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The Rate of Convergence of Randomly Indexed Sums
of Independent Random Variables to a Stable Law

Abstract. This paper presents uniform and nonuniform rates of convergence of randomly
indexed sums of independent random variables to a stable law. The presented results extend to the
case of randomly indexed sums those given by A. Krajka and Z. Rychlik (1933).

1. Introduction. Let {X,,n > 1} be a sequence of independent random vari-
ables whose distribution functions {F,,,n > 1} belong to the domain of attraction of a
stable law of exponent a, 0 < a < 2. Then, under some additional assumptions, there
exist constants {T,,n > 1} and {¢s,n 2> 1} such that Z;‘-':,(.Y, — 7j)/<n converges
to a stable law, as n — co. The speed of this convergence is given in {4]. The main
results of (4], Theorem 1 and 2 are repeated here. On the base of this results we
derive uniform and nonuniform rates of convergence of randomly indexed sums to a
stable law. Uniform rate of convergence is presented in Theorem 3, while nonuniform
in Theorem 4. It should be mentioned here that we do not assume anything concern-
ing the interdependence between random indices and random variables {X,,n > 1}.
Theorems 3 and 4 seem to be new in the context of stable convergence.

We close this section with some notations. Let {¢,,n > 1} be the sequence of
the characteristic functions of {X,,n > 1}, and let {¢, j,j 2 1},¢ = 1,2, be sequences
of nonnegative numbers such that ¢;; + ¢3,; > 0, j 2 1. Define

hj(z) =1 - Fj(z) + Fj(-z) — (a1,j + e2,;(z™7 A1),
dj(z) =1 - Fj(z) - Fj(=z) = (c1,; —e2,;)(z7" A1),

Ha(z) =) hj(z), Da(z)=)_dj(z),

J=1 j=1
Ha@) =Y i@, D)= lds(a)l,
J=1 j=1

Here, and in what follows, z V y = max{z,y} and z A y = min{z,y}. Let us put

poo ((—Jf ucos(u)du , ifa€(0,)),
‘ar= | u%sin(u)du, e = { 1 yifa=1,
2, L 57 u=(1 - cos(u))du , if a €(1,2),
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= [0~ conte)dhi(a) or byt =t [ sinttahi(a)ds
D J5” sin(tz) dd;(z) , for a € (0,1)
2k { t [(1 - cos(tz))dj(z)dz , for a € [1,2),

aj=(a,j+ecjla, a;=(ca,;+ecjea,

1
M w= [Q-FE-Fad+ f o T g

{ pi+ 001 agilog(cf /s2y) + az jlog(sf) , ifa=1,
e

0 , otherwise , j > 1,

y= lim (Zj'l ~Inn) (Euler’s constant),

n—ao \#
=]

Cl.u = zcl.j ’ Cz.'l = Zcz»j'
J=1 =1
<:=(Cl,n+cz,l)cl ) <0=01 "21
Throughout the paper, we assume that for some real number A
A= lim (Cy,n — Can)e2/(C1,n + Capn)er
n—00

Bm ¢y =400, -
N ==00

and for j > 1, EX; =0, iff it exists.

Let Ga,A( - ) denote the stable law with the characteristic function
[ exp{-[tIo(1 + dsign (1)) L fa#l,
| exp{=[¢|(1 + iXsign (t)In|t])} , ifa=1.

2)

@) ¥(t) =

Let us define
An(z) = IP[S. < 2("] = Ga,o\(z)l ’

where Sp = Y0, (X; — 75).
Let {Nn,n 2 1} be a sequence of positive integer—valued random variables such
that

0 /e B¢, snooo,

where ( is a positive random variable independent of {Nn,n > 1} and {Xa,n > 1}.
Let us define
T, = max{k: ¢f < (s7)
A(Na,z) = |P(Sn, < 26n,) — Gan(2)]
A(Tn,z) = |P(SN, < z¢13) — Gan(2)] ,
A(n,¢,z) = |P(Sn. < 2("/%a) = Gap(z)l, n21.



The Rate of Convergence of Randomly Indexed Sums... 45

In what follows C, denotes the positive constant which may only be dependent
on a and A,

2. The rates of convergence to a stable law. In [4] it is proved:

Theorem 1. Let {X,,n 2 1} be a sequence of independent random variables,
and let {€n,n 2 1} be a sequences of positive numbers such that for every 0 <t <
andn 21,

$max{t®(lar ;| + lazs) + b + 1B ST, fa#tl,

5
%) 4!}1§}c{t(lan.yl+Iaz.:(losf)’l+Iu;|)+lb:.;(t)l+lbz.j(i)l} <1, fa=1,
(6) |Zu:.;'/<:’ o/ ’\I =ta ,
y=1

wvhere 1 is some positive number.
Assume

9(z) =sup{Ha(z) V Dua(2)}6s® =0(z™°) asz— 0,
(M '

and supz“9(z) < o0,
z
and, in addition, if a =1 then
®) ma [bja(®) |1n(t)| < o0 ,

forO<t<.
(a). If {ha,n 2 1} and {dn,n > 1} are sequences of uniformly ultimately mono-
tone functions on [0,00) and 0 < a < 1, then

9) Sl:pA,.(z) < C{c:’ A‘. z|Ha(z)|dz + ¢! /:- |Da(z)|dz+

4 [ 2 ) + IDuN o + €+ 650} = Um)

(b). If [;°9(z)dz < 00 , then for a =1

(10)
Cm
supAa = z|Ha(z :3 z3|D,
upia(z) < s [ olBu(a)ldz +° [ D)+

462" [ 1)+ 1Da(2)] 1ds +en + 55085017} = Ua(n)
" .
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(c). If (b) holds and {hn.,n 2 1} 13 a sequence of uniformly ultimately monotone
functions on [0,00), then for a =1
(11)
n n
aupAn(z) < Cfc:? / 2|Hn(z)|dz + ¢ J/ 22| Do(z)] dz+
z 0 . 0

+ J/mz"IH,.(:)M:: +¢7! J/m |Dn(z)|dz + €n + < 2 (log q,.)z} =U.(n) .

n

(d). If {hu,n 2 1} is a sequence of uniformly ultimately monotone functions,
then for 1< a <2

(12)
supAn(z) < C{»;,.'2 [“ z|Ho(z)| dz + ¢° r. z?|Do(z)| dz+
z Jo Jo
+ J/ 7' | Ha(z)|dz + ¢ J/w |Da(z)ldz +€a + <;2} = Uq4(n) .

(e). Forl1<a<?2
13 swpan(e) < C{q? [ albulalds 4 [ 2IDu(a)l ot

46 [ (Hu) # 1Da(a) de +0 4 657} = Vsl

Theorem 2. Let {X,,n 2 1} be a sequence of independent random variables
satisfying the assumptions (5)—(8) of Theorem 1 If for every n 2 1, the functions
Hn(z) and D,(z) are ultimately monotone on [0,00) and 1 < a < 2, then for every
TER

(14)
(A +1=Dn() < {5 [0+ Ia(a/sa))(Dn(a) + Hnle) ds+
Sn

+ Ha(cn) +¢,° f z’Da(z)dz +¢;* f zHa(z)dz +€n + c:"} =
=U(n).

The following theorem presents the uniform rate of convergence of randomly
indexed sums of independent nonidentically distributed random variables to a stable
law.

Theorem 3. Let {Xpyn > 1} be a sequence of independent random variables
satisfying the assumptions (5)-(8) of Theorem 1 with hn(z) > 0, da(z) 2 0, n > 1,
such that for every0 < p<gq,p,q€ N,

(15) sup [Hy(z) — Hy(2)| z° V1| S C(¢f = ;) »  Ho(z) =0,



The Rate of Convergence of Randoinly Indexed Sums... 47

and, in case a =1,

/o IDy(2) = Dy(z)|dx < Cleyllnleg) V 1) = sp(lnfp) V 1)) -

Assume, for some i € {a,b,c,d,e},the assumption (i) of Theorem 1 holds and for
some nonincreasing sequence {e(n),n 2 1} Ui(n) < &(n) — 0 as n — oo, where

[ &(n) , fa €(0,1],
#n) = 1 en)'? | ifa€(1,2).
If {Nn,n > 1} is a sequence of positive integer-valued random variables such that
(16)
P{|c§./¢F, =1 > Ce(n)] SCZ(n), n21, ifa#l
P(|sna(In(¢n,) V1) = ¢r,(In(sT,) V 1)| > Ce(n)ir,] S C&n) , n 21, ifa =1

and
(17) Plo¢(U) < C/&(n)] <C2(n), n21,
where
oa(U) = Z(U-(k))“l(q <(aSsiy), n21,
then .
(18) supA(Tn,2) S CE(n), n21,
and
(19) supA(Na,2) S Ce(n) , n21.

If, additionally, there ezists a constant co such that
8‘:P(Cl,b+l +ap)gUik) ' < e
then
(20) S\:pA(n,(,z) <Cfn), n21.
Let us observe, that assumptions hn(z) 2 0, da(z) 2 0, n > 1 in Theorem 3 may
be replaced by the following one:

There exists a positive number p such that the sequence {C,,U (k) k > 1} is
nondecreasing.

The nonuniform bounds are the following
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Theorem 4. Letl < a < 2 be given and let {X,,n > 1} be a sequence of
independent random variables satisfying the assumptions (5)-(8) of Theorem 1, and
(15). Assume, for some nonincreasing sequence {e(n),n 2 1} U(n) < e'/3(n) =0
asn — o0o. If {Nn,n 2> 1} is a sequence of positive integer-valued random variables
such that for every |z| 2 1

Pl s, /5%, = 1] > cre(n)lz|*~!] < CeP(m)/(1 + I2)
fe(m)zl* <1,

Pl1-c; S, [6f, S1+Ce'P(n)lz|*] < Ce(n)/(1 + |2])
ife(n)|z|® P >1,

(21)

and

(22)  Plo¢(U) < C/e'/(n)) < Celo¥DVCe=D(n) | ife(n)lz|*' < 1,

where
o(U) = i(U(k))"I(ci' < Ssip), n21,

then 3

(23) A(Tn,z) SCEV¥(n)/(1 +2]), n21,

and ;

(24) A(Nn,z) < Ce?(n)/(1 + |2]), n2>1.

If, additionally, in case &(n)|z|*~! < 1 there ezists a constant co such that

Sl:P(cl,E-H +cn )i °Uk) ™ S co s

then for every z € R
(25) A(n,(,z) SCeMn)/(1 +1z]), n>1.

3. Auxiliary lemmas and proofs. In the proofs of Theorems 1 and 2 we need
the following three Lemmas. Lemma 1 is proved in [4],Lemma 2 extends Lemma 10
[6] to the case a # 2 and Lemma 3 follows from [2] and [8).

Lemma 1. For everyp>0,0<a <2and ) €[-1,1], A\z € [-1,1]
(26) sup|Ga,x,(z) = Gas(2)] < (F(1 +1/a)/(xa))id = Ao
(27)

(1 +[2)IGai(2) = Ga ()] < 640(2T((2a — 1)/a) + (2 + 1/a)T(1 - 1/a))
l/\l—/\zl/‘l (!fl <0<2) J
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(28) aup IGa.x(2 +P) = Gan(2)l < (PT(1/a)/(xa)) AL

(29) |Gan(z+p)=Gapn(2) ST(a)l Iz +p™ = 12|77 (for0<a<2 a#1l)

I. _:;_(pa Vp-o + I’\ll)ll _pa AP_.' ’ 'fa #1,
(30) 8up|Ga,x, (P2)—Ga(2) S 4 211 =p~ ' Apl(pA p~! + [Mi] Iy — 2eii-1)1)4+
’ l +2|\ ) |np|, fa=1,

and
(31) |Ga.x,(pPz) = Gan, (2)| S T(a)|z™%[p™ v p* - 1|/x .

where .
ci(z):/ e'/tdt .

-0C

Lemma 2. Let X be a random variable. If Y is a nonnegative randon. varicble
such that for somecy >0, >0and0<a <2

P[|Y°—1|>€1]<€1.

then

(32) sup |P[X € zY] = Gaa(z)| S sup|P[X £ 2] - Gaa(z)l + €2 + Chéy

where
_[Ee+P)+1 ifa#l,
T LABH M - 2ei(-1) + 1) +1 , fa=1.

Ifer|z|* ' <1/2,1<a <2 and
PlIY* -1 >alzl* ' <ea/(1 +2]),
then

(33)
IPIX < zY] = Gan(z)l € |PIX < 2(1 = &1]z(*=")"/?)
— Gaa(z(1 = &1|z[* )|V [P[X < 2(1 + eafe]® ™))
= Gan(2(1 +&1[2[°71))| + ey T(a)/(a(1 + |z1)) + €2/(1 + [zl) .

.Proof. Assume 0 < ¢; < 1, as in case £; > 1 (32) is obvious. One can easily
observe that if z > 0, then

P X <z(1-6)/?-e2 S P[X<zY]S P X <z(1+ cx)”"] +é2.
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On the other hand if z < 0, then
PIX <z(1+¢6)/°) -2 S P[X <zY]<PX <z(1-€1)"/) +¢3.
Hence
suplP[X 5 zY] - Gax(2)l S sup|P[X < 2] = Ganr(z)I+
+3up |Gaa(z(1 ~ e )Y = Ga(z)| V sup |Gar(z(1 4 €1)"%) = Ga(z)| + €2

Thus by Lemma 1 one can easily get (32). On the other hand, using the inequalities
obtained above with €; replaced by ¢, |z|*~!, we get

IPIX S 2Y] = Ga(2)] S IPIX S 2(1 = eale]™")!/®] = Gaa(2(1 = &4 |2|*~") )|V
VIPIX S 2(1+ e1z|*7")°) = Gaa(2(1 + e12]7")! /)| + |Ga,a(2)-
= Gaa(2(1 = &1|z|*7')/2) V [Gaa(2) = Gan(2(1 +e1|zI"7') /)| +e2/(1 + |2]) .

Thus Lemma 1 ends the proof of (33).

Lemma 3. Let {X,,n > 1} be a sequence of independent random variables.
Then, for every z >0, -

P[|Sa| > z<n] SP[ITEQ" 1Si/sil > 2] <

exp{-Ci((z - 20)/(220))"* /1" 3} 4 H,(z¢a) + 2~

and

max{l - Ga,(z),Gaa(2)} < Cl2|™°,
where C; = (In3)/2 and z¢ is defined by

1
P[|Sal > z0) £ 2"

Proof of Theorem 3. At first assume that a # 1. Using the fact that ( is
independent of {X,,n > 1}, we get

IPISr, < z¢z,] - Gan(z)| < i P[T, = k] |P[Sk < za] ~ Gaa(2)| <

k=1

< Ploa(U) < C/e(n)] + Y P[Ta =k |P[Sk < z¢1,] - Ga(2)]
k€D(n)

where here, and in what follows D(n) = {k : U;(k) < &(n)/C}. Thus by Theorem 1,

(34) |P[ST. < z¢1,] — Gar(z)| S CE(n), n2>1.
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Let I, = {k 2 1: |sf = <f | < Ce(n)kf. }. Then, according to (16)
(35) PN. ¢ 1] < C¥(n) .
Let us put
Aan(z) = [x&n’fS. <zr.], Ba(z)= [féll': Si<zr),n21.
Then, by (35)

(38)  P[Aa(z)] - CZ(n) < P[SN. < z¢1,] < P[Ba(2)] +CZ(n), n21.
On the other hand

(37) P[Au(2)] S P[SN, < z¢1.] S P[Ba(z)], n21,

so that (34), (36) and (37) yield

(38) sup A(Ta,7) < s-:p{P[B.(z)l — P{An(2)]} +C2(n), n21.

Thus (38) yields (18) if it is shown that

(39) sup{ P[Ba(z)] - PlAx(z)]} S C&(n), n21.

But (39) is bounded, from above, by

(40)

Ploa(U) < C/?(n)]+st:p .e%%.) P[T, = k] |P(i5}i&) Si< :q;]-—P[ienll(akJ'(.)S.- < za)l,
where

I(k,n) = {i : f(1 - Ce(n)) < ¢ S<¥(1+ Ce(n))} .
Furthermore, for every p € I(k, n), we have

(41) P[ e‘ﬁm Si<za]- n}ax )S.' <z
2 P[-el(k Si >z > 5] - P, '}ﬂ(lf Si<za <S,).

We give the evaluation of the last term in (41) only, since the second one cau be
evaluated similarly. Let us put p = p(k,n) = min{i : 1 € I(k,n)} and ¢ = g(k,n) =
max{s : 1 € I(k,n)}. Then, by Theorem 1 and Fubini’s theorem, we get

(42) P[.elﬂm Si>za> 5= / Fi...F{(z1y:--,%):

zca/sp — max Z zi/% <Zz./c, 26/ }dFp41 ... F,
SJ$ i=p41 =1

(zp+1,---,24) S CUL(p) + / |Gaa(2z5k/Sp) = Ga(z<a/Sp—
? J
- ’?’;gsx' '.-Z';l 2.'/(,)|dF,'+1 coe F'(ng,l, cee ,z,) <

< CUi(n) + E( max sup|Gqa(z) — Gaa(z = (S5 = Sp)/s))) -
P<1<e =
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Furthermore, by our assumptions, we have
(43) Ui(p) < (1 = Ce(n))~CU;(k) < Ce(n) .

For example, in case i = a, (43) follows from inequalities

[::-:.(.))-/-(:—l L ““-2(1 2 “("))"“)Iﬂp(z)l dz <0,

i (27 = 2653 (1 = ce(n))"/*)|Dy(2)] dz < 0,
a(l—ce(n))t/=

k
HSea+ IZ aa,,'lf(: e+ (sf —)/; Sex+Ce(n),
i=p

and, for each z > 0,

|Bp()] < |Hi(z)| ,  |Dp(2)| < |Ds(2)] -

If 0 < a < 1, then we apply ¢ — p times Lemma 1 and get

I= E(’xgg' sup |Ga,a(z) = Gaa(z — (Sj = Sp)/spl) S

L . q
<E Y IXH(X1<9)/5+ Y PLIX|>ql <
J=p+1 j=p+1

<-[ A, - BYE)/o = (5 =) [ zde=rert
. (Hy(sp) = Hy(sp)) + (g = 65)/ 55 <

< [ ye) - Bytan el + 0155 - /55 <

< Clss ~ )/

On the other hand, if 1 < a < 2, then Holder’s inequality and Lemma 1 (also
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applied ¢ — p times) give
I = E( max sup|Ga,(z) — Gaa(z — (S; — Sp)/6l) €
PISE o
| 1
SE| Y XI0XGISole+ 3 PUXI> 6l S
J=p+1 1=p+1

) : 1
<{ ¥ EX/ar 10X s o)} 4 S EIXUI0X] > o)

j=p+1 j=p+li

g /
+{ X EXIGI0X1 > ) <

J=p+l1
{- / " 2 d(H, - Hy)2)s - (8 — <2) / " a2}
0 1
o oo 1/2
- [ et - B - - [ dsmr) =
o J/°° zd(Hqy - Hy)2)/5p = (5§ - <‘;:)J/'w rdz= /¢, <
< {~(t,(0) - Byl +alsg - ) [ 21 ds/+

+2 [ 200 = m@ /) + { [0 - @) et

+(Hylsp)~ Hyo) aleg =) | == dafy} "+

A ]

+ (Hy(o) - By +alss - 0) [ =7 dz/qpt

v 5p

* /:O(Hq - Hy)(z)dz/s, S C(s§ - 5)?/s5? .

Thus, by the estimations given above, we obtain

(44) I<Cam).
Hence, in case a # 1, (18) is a consequence of (38)-(44).
If « =1, then
(45) lenva (In(sn, ) V 1) = ¢r (In(sr, ) V DI/s7 2 lova /o — 1
so that |

I’(k,n) = {i: a(In(sk) V 1 = Ce(n)) < 6i(In(si) V1) < (in(se) V1 + Ce(n))} C
C {i: (1 — Ce(n)) < i < (1l + Ce(n))} .

Thus the estimations (34)-(43) also hold with I(k,n) and I, replaced by I*(k,n) and

Ih = {k21:|qln(s) V1=t In(er, V1| < Ce(n)r.} ,
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respectively. Furthermore the term I, in the case a = 1, can be estimated as follows

I<C(¢—- sp)In(sp)/sp + z Irjl/p < Ce(n) + { F iDy(z) - Dy(z)|dz+

j=p+1
+ (50 = )1 +7) + (g = ) Inlsy) + 6 sy /) }sp <
< CC(") + ln((g/‘p) < CE(") .
Thus, in the case a = 1 (44) also holds, so that (18) holds for every 0 < a < 2.

Now (19) follows from (18), (16) and Lemma 2. In the case a = 1 we also use
(45). On the other hand if

3‘:p{(°l,b+l + e )i °Ui(k) '} < e
then

P{I¢c3 /st =1 2 caC'2n)] = 3 PIei > of + coC '8 (nk{,6f < {sn S <) <

k=1

00
< Y Pl > 6 + (a4t C2,040)C T Ui(R) TE(R), 6f < (e S <l S
k=1

< Ploa(U) < C/z(n)] < CE(n) .

Thus (20) is also a consequence of (18), (16) and Lemnma 2, so that the proof of
Theorem 3 is completed.

Proof of Theorem 4. At first let us consider the case £(n)|z|*~! < 1. Since,
in this case for |z| > 1

le# D= 1n) = ()} D(n) < 3 (n)fe]
80 that (22) may be replaced by
Plo¢(U) < C/e'/*(n)] < C'(n)/(1 + |2]) .
Now, putting

I(z) = {" 21: ¢ — s | < ae(n)lz|* s }
I(k,n,z) = {i 2 1: ¢f(1 — e1e(n)]2|®?) < ¢ <6 (1 + cre(n))z|*1))

and proceeding step by step as in the proof of Theorem 3 we obtain

A(Ty, z) < Ce'?(n)/(1+|2|)+P[ S, S. >z > S,]+P[ lﬁm Si < z5x < S, .



The Rate of Convergence of Randomly Indexed Sums... 39

Furthermore, the sum of two last terms, by Theorem 2, may be bounded by

U
Cl -fl;)l + E(’Tu |Gaalz) - Ga',\(z -(S; =S/ <
<2 s{agfon(e- $; K<) -custl)
T+l ge i) e

=mp+l

+ E(max |Ga(z - Z Xil(1Xil < 5p)/5p) = Ga(z = (S = Sp)lsp)) <

1=p+1
slf!(n) % ani q 12
S CITier t Ca+ I :[{iglsxzzuxikc,)/c:} +
AP EIXAM(X51 > )/5p) + Plmax [S; = 5,1/ > l=1/4]+
1=p+1

+ P['?g'l.-.g.x'mxil < <,]/<,| > |z|/4]+

=Ce?(n)/1 +z)) +CQA + |zI**) L + L)+ L + Iy,

where p = p(z) = min I(k,n, z), ¢ = ¢(z) = max I(k,n, z).
The estimation of I, and I, are given in the proof of Theorem 3. On the other
hand, the estimations of I; and I, one can get from Lemma 3. Thus (23) follows.
Inequalities (24) and (25) follow from (23) and the assumptions similarly as in the
proof of Theorem 3.

Assume ¢(n)|z|*~! > 1. Then

(46) (1= Gan(lz])) V Gan(=lz]) £ Clz|™® < Ce(n)/(1 + |2]) .

Furthermore, choosing an appropriate constant C, by Lemma 3 for every k > 1 we
get

P(|Sk] > lzlt] < Cl2|™* < Ce(n)/(1 + |=]) -

and
Pl _max |Si| > |zl > S,] < C(s2 = <2)/sglzl®
< Clal™ + Ce X (m)lzl*~ /(1 + |2]°) < Ce/3m)/(1 + |z -
where
Ikonyz) = {i21:§(1—ca) S S (1 +€P(n)|z1"7)} .
Hence

P[|SN.| > |zkr.] < Cle|™® < Ce'/*(n)/(1 + I2])
what with (46) gives (23). Inequalities (24) and (25) follows from (23) and.

PISn.| > lzlen. /(1 = e2)*/*] v P[ISn,] > Clzlea¢'/?] <
< PISN.] > Jzlr.] € Clz|™® < Ce'/2(n)/(1 + |2]) -
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The first inequality is a consequence of the definition of Ty, i.e., ¢, < (*/%¢,, and (21).
By (21) we get <1, < ¢n, (1 —c2)"/® provided 1 —c; < <§_ /s < 1+ c1e!/3(n)jz|o~0.
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