6) ks=k , =1

This gives the 5-parameter family of natural transformations in the form A = k; A; o+
kzAz0 + 11 Ao,y + 12Ag2 + my,1 Ay, with any real parametrs ky, ky,1,l3,m;y € R
and proves our theorem for r = 2.

IL. In the second induction step for (r — 1), we assume that G~ !-equivariant
map f = (fir-.os firins) t (TETR™)o = (T " R}y define the

(2r-1)+ ﬂ1"'—“2)-)—pa.mmeter family

(2.7) A =k1A1|o +...+ kr—lAr—l,o + 1 Ao_l + ...+ Ir—le,r—l+
+myAg e tme g At My oAy g

with any real parameters ky,..., k1,01, lec1y M1y 0y Me_2,1,...,My o3 € R.

We assume that G7,—equivariant map f: (TJ*R")y — (T{"R"), is of the form

¥f= (five o+ fireoesr fis....i,) provided that f is of the form f = (fi,..., fi, i,_,).
Considering equivariancy of f with respect to homotheties in G, : '5: = ké;,

'E;-l,-‘.=. ..., 'Ej, ..j» = 0, we obtain for the r-th component f;, ; a homogeneity
condition
(2.8) K fi e (Win e iy iy Ve ey V5 G,) =

= firig(kuiy oo kT kv kT )

By the homogeneous function theorem and by the invariant tensor theorem, [1],
we deduce that f; . ;. is of the general form

(2.9) Sis e = Pr¥igi, F P21YGL Yy i) + P22 %0 is Yia..in) T+
FooF Proa Uy e Ui Uiy F Prty L UG+
+ Qi 92,190, Viy.i,) F 92,2Y(i455 Vis.in) T
+oooF @2y Vi Y i) ey e+
F UG Vi) TG Y )t
R R o (TS0 LT TTTERI TP R i P o
F 02U iy Vig - Vi) F Reo 12 UGy - B, V)

+...4+n . UG, Vip -« V5,) «

Equivariancy of f with respect to the kernel of the projection Gf, — G.™! :

ay=éj,a;; =0,...,a) ; =0and@) . arbitrary, gives relationship

(2.10) =k, ,qa=L.
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Now, consdering equivariancy of f with respect to the kernel of the projection G5~ —
Gl : E; = §; and 5}-'”, .. @y 4 are arbitrary and @ . = 0 in G}, we obtain
following relationship for parametcrs

2.11 i loley ik Ly

(211) Pz,x=m 2.Pz,z—m 2 3000y

r!
Pt = gim ke-1
rl ! r! y
d2.1 -mla, qz,a”mm. cee oy
r!
-1 = T le-1
r! - rl
nm = (r-_l)ll-! m,_l g wee gy "l.l = mm
r! r!
Ne-1,1 = m Mr_2,1y vc0 y N2 = m my,r-2

If we put for parameters p, = kr, ¢r = lp, Npo1,) = M1 1,00, N1 roy =My oy,
then we obtain A in the form (2.1). This proves our theorem.

At last, we determine all natural transformations of the (2, r) covelocities bundle
functor T into itself.

Using the canonical identification (1.1), T;*M = T{*M x T"M, any natu-
ral transformation 4 : T;* — T7° correspond bijectively to G} -equivariant map
Fre=(fisooisfivini@ive s @inin) : (TP R™)o = (T°*R")o x (T{*R")o. Considering
Gl —equivariancy of f, we deduce from theorem 1 that both components (fi, ..., fi,...i,)

and (gi,...,gi,..4,) define the (2r + 251 _parameter families of natural transfor-
mations TJ* — T7* of the form (2.1).

Corollary 2. All natural transformations A : T]* — T3° of the (2, r)-covelocities
bundle functor T{* into itself form the 2- (2r + 51-—-1) paramctcr family of the form
(2.1) for both componcnta and are linearly generated for both componcncu by the gen-
eralised (s,t)-power mized transformations A, for s =0,1,...,r and t = 0,1,.
withs+t=1,...,r
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STRESZCZENIE

W pracy wysnacsa sig wasystkie transformacje naturalne funktora (2, r)-kopredkodei "
w funktory (1,r)-kopredkodci T{* oras T3°. Podstawowymi transformacjami tego typu s uogél-
nione transformacje (8,%)-potegowe mieszane A, ¢ dla 8 = 0,1,...,r oraz t = 0,1,...,r
spelniajecychs +t=1,. .,r.

Waesystkie transformacje funktora T7° w T7® stanowis (2r + 5%&) parametrowy rodeing
generowany liniowo 2a pomocy uogélnionych transformacji (8, t) potegowych miessanych A-,l-
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