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Remarks on Biernacki’s Generalization of Cebysev’s Inequality

1. Biernacki’s inequality. M. Biernacki [1] has proved the following result: 

Theorem A. The inequality

(1) / p(x) dx / p[x)f(x)g(x) dx> p(x)f(x) dx / p(x)g(x) dx
Jo Jo Jo Jo

holds if p,f,g are integrable functions in (0,1) such that p(x) >0 (x € (0,1) , 
and the functions f\ and g\ , given by

(2)
io PWnW dt

P(t) dt

IpPWfW dt 

Jo* P(*) dtffi(x)

attain extremal values in (0,1) at a finite number of common points and are also both 
increasing or both decreasing in (0,1) . If one of the functions fi, gi is increasing 
and the other one decreasing, then the inequality in (1) is reversed.

This theorem is an extension of a result from his previous paper [2].
Moreover, some previous related results are due D. N. Labutin [6], [7] (see also

[8] or [9, pp. 253-254]).
Recently, R. Johnson [5] has proved:

Theorem B. If

(3) (/i(x)-/W)(fflW-ir(x))>0

holds for 0 < x < 1 , (lebyiev’s inequality

(4) [ ?(*) dt í PÍ*)/(*M*) dt> Í p(<)/(0 dt f p(<)ffW d*
Jo Jo Jo Jo

holds for 0 < x < 1 . If the opposite inequality in (3) holds, then the opposite 
inequality in (4) is true.
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Moreover, Theorems A and B are equivalent, i.e. (3) is equivalent to /¡(r) • 
ffi(z) > 0 .

A special case of Biernacki’s inequality was obtained in [4].
The inequality (1) is valid if f\ and g\ are monotonic in the same sense, i.e. if f

and g are monotonic in mean in the same sense, while the reverse inequality is valid 
in (1) if fi and g\ are monotonic in the opposite sense.

This is a consequence of the following identity:

(5) Z(f,9)= f P(x)(fi(x) ~ f(x))(g!(x) - g(x)) dx
Jq

where f\, gi are given by (2) and

(6) Z(f,g) = [' p(t)f(t)g(t) dt - [' p(t)f(t) dt [ p(t)g(t) dt/ f p(t) dt . 

Jo Jo Jo Jo

Moreover, it is obvious that this identity implies Biernacki’s inequality, i.e. The
orem A.

The following discrete analogue of (5) is also given in [4]:

(7) Zn(a,b) = ^(pkPk-i/Pk)AkBk ,
*=2

where
n 1 n n

Z„(a,6) = Ypia,bt - -¿-Y.p'a,'E,Pib' ’ Pk = HPt ’
,= 1 rn «=1 i=l i=l

Ak = ---- V piai - ak , Bk = -— ^2 P'bi “ •
“i Pfc"1

A simple consequence of (7) is the following discrete analogue of Theorems A 
and B:

Theorem C. Suppose pk > 0 for k = 1,2,... ,n . If

(8) AkBk>Q, fc = 2,...,n,

then the Cebysev inequality

(9) 2„(a,6)>0

w true. If the reverse inequality in (8) holds, then the reverse inequality in (9) w also 
true.

Now, let
Af(J) = P/(A/(ai»;p) - A/(a;p)A/(6;p)) , 

where Pr = £i6/Pi , A/(a;p) = 1/P/£i6/Pi<ii , afc = (a^i,...) .
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The following result is given in [10]:

Theorem D. Let I and J denote non-empty disjoint finite sets of distinct 
positive integers. Suppose that a = (a*), 6 = (6*) and p — (p*) unth pk > 0 and 
k € IU J are sequences of real numbers. If the pairs

(10) (Al(a-,p),Aj(a;py) and (A/(6;p), Aj(b;p))

are similarly ordered, then

(11) M(IU J) > M(Ij + M(J) .

If the pairs (10) ore oppositely ordered, then the inequality (11) is reversed.

Set 1= {1,... ,k — 1} , J = {fc} . Then the pairs (10) become (At_i(a;p),ajt) 
and (A*_i(6;p), 6*) where j4*-i = Aj in this case. These pairs are similarly 
ordered if AkBk > 0 . Therefore, we have the following generalization of Theorem 6 
from [10]:

Theorem 1. Let p be a positive sequence. If a and b are real sequences such 
that (8) holds, then

(12) Z„(a, bj > &)>...> Z2(a, 6) > 0 .

If the inequalities (8) ore reversed, then the inequalities in (12) ore also reversed.

Moreover, the following result was also obtained in [10]:

Theorem E. Let I and J denote non-empty disjoint finite sets of distinct 
positive integers. Suppose that ai = (a/*), ... , aT = (arfc) (k € IU Jj are sequences 
of non-negative numbers and p = (pkj (k € IU Jj are positive sequence. If the pairs

(13) (Ai(am-,p),Aj(am-pj) (m = l,...,r)

ore similarly ordered, then

(14) N(IU J)>N(I) + N(J) ,

where
N(I) = P/(A;(ai •••ar;p) — ¿/(a^p)-- • A/(ar;p)) .

Set again: I = {1,... , k-1} , J = {k} , then the pairs (At_i(am;p),ami) (m = 
1,... ,r) should be similarly ordered, i.e. we should have either

(15) Ak-i(am-,p) < amk (m=l,...,r)

or

(16) Ak-i(am-,p)>amk (m = l,...,r).
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So, we have :

Theorem 2. Let p be a positive sequence 
negative sequences such that for every k — 2,. 
Then

and let dj (t = 1,... ,r) be non- 
. ,n we have either (15), or (16).

(17) • • • i^r) > ^n —,ar) > > Z2(ai,... ,ar) > 0 ,

where

n
Zn(al i » ar ) = Pkalk 

k=l
ark

n n
^Ptazifc ■ 57ptart/ 

i=i t=i

2. Inequalities for functions with non-decreasing increments. Now we
shall give some similar results for functions with non-decreasing increments, i.e. we 
shall give some extensions of results from [11].

A real-valued function f on an interval T C Rr is said to have non-decreasing 
increments if

/(a + h) - /(a) < /(& + h)~ f(b) ,

whenever a 6 T, T, 0 < fc 6 Rr , a <i(a < i means a, < b, , i = 1,... ,r) .
We write

F(i) = Prf ( 4- $2p.^. ) ,
\ri iei / »€/

A/(x;p) = ^(^iP) = ’
1 iei n i=i

The following theorem is a special case of Theorem 4 from [11]:

Theorem F. Let p = (pi)ietuJ be a positive sequence, where I and J are 
non-empty sets of positive integers such that I (1 J = 0 , x, € T (i: € IU J) , and let 
f : T R be a continuous function with non-decreasing increments. If

(18) A/(r;p) < Aj(x;p) , or Ar(x;p) > Aj(x-,p) ,

then

(19) F(I U J) < F(I) + F(J) .

Set again I = i*_i = {1,... , k — 1} , J = {fc} . We get

Theorem 3. Let f : T >—> R be a continuous function with non-decreasing 
increments, and let p; (i = 1,... ,n) be positive numbers. If Xi & T , i = 1,... ,n 
and

(20) Ak-i(x;p) < Xk , or A*_i(x;p) > xk ,
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for all k = 2,... ,n , then

(21) F(J„) < F(Z„-i) < .. < F(/2) < 0 .

A special case F(/„) < 0 is a further extension of Theorems 1 and 2 from [11]:

Theorem 4. Let f,ii and pi , i = 1,... ,n satisfy the conditions of Theorem
3. Then

(22) f fjS" £ •

\ n ¿=i / n ¿=i

Remark. The Jensen - Steffensen inequality for functions with non-decreasing 
increments is given in [3] and [12], while its reversion and majorization theorem are 
given in [12].

Remark. Functions

f(x, y) = xy (x,y € R) and /(xi,... ,xr) = xi •••xr (i|,...,zr6R+)

have non-decreasing increments, so, Theorem 3 gives Theorems 1 and 2.

3. P-convex functions. Let f be a real-valued function defined on [a, 6]. The 
k — th order divided difference of f at distinct points z0,... , z* in [a, 6] may be 
defined recursively by

[*<]/(*) = /(Xj)

and
k..........,,1/w = I*'......... »»I,(*>-[*•..........»»-•)/(»>.

xk ~ X0

If f is a real-valued function of two variables defined on [a, 6] x [c, d] , we can 
define the divided difference of order (k,m) by

[x0)... ,x*][izo,..- ,ym]/(*,iO = [xo,... ,z*]([!/o,... ,ym]f(x,y))

= [jfo,--- ,lZm]([x0,... ,X*]/(z,J/)) .

We say that f is convex of order (k,m) if

[xOl... ,x*][j/o,... ,ym]/(z,!/) > 0

for all a < xq < ... < Xk < b and c < yo < ■ ■. < ym < d .
Moreover, a function f is P-convex if it is convex of orders (2,0) , (1,1) and 

(0,2).
For example, the following inequalities are valid for P-convex functions [13]:
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Theorem G. (Majorization theorem). Let pi,... ,p„ , zj < ... < z„ , Pi < 
... < Pn , «1 < •• • < «n and Vi < ... < v„ be real numbers such that Xi,Ui € [a, 6] 
and yi,Vi € [c, d] for t = 1,... ,n , and x -< u , y v , where we write, for example, 
x u if

n n n n
^P,Xi < £p,u, , k = 2,... ,n , and J^PiZj = ^pjUj . 
i=Jk «=Jk «=1 »=1

Iff is a P-convex function, then
n n

(23) 5Zpi/(xi,Pi) < 5Zp./(wi,vO •
i=i 1=1

Theorem H. (Jensen-Steffensen inequality). Let a < zi < ... < x„ < b , c < 
Pl — • • • < yn < d and Pi,... ,pn be real numbers such that

(24) 0<Pk<P„ (t = l,...,n-l), Pn>0,

and let f : [a, 5] x [c, d] i-+ R be a P-convex function. Then

Moreover, similarly to the proof given in [13], we can prove a reverse Jensen- 
Steffensen inequality, i.e. the following theorem is valid

Theorem 5. Let a < zj < ... < z„ < 6 , c < pi < ■.. < yn < d and 
Pi > • • • , Pn be real numbers such that P„ > 0 and either

(26) 0<Pn<Pk (fc = l,...,n-l),

or

(27) 0<Pn<Pk (fc = 2,...,n),

where Pk = Pn - Pk-i , (fc = 2,... ,n) . Further, let 1/Pn £"=i P»*» € [a,6] , 
1/Pn 52"=i PUL € [c, d] , and let f : [a, 6] x [c, d] i-+ R be P-convex. Then the reverse 
inequality in (25) w valid.

Proof. This is a consequence of Theorem G. Namely, we have to set z = 
P = (P, • • •!/) > n = x and v = y , where z = 1/P„ 52"=1 p<Zj and

P = 1/Pn 5Z"=1 PiPi . If the conditions in our theorem are satisfied, then we have 
z -< u and p -< v . We shall prove that z -< u , i.e.

- n N
~p~ ^Pi 52 Pm(xm -ii) > 0 (t = 2,...,n)

Tl iasjk m=l
(28)
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(for k = 1 we have an obvious equality).
Since due to [13]:

n n k — 1 n

52 P'¡52 Pm(xm - Xi) = Pk ^2 Wi - x, + l) + Pk-i 52
i=k m=l »=1 »=fc+l

the inequality (28) is true.
Now we can start from Theorems H and 5 for n = 2 and, as in [11] and Section 

2, we can get that Theorems F, 3 and 4 are also valid in case r = 2, for P-convex 
functions (instead of functions with non-decreasing increments). In fact, the same 
can be said for all results from [11].
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