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Abstract. Let .4 be the collection of functions /(z) regular in E : |z| < I and normalised 
by /(0) — 0 »nd /'(O) — 1> »nd F’(z) = (/(*) + p(*))/2. We investigate relations between 
k,m, and n, the valences in E of (z), j(z) and F(z), respectively.

1. Introduction. We consider a problem which we will denote by V(Jc, m,n) 
where k,m,n are positive integers which may include oo as a positive integer.

Let

(1) F(z)=|(/(z) + S(z)),

where /(z) and j(z) are functions in .4 the set of normalized functions

(2) /(,)-,+£a„z",

n=2

(3) $(«) = *+ £*»*" ,
n«J

which are regular in E : |z| < 1.
Given k,m, and n, positive integers does there exist functions f,g and F such 

that f has valence k in E, g has valence m in E, and F has valence n i E. We denote 
this problem by the symbol V(k,m,n) which is a function with the range {Yes, No}.

What may appear to be the hardest case, V(l, 1, in ftp) was solved affirmatively 
in [1]. In this paper, we look at various other combinations of k, m, and n. In the last 
section, we suggest various extensions and generalizations of the problem V(k, m,n).

2. Some special cases. First we note that V(k,m,n) = V(m, k, n) so that 
W.L.O.G. we can always assume that k < m.

Theorem 1. The problem V(k, k, 1) has a solution for each k — 1,2, ...,oo.
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Proof. Let

(4) /(z) = z + h(z) , g(z) = z- h(z)

where

(5) h(z) = sin(z2/(l -«’))= j-3^2 - j + • • •

so that f and g have the requires normalization. FYirther, F(z) = (f(z) + g(z))/2 = z 
which is trivially univalent in E. Next, the function u(z) = z2/(l — z2) maps the 
interval (0,1) onto (0,00) in a 1-1 continuous manner. Hence there is a sequence 
0 < zj < Z2 < ... < z, < ... < 1 such that u(z27+i)=2g7r + 7r/2and u(z21)=2qn—x/2 
for q — 1,2,... Then sin u(z) alternates between +1 and —1 and hence has infinitely 
many zeros. The function z + sin u(z) is positive at Z27+i and negative at Zjt so /(z) 
is oo-valent in E. The same type of argument shows that g(z) = z — h(z) is also 
oo-valent in E. Thus the problem V(oo,oo, 1) has a solution.

For finite k, one can consider f(rz)/r and g(rz)/r for suitable r, but it is simpler 
to set /(z) = z + Az* and g(z) = 2 — Az* with sufficiently large A. Then V(k, k, 1) 
has a solution for each finite k, k >1.

Theorem 2. The problem V(k,k, , n) has a solution for each n = 2,3,... ,00, 
and each k = 2,3,..., 00.

This theorem extends Theorem 1 from the case n = 1 to the case n > 1.

Proof. First V(oo, 00,00) is trivial. Set /(z) = ¡7(2) = any normalized infinite- 
valent function.

Next consider V(oo,oo,n) with n finie. In this case, set

(6) /(z) = z + Az" + flsinu(z)
(7) g{z) — z + Azn — B amu(z)

where (as in Theorem 1) u(z) = z2/(l —z2). If A > 1, then (/(z)+$(z))/2 is n-valent. 
Farther, if B > 1 + A, then the argument used in Theorem 1 shows that /(z) and 
g(z) are both infinite-valent. Hence the problem V(oo,oo,n) has a solution for each 
finite n.

For V(k, k, n) with 1 < k < n < 00, set

(8) /(z) = z + Az* + Bzn
(9) g(z) = z — Az* + Bzn

with B > 1 and A > 1 + B.
To complete the proof of Theorem 2, we need to settle the cases V(k, k, 00) with 

k > 1 and V(k,k, n) with n < k.
For V(k, k, 00) set

(io)
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where A > 0 and 0 < a < tt/2. Further set

(11) g(z) = e— [-1 + exp(Be-^ In |^)] ,

where B > 0 and 0 < 0 < tt/2. Since Ae'“ln((l + *)/(l - «)) maps E onto an 
infinite strip of width Air that makes an angle a with the positive real axis, then /(z) 
is fc-valent if 2(fc — 1) < A/cos a < 2k. A similar remark holds for g(z) which is 
m-valent if 2(m — 1) < B/cos/? < 2m.

Now set k = m, A = B, and a = 0 with (2fc — l)cosa = A. Then both /(*) and 
g(z) are fc-valent in E. Further, F(z) = (/(z) + ff(z))/2 gives

(12) F(z) = Co + Q(z)

where Co = —(cosa)/2A and

(13) Q(z) = e-'"exp(Aei<’ln + e^exp^e^“ In —.

A small computation will show that Q(z) =0 whenever

(14)
, 1 + z (2g + l)ir + 2a
In ------ =----- .1.-----------

1 — z 2 A sin a

where q is any integer. Since this equation is satisfied for some z in E for each integer 
q, it follows that F(z) is oo-valent in E.

For V(k, k, n) with 1 < n < k < oo set

(15) f(z) = z + Azn + Bzk ,

and

(16) g(z) = z + Azn — Bzk ,

with A > 1 and B > 1 + A.
This analysis omits the case V(l,l,n) where n is finite. It is clear that equa­

tions (8) and (9) cannot be used when k = 1. The transformation T(z) = ip(rz)/r 
applied to f,g and F in equations (10) and (11) will yield and F with exactly n zeros 
when r is selected properly. However, this does not mean that F(rz)/r is n-valent, 
and it is possible that as r decreases from 1 to 0, the valence of F(rz)/z may have 
jump discontinuities greater than 1. For the moment, the problem V(l, l,n) remains 
unsettled.

3. The unsymmetrical cases. Here we consider V(k, m,n) where k < m, and 
fc,m,n are any positive integers including oo.

Theorem 3. The problem V(k,m}oo) has a solution for each pair of positive 
integers k and m.
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Proof. The case k = m was settled in Theorem 2. By the symmetry of the 
problem, we may assume W.L.O.G. that 1 < k < m. We use the two functions /(«) 
and g(z) defined by equations (10) and (11) where we may have A / B and o / (3. 
Then F(z) = ((/(«) + g(z))/2 gives F(z) = Co + Q(z) where now

e~iaC0 = —rr-^(17)

and

(18) Q(z) = exp^Ae'“ In exp^Be-^ In

A small computation shows that Q(z) = 0 whenever

4A 4B ’

(19) In
1 + * _ ((2g + l)?r + o + ff)t + ln( A/B) 
1 - z ~ Aeia - Be-'t

Now /(«) and 5(2) will be fr -valent and m-valent respectively if A, a, B and /? satisfy 
the conditions

(20) A = (2k — 1) cos a , and B = (2m — l)cos/? .

To simplify (19), we impose the further condition

(21) Acoaa = Bcos/3 .

Then Q(z) = 0 whenever

1 + z _ (2q + l)ir + Q + /? ln( A/B) .
(22) In

1 — z Asina + Bsin/? Asina + B sin f3

The right side of (22) gives an infinite set of points that lie on a parallel to the real 
axis and hence for each integer q, there is a z in E that satisfies (22) if

(23)
ln(A/B) n

<2-IA sin a + B sin /? I 

Since m > k > 1, the conditions (20) and (21) will give 

2m — 1
(24)

cos2 a
2k — 1 cos2 [3 ’

and hence 1 < cos a/ cos 0 = B/A, so B > A. Now Asina > 0 so (23) is satisfied if 

ln(B/A)(25) IT

B sin /? '2

1 <

We select a = 0. Then (20) dictates that A = 2k - 1 and (21) gives cos/3 = A/B. 
FYom sin2 /? = 1 — (A/B)2 and a little manipulation we see that (25) is satisfied if

* - 1 ln(B/A) _ 1 lot _ 1 r ( ’ 2 > A ” A ~ A IM
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where t = B/A > 1. A computer program shows that for 1 < t < oo we have 
max/.(t) « 0.4037 < tr/2 when t w 2.2185, the only zero of Zi(t). Thus /(z) has 
infinitely many zeros in E.

The other unsymmetrical cases V(k,oo,n) and (k,m,n) where k,m,n are all 
finite, seem to be more difficult.

4. Generalizations. A number of generalizations may be of interest. First, 
suppose that we fix positive numbers a,0 with a + 0 = 1 and replace (1) by

(27) F(z) = a/(z) + 0g(z) .

Then V(fc,m,n) denotes the problem: are there functions in A for which f,g, and F 
have calence k, m, and n respectively.

An affirmative answer in the simplest case V(l, l,0o) was obtained in [2], but in 
that work, a and /? were restricted to the interval (l/(l + c”),e’/(l + e")). Later, 
Ji [3] extended this result to the full interval (0,1).

The same questions V(fc,m,n) can be asked if

(28) F(z) = r(z)/(z) = z[^]°[^]\

Here, of course, we must restrict /, g and F to be the functions with only one zero in 
E the one of the origin. Again, the simplest case V(l, l,oo) was settled in [2] in the 
affirmative for a and 0 in a certain interval and again J i [3] extended the result to 
all a,0 in (0,1).

Other compositions, such as

(29) F(z) = f\n6nz", or F(t) « £ z" ,

i l

may also yield interesting problems.
The methods used in Sections 2 and 3 may settle some of the easier cases, but 

a complete analysis of all cases V(fc,m,n) in any one of the above problems may be 
difficult.
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STRESZCZENIE

Niech A oznacza rodzinę funkci f(z) regularnych w E = {2 : 

/(O) = 0, /'(O) = 1. Oznaczmy F(z) = , f,g € A W
pomiędzy liatnoeciami w E funkcji /(ż), g(z) i F(z).

|i| < 1} i unormowanych; 

pracy badane są zależności
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