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On Almost Uniform Convergence of Some Sequences
of States on Infinite Tensor Products of Von Neumann Algebras

Abstract. Some sequences of states corresponding to the state u on an infinite tensor product
of W*-algebras converge almost uniformly to .

D. Petz in [3] and [4] introduced the notion of almost uniform convergence on
the predual of a vou Neumann algebra A as follows.

Let w be a faithful normal state, and ¢ a normal hermitian functional on A. For
any projection p belonging to A, denote by {|4||p,co the infimum of nonnegative real
numbers A for which |¢(T)| < Aw(T) for each T € A between O and P. We say
that a sequence @n of normal hermitian functionals on A converges to ¢ (also normal
hermitian) w-almost uniformly if, for each € > 0, there exists a projection p in A such
that ¢, — ¢|lp,c0 — 0 and w(1 —p) <e.

In (1] and [2] we considered families of normal normed states on finite tensor
products of von Neumann algebras. We found necessary and sufficient conditions for
the existence of projective limits of such families on infinite local tensor products. Let
A;, i € N, be a family of von Neumann algebras and «; an arbitrary fixed normal

- n
normed state on A;. Denote by A" the tensor product Q) A; and by A the local

1=1

tensor product ®(A,,a.) Let p, be a normal normed state on A". We say that the
family {y,} is consnstent if, for any A E A" and m > n, pa(A) = pm(AQ lat1,m)

where 1,41,m denotes the identity in ® A;i. The state g on A will be called the
i=n+1

PTOJectlve limit of pp if pa(A) = p(A®@ ln+1,00) Where 1,41 00 is the identity in
® (A.,a ;). We proved that the consistent family of states u, has the projective

limit on ® (A., a;) if and only if the sequence of states v, = ppn® @ a; converges
I=n+4 i=ntl
in norm or Wea.kly (to u). In [1] we considered a particular case where A; = B(H;),

Le. the algebra of all bounded operators acting in some separable Hilbert space H;.

The aim of this part of the paper is to show that the sequence v, converges in
this specxa.l case almost uniformly to p.

Proposition 1. et for each natural i, H; be a separable Hilbert space, z;
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some unit vector in H; and a; the pure state on B(H;) generated by z;. Let w;
oo

be a faithful normal normed state ob B(H;) such that the product state w = @ w;

1=1

ezists on §(B(H.-),a,~). Assume that {p,} is the consistent family of states on finite

(=2
tensor products Q) B(H;) with the projective limit yu. Then the sequence of states
=1
oo
on A = @(B(H;),a;) given by the formula vo = pp ® @ a; converges w-almost
=1 >n
uniformly to p.

oo
Proof. Recall that A is the algebra of all bounded operators on @ (Hj,z;). Put

1=1
Pn=11n®Tp41 ®Zp42®...

where T; is the projection on the one-dimensional subspace of H; generated by z;.

Remark ([1]) that p, is a well-defined projection in A. We know that the ex-
istence of the product of w; on A is equivalent to the convergence of the product of
numbers w;(Z;) (see, for example, [1]). So, for each positive £, we can find a positive
integer k such that

wipe) >1—c¢.

The last inequality is equivalent to w(1 — px) < € because w is normed.

Let T be a positive operator satisfying T < p;. It is easy to see that T is of the
form

T=T®%41 ®Z1429...

p k P
where T acts in @ H;,and T < 1.
=1 .

We show that
(4 = vaXT)| = (v — pXT) -

Really, we know ([2]) that i,(T) converges to u(T). We also have, for n > k,

vs1(T) = Va4 1 (T @ 141 ®... 8 Fn @ Fnt1 ®...)
= pnt1(T®F141 ® ... ® Fnp1)
Stnt1(T@%1418...®Fa ® 1ns1)
=pn(T®F41®...9%a)
=va(T®%1418...8208...) = va(T) .
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So, the sequence v,o(T) is decreasing and vy(T) > p(T). Hence

(= va)(T)| = (va - #)(T_:)
=(Un—HT®F441®...0Tn @ Fnt1 ®...)
S(Wa - )T ®Fis1®... O Fa ® lat1.00)
= Ua(T®Z141®... ®Fn @ Las1,o0)
~u(T®Fu41®..-@Fa ® Lati,0)
= (T ®F141®...0%a)
—#n(inh-n ®...0T,)

So, for n > k, the norm ||u — va ||, 00 i8 equal to zero, which ends the proof.

In the general case, we have the following

Proposition 2. Let u be the projective limit on A = @ (A, a;) of the consistent
=1
family of states u,. Suppose that A is represented as the operator algebra acting on
. o0
the Hilbert space H = @(Hi,z;). If p can be written down as u(T) = (Th,h)
=]

where h = 3"  a,y, with y, belonging to the standard basis in H and with a, such

1/2
that the series 3 00 (Z:-k-n |a..|2) : is convergent, then v, converges to u almost
uniformly with respect to every normal faithful state.

Proof. We have h = E:’_l GnaYn Where
la
Yn = E % ® ® zi .
=] Dl
For each positive integer k, define the unit vector
k

fl‘z :‘. A Ynt

n=1 ZMl ay

where

v [ Zfsl 2 for k<lI,
nk =

l El'l Z; ® 2:-’.+l F 1 for k > ’.

and,
k

ﬁ=(2 ynk)®®z.-

n=1 Zu=l Ianl2 i>k
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We have

I - nu—]lz(anyu—“—"y,)+ 3 e

Zn:l' 1||z n=k+1
<i= (z: [a“]’)-lh +( z: laalz)lh
n=] a=k+1
<23 lal (5 laP)”.

n=k+1 na=k+1

So, the series

P LEFA

k=1

is convergent.
By the same considerations as in [2], we calculate that

o = vall < llps = wzp ll + Nlwgs = pell
and, by the well-known inequality
llwg — wall < 2llg = Bl ,

we have

ll = vill < 4lik = fall,

(wy denotes here the state generated by the vector g, the vectors h and & induce the
states u and wy. as well as y; and wy, , respectively).

Hence the series ;- , ||u—vi|| is convergent, which, by the corollary of Theorem
1 in [4], ends the proof.
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